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COURSE GUIDE

INTRODUCTION

Thermodynamics is coined from two words; thermo, meaning heat and dynamics, meaning
motion. Therefore, thermodynamics literarily means heat in motion but technically,
thermodynamics is the study of heat change accompanying chemical and physical changes of a
system. Chemical thermodynamics is therefore a branch of thermodynamics that studies heat
changes accompanying chemical reactions.

The Journey to the study of thermodynamics dates back to 1865, when a German Chemist,
Rudolf Clausius suggested that the principles of thermochemistry could be applied to the
principles of thermodynamics. This laid a foundation for an American mathematical physicist,
Willard Gibbs to publish a work on the equilibrium of heterogeneous substances in which a
graphical approach to the measurement of thermodynamic equilibrium of a chemical reaction
was first revealed. The work of Gibbs was strongly supported and improved upon by Clausius

and Sadi Carnot.

In the 20™ century Gilbert Lewis and Merle Randall applied the principles developed by Gibbs to
chemical processes, and thus established the foundation of the science of chemical
thermodynamics through their publication, “Thermodynamics and free energy of chemical
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substances “, which was responsible for supplanting the chemical affinity for the term free
energy. E. A. Guggenheim also wrote a book tilted, Thermodynamics by the methods of Willard
Gibbs, which threw more light to the science of chemical thermodynamics. In the light of these
and other historical developments in the science of thermodynamics, Lewis, Randall, and
Guggenheim are considered as the founders of modern chemical thermodynamics.

The major objective of chemical thermodynamics is to establish conditions or criterions for
predicting the feasibility or spontaneousity of chemical reactions, phase changes and solution
formations. In order to do these, chemical thermodynamics operates with some functions, called
state functions which include internal energy, enthalpy, entropy, Gibb free energy and Helmoltz
work function (as the major functions). Finally, thermodynamics is centered on application of

two major laws (first and second law of thermodynamics) to these state functions.



COURSE DESCRIPTION

Chemical thermodynamics (CHM 405) is a 2 credit unit course, with the following content;
Equations of state for gases, intermolecular forces, The laws of thermodynamics, internal energy
and entropy; criteria for equilibrium, free energy; partial molar quantities, the chemical potential,
Chemical equilibrium in ideal and non-ideal systems; The thermodynamics of mixtures;
Statistical mechanics: microstates and randomness, probability and distribution functions; The
Boltzmann distribution; Statistical thermodynamics of gases.

COURSE AIMS

The aim of the course is to bring the students to the knowledge of fundamental aspects, theory
and laws in the different areas of chemical thermodynamics especially, equation of state,
thermodynamic laws, thermochemisty,statistical thermodynamics and their consequences.

COURSE OBJECTIVES

e To introduce the students to the wvarious terms in thermodynamics including
thermodynamic system, boundary, surrounding, state functions, processes, etc.

e To introduce the various equations of state and their consequences in thermodynamics.

e To bring the student to the understanding of the nature of intermolecular forces in gases
and liquids as well as their consequences.

e To introduce and explain the first law of thermodynamics, its implication, applications
and consequences.

e To explain the concept of thermochemistry, laws of thermochemistry, enthalpy changes
associated with various reactions and associated theory

e To introduce and explain the concept of entropy and the second law of thermodynamics
and associated thermochemical consequences.

e To explain the concept of the third law of thermodynamics

e To examine thermodynamic requirements for spontaneousity of a chemical reaction

e To analyse the concept of thermodynamics of mixtures

e To explain the concept of colligative properties and their applications in Chemistry

e To introduce the basic concepts in statistical thermodynamics

e To solve mathematical problems related to chemical thermodynamics.



WORKING THROUGH THIS COURSE

The course is structured into four models. All the Modules consist of three unit each except it is
necessary that for the student to study and understand the content of all the units in the respective

modules.

COURSE MATERIALS
You will be provided with the following materials:
1. Course Guide

2. Study Units

STUDY UNITS

Module 1
Unit 1: Equation of state
Unit 2: Intermolecular forces

Unit 3: Concepts in chemical thermodynamics

Module 2
Unit 1: First law of thermodynamics
Unit 2: Thermochemistry

Unit 3: Second law of thermodynamics

Module 3
Unit 1: Third and zeroth laws of thermodynamics
Unit 2: Thermodynamic potentials

Unit 3: Maxwell equations



Module 4

Unit 1: Feasibility of chemical reactions

Unit 2: Thermodynamics of mixtures

Unit 3: Introduction to statistical thermodynamics

Module 1 is divided in three units. The unit introduces the students to the basic equations of state
and intermolecular forces.

Unit 1 identifies the Boyle’s law, Charles’ law. Dalton law, ideal gas equation and van der Waal
forces as the fundamental equations of state. Mathematical and experimental implications of the
equations have been considered in details

In unit 2, treats intermolecular forces. Intermolecular forces have been classified based on
different principles. London forces have been extensively discussed and compared. Relative

strength of the various intermolecular and intramolecular forces have been examined.

Unit 3 considers basic terms in chemical thermodynamics, their definitions and significant.
These include a thermodynamic system, surrounding, boundary, classifications of
thermodynamic properties, state functions, thermodynamic processes, reversible and irreversible

processes, etc.

Module 2 is also divided into three units.

Unit 1 considers the First law of thermodynamics and its consequences. These include heat
change or work done at constant pressure and volume, work done in isothermal expansion of
ideal and real gases, relationship between pressure and volume during adiabatic expansion of
gases, application of the first law to the Joule-Thompson coefficient and the derivation of

equation for the Joule-Thompson coefficient.

Unit 2 deals with concepts in thermochemistry. These included standard heat of reactions,
thermochemical equations, thermochemical laws, Born Haber process, bond energy and lattice

energy.



Unit 3 introduces the concept of entropy in detail and provides statements of the second law of
thermodynamics in various versions. Equation for entropy change of an ideal gas has been
derived. General characteristics and principle of operation of heat engines have been outline.
Details treatment of the cyclic process (exemplified by the Carnot cycle) has been done.
Equations for the efficiency of the Carnot cycle in terms of heat absorbed and temperature has
been derived.

Module 3 is divided into three units

Unit 1 discussed the zeroth and third laws of thermodynamics in detail. Consequences of the

laws have also been highlighted.

Unit 2 explores thermodynamic potentials and provides first principle derivation of equations for

total differentiation of internal energy, enthalpy, Helmoltz work function and Gibb free energy.

Unit 3 presents Maxwell equations for various models. The equations are derived from first
principle using different approaches. The applications of Maxwell equations in chemical sciences
have been discussed in detail. Finally, derivation of entropy using Maxwell equation has been

singled out and explained explicitly
Module 4 is also divided into three units

Unit 1 consists of one sub unit. The unit explicitly considers various concepts associated with
feasibility of a chemical reaction. The Gibbs free energy and the Helmholtz work functions have
been identified as the major functions that operate under constant pressure and volume
respectively. The Gibb Duhem’s equation, effect of pressure and temperature on the Gibb free
energy, partial molar quantities, Clausius equation and Clausius-Clayperon equations have also
been discussed.Phase equilibrium and colligative properties have also been introduced to capture

the interest of the students in this subject.

Unit 2 consists of one sub unit which explicitly treats thermodynamics of mixtures. Equations
for thermodynamic functions of mixtures have been derived. These include equation for

enthalpy, entropy, free energy, volume change and Helmholtz work functions of mixtures.
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Unit 3 consist of one sub unit and introduces basic concepts in statistical thermodynamics such
as properties of macroscopic state, postulates of statistical thermodynamics, partition function,
distribution law (especially Boltzmann distribution law) and derivation of equation relating
partition functions to some thermodynamic functions. The application of Stirling’s

approximation in solving some statistical thermodynamic equations have been explained.

TEXTBOOKS AND REFERENCES
Textbooks referred to in the development of each unit are presented at the end of the units.

However, a list of some General references is presented below:

1. Atkins, P. and De Paula, J. (2010). Atkins’PhysicalChemistry.NinthEdition.Oxford
University Press. UK.

2. Engel T. and Reid, P. (2005). Physical Chemistry. Pearson Cummings. San Francisco.
New York.

3. Levine, N. I. (2009). Physical Chemistry.5"Edition.Higher Education. Boston.

4. Monk, P. (2004). Physical Chemistry: Understanding the Chemical World. John Wiley
and Sons Ltd. England.

ASSESSMENT
There are two aspects of assessment for this course: the tutor-marked assignment (TMA) and end

of course examination. The TMAs shall constitute the continuous assessment component of the
course. They will be marked by the tutor and equally account for 30 % of the total course score.
Each learner shall be examined in four TMAS before the end of course examination. The end of

course examination shall constitute 70% of the total course score.
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Introduction

The Equation of state is a thermodynamic model that relates some state functions. The state

functions in the equation of state describe the state of matter under a given condition. Observable

properties (pressure, temperature, mass, density, volume, etc) of gases are significant because

their values determine the state of the gas. Therefore, variation in one or more property, while

others are held constant, can provide useful information for predicting the state of a gas, through

the establishment of the relationship between them. For example,

If the pressure and temperature are held constant, the volume of the gas depends on
the mass (i.e amount) indicating that the relationship between mass and volume of the
gas (i.e density) can be verified.

If the mass and temperature are held constant, the product of the pressure and volume
will be almost constant for real gas but exactly constant for ideal gas.

If the mass and the pressure are held constant, the volume will be directly
proportional to temperature, indicating that the ratio of the volume to temperature will

be constant.
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Other properties of gases can be verified through other relationships and the necessary equations
obtained from such verification constitute equation of state. The equation of state is also
applicable to other states of matter. For example, equation of state for modelling the transition of
solid from one crystalline state to another, equation of state for perfect fluid (in cosmology) and
equation of state for modelling the interior of stars (which includes neutron stars, dense matter
and radiation. However, since the behaviour of gases can easily be modelled, we shall

concentrate on gases.
2.0  Objectives
At the end of this module, students are expected to understand the following;

I. To know the meaning of equation of state with respect to gases
ii. To follow the trend in the development of equation of state

iii. To know and apply Boyle’s law in solving mathematical problems

Iv. To know and apply Charles’ law in solving mathematical problems

V. To know and apply Dalton law in solving mathematical problems

Vi. To know and apply ideal gas law in solving mathematical problems

vii.  To know and apply van der Waals equation in solving mathematical problems

3.0 Main text
3.1  Development of equation of state
3.1.1 Boyle’s law

Robert Boyle (1662) was the first to develop a documented equation of state, which he obtained
through series of experiments using J-shaped glass tube to study the variation of the volume of a
fixed mass of a gas with pressure (at constant temperature). In support of Robert Boyle work,
Edme Mariotte (1676) also confirmed the relationship between pressure and volume of a fixed
mass of a gas at constant temperature. Boyle’s law states that at constant temperature, the
volume of a fixed mass of a gas is inversely proportional to its pressure. Mathematically, Boyle’s

law can be expressed as follows,



PV =K

Therefore, according to Boyle’s law, the product of the pressure and volume for a given mass of
a gas will always be constant provided the temperature is constant. It also implies that a plot of
volume (V) against the inverse of pressure (1/P) and also a plot of pressure against volume will

follow predicted patterns as shown in the figures below,

.-"". -
]
= »
=
a -
1 ., . 1 _
v (Litre +) -

Fig. 1: Variation of pressure of ideal gas with the inverse of its volume according to Boyle’s
law
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Fig. 2 Variation of pressure with volume according to Boyle’s law
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3.1.2 Charles law

The next level of development of equation of state for gases was pioneered by Jacques Charles
(1787) and Jospeh Louis Gay-Lussac (1802). Charles found that the expansive behaviour of air
and some gases over a range of temperature, followed a similar pattern. In repeating similar
experiments, Gay-Lussac found that there was a linear relationship between volume and
temperature. Charles law states that at constant pressure, the volume of a given mass of a gas is

directly proportional to its absolute temperature. Mathematically, Charles’ law can be expressed

as follows,
VaT
v =K
= =

Hence, according to Charles’ law, the ratio of the volume of a fixed mass of a gas to its
temperature, will always be a constant provided the pressure is held constant. This also translate
to interprets a plot of V against T as linear with zero intercept and slope, equal to K. Graphical

representation of Charles’ law in various forms are presented in Fig. 3 below

Y, U A
A
//
0 TIK -273°C 0 TrC
M M
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Fig, 3: Various plots representing Charles’ law
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3.1.3 Dalton law

Dalton law (1801) is concerned about the partial pressure exerted by gases in a mixture. The law
states that for a mixture of gases which do not react chemically, the total pressure of the gas is
the sum of the partial pressures exerted by the individual gases in the mixture. This implies that
if a components of a gas mixture are labeled as A, B, C, D.......N, then the total pressure of the

gas will be expressed as
Pr = P, + Pp + P + Pp oot PN=ZPi

3.1.4 The ideal gas equation
The ideal gas equation was developed by Emile Clapeyron, who combined Boyle and Charles
laws in 1834. The equation can be written as,
PV =nRT
where n is the number of moles of the gas and R is the universal gas constant, which is

numerically equal to 8.314 J/mol/K

3.1.5 Van der Waal equation of state

In 1974, J. D. Van der Waals derived an equation of state that can be used to interpret the
behaviour of real gases. This was necessary because real gases do not obey the ideal gas equation
and at high pressures or low temperatures. Therefore, van der Waal equation is a modification of

the real gas equation and can be written as,

a

(PV)eor = (P + W) (V—Db) = RT (for 1 mole of a gas)
a

(PV)cor = (P + W) (V—=Db) = RT (for n moles of a gas)

From the above, the pressure term is corrected by a/\/? while the volume term is corrected by “b’.
This equation expects that for a real gas, the pressure will increase by a factor of a/\VV? while the
volume will decrease by ‘b’, compared to an ideal gas.

Solved problem 1

Calculate the volume of 1 mole of an ideal gas at 1 atm pressure and at 0° C. Comment on your

results, with respect to the expectation for all ideal gases
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Solution

The needed equation is PV = nRT. Where

P is the pressure, given as 1 atm = 102325 Pa

n is the number of moles given as 1

R is the gas constant, which is numerically equal to 8.3144 J/K/mol
T is the temperature, givenas 0° C =273 K

Therefore,

nRT 1 x 83144 JK 'mol™!
P 102325 Nm~—2

V= = 0.0224m3 = 22.4 dm3

The volume occupy by one mole of an ideal gas under standard temperature and pressure is the

same for all gases and is called molar volume of a gas.
Solved problem 2

If the density of ethane is 1.264 g/dm® at 20 ° C, calculate the molar mass of ethane. Given that
H=1.00794 and C =12.0107 compare the result obtained from your calculation with the actual

molecular mass. Account for any difference, if it exists.
Solution

1 dm® =0.001 m® of ethane weigh 1.264 g at 283 K (i.e, 20 ° C). Applying the ideal gas law, we

have,
PV =nRT

Mass of ethane
PV

(RT)

~ Molar mass of ethane

Mass of ethane X R X T
PxV

Molar mass of ethane =
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1.264 % 8.3144 JK'mol™' x 293 K
101325 Nm~2 x 0.001 m3

Molar mass of ethane = = 30.40 g/mol

The formula of ethane is C;Hg indicating that its molar mass = 2(12.0107) + 6(1.00794) =
24.0214 + 6.04764 = 30.07 g/mol. The difference between the two set of values is 0.33. This is
due to the fact that in a real gas, there exist intermolecular forces which are not taken into
consideration in the ideal gas model.

Solved problem 3

@ A mixture of 6.5 mol of hydrogen gas and 3.5 mol of oxygen gas was placed ina 3 m?
container at 273 K. Calculate the partial pressures of the individual gases.

(b) Also calculate the total pressure of the gas mixture
Solution

@ According to Dalton’s law, Pryq = Py, + Po,

But the ideal gas law states that PV = nRT, therefore,

PH2 =nH;_RTandPOZ =$
6.5 mol x 8314 Jmol-'K~1 x 273 K
Hy, = = 4917.97 Pa
3ms3
3.5 mol x 8314 Jmol~'K~1 x 273 K
0, = = 2648.01 Pa
3m3

(b) According to Dalton’s law, the total pressure of the gas mixture is the sum of the partial

pressures. Therefore,

Protar = Py, + Po,

ny RT no, RT
Protar = ?/ + ?/

Pros = 4917.97 Pa + 2648.01 Pa = 7565.98 Pa

Solved problem 4
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(@) A given gas mixture consists of 2.24 mol of nitrogen and 1.37 mol of oxygen; Use the
ideal gas equation to calculate the total pressure of 10 m® of the gas mixture at 273 K.

(b) Use the mole fraction of the respective components of the gas mixture to calculate the
corresponding partial pressures.
Solution

@ The total pressure in the gas mixture can be written as,

Protat = Py, + Py,

np,RT np,RT

RT
Protar = , T = 7("N2 + noz)

_ 8314)/mol/K x 273 K (2.24 + 1.37)mol =819.27 Pa

10m3

(b) The mole fraction of nitrogen and oxygen can be calculated as follows,

Xy = 1w, _ 22t 0.6205
" ny, + mp, 361
X, = 1o, _ 137 03705
" ny, + ng, 361

The total pressure of the gas mixture is related to the mole fraction according to the following

equation,
Py, = Xn,Protar = 0.6205 x 819.27 Pa = 508.35 Pa

Po, = Xo,Protas = 0.3795x819.27 = 310.91 Pa
Solved problem 5

@ In an automobile combustion cylinder, fuel-air mixture in a cylinder of 1000 cm?® capacity
experiences a temperature rise from 25 to 2200 °C before and after combustion. Calculate the

peak pressure given that normal atmospheric pressure is 101325 Pa.

(b) If the initial air fuel volume was 500 cm?® in the above problem, calculate the new

pressure,
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Solution

Given,

P1 =101325 Pa

T, =25°C=(273+ 25K =298 K

T, =2200 °C = (273 + 2200) K= 2473 K
Py=7?

From Boyle’s law, PV = K and from Charles, law, V/T = K. Since pressure is proportional to

volume, it also follow that P/T = K. Therefore, % = % and P, = P1T,/T,
2

2

= (101325 Pa x 2473 K)/298 K = 840861. 49 Pa = 840.86 kPa

PV

(h) The useful equation will be combined gas equation, which can be written as, =K
1
or as,
PVy PV
T, T,
P,V,T, 101325Pa x 500cm3 x 2473 K
P, = = = 420430.75 Pa = 420.43 kPa

T,V, 298 K x 1000cm3

Solved problem 6

@ 300 cm® of air at a pressure of 100 kPa is compressed to a volume of 200 cm®. What will

be the pressure of the compressed air?

(b) What will be the volume that will be required to store 20 cm® of butane gas if it is to be

compressed from 1.5 atm to 10 atm pressure?

(c) A 100 cm® gas syringe contains 80 cm® of gas that was compressed to 50 cm®. If the

atmospheric pressure is 101325 Pa, calculate the pressure of the gas in the syringe after

compression.

27



Solution

(@) From Boyle’s law, P1V1 = P,V5 . therefore, P, = P1V4/V, = 100000 Pa x 300 cm*/200 cm®
= 150 000 Pa = 150 kPa

(b) From Boyle’s law, P1V; = P,Vo, therefore, V, = P1V1/P;
P, =1.5atm= (1.5 x 101325)Pa = 151987. 5 Pa

P, = 10 atm = (10 x 101325)Pa = 1013250 Pa

V;=20cm®

V=7

V, = P1V4/P, = 151987.5 Pa x 20 cm®/1013250 Pa = 3 cm®
(©)

V;=80cm®

V, =50 cm®

P, = 101325 Pa

P, = P1Vi/V;, ) Boyle’s law

P, = (101325 Pa x 80 cm®)/50 cm® = 162120 Pa = 162.12 kPa

Solved problem 7

@ Define the term, equation of state and highlight the feature of state function with respect
to equation of state.

(b) Highlight the expectation in the property of a gas if the following variables are held
constant,

i. Pressure and temperature

ii. Mass and temperature

iii. Mass and pressure

(c) State the three major equations of state that you know.
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(d) What is the relationship between the ideal gas equation and the van der Waals equation of
state

Solution

@) Equation of state is a thermodynamic model that relates two or more state functions. The
state functions in the equation of state are variables that describe the state of matter under a given
condition. Observable properties (pressure, temperature, mass, density, volume, etc) of gases are
significant because their values determine the state of the gas.

(b)

I. If the pressure and temperature are held constant, the volume of the gas depends on
the mass (i.e amount) indicating that the relationship between mass and volume of the
gas (i.e density) can be verified.

ii. If the mass and temperature are held constant, the product of the pressure and volume
will be almost constant for a real gas but exactly constant for ideal gas.

iii. If the mass and the pressure are held constant, the volume will be directly
proportional to temperature, indicating that the ratio of the volume to temperature will
be constant.

(c)

I. Boyle’s law states that at constant temperature, the volume of a fixed mass of a gas is
inversely proportional to its pressure

ii. Charles law states that at constant pressure, the volume of a given mass of a gas is
directly proportional to its absolute temperature.

iii. Dalton law of partial pressure states that for a mixture of gases which do not react
chemically, the total pressure of the gas is the sum of the partial pressures exerted by the
individual gases in the mixture.

(d) The ideal gas equation can be written as PV = nRT. Where P is the pressure, V is the
temperature, n is the number of moles, R is the universal gas constant and T is the temperature.
The presence of intermolecular forces does not allow this equation to be applicable to a real gas.

Therefore, van der Waals equation modified the pressure term with a/\/? and the volume by b.

Hence according to van der Waals, (PV).or = (P + %) (V—Db) =RT
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4.0  Summary

Gas laws are fundamental concepts in Chemical thermodynamics because they are useful in
simplifying laws of thermodynamics and associated concept. The basic gas laws have been
developed into equations including, Boyle, Charles,-Gay Lussac, Dalton, combined gas law and
van der Waals equations. These laws rely on the effect of variation of parameters of
thermodynamic significant.

5.0 Conclusion

Thermodynamics cannot be adequately resolved into meaningful models without considering the
pressure, volume, temperature, density, etc. In view of these and other advantages, the
fundamental equations of state have been adequately analysed so that the objectives of the model
cannot escape the students.

6.0  Tutor mark assignment

1. (a) List and state the gas laws that arises from the constancy of the following functions,

I. The pressure and temperature are held constant
ii. The mass and temperature are held constant

ii. The mass and the pressure are held constant

(b) Write down the mathematical expressions for each of the gas law associated with the above and

present expected graphs.
(c) Write and expression for ideal gas and van der Waals equations. Hence explain all the terms.
2. @) Calculate the expected pressure exerted by a gas whose volume is 22.4 dm® at stp.

(b) What are the major differences between ideal gas and real gas. Hence what is the
consequence of Van der Waals equation of state on the behavior of real gas, compared to ideal

gas.

3. @) A sample of atmospheric air was found to contained 78 % N, 0.03 % CO,, 16 %

02, 1 % rare gases and 5 % gaseous impurities at stp. If 200 cm® of the air sample is analyzed,
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calculate the volume of the respective component of the air. Hence calculate the expected
pressure 5 moles of the air will exert at stp.

(b) Use the Kinetic theory to explain the consequences of forces of attraction and repulsion

between gas molecules.
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UNIT 2: Intermolecular forces
1.0 Introduction
2.0  Objectives
3.0  Main content

3.1  Types of intermolecular forces

3.2  The London forces

3.3 Relative strength of inter and intra molecular forces
4.0  Summary
5.0 Conclusion
6.0  Tutor mark assignment
7.0  References
1.0 Introduction
In molecules, two major forces of interaction can be identified. These are intramolecular forces
and intermolecular forces. Intramolecular forces exist within molecules and influence their
chemical properties while intermolecular forces exist within molecules and mediate interaction
between molecules. Therefore, intermolecular forces affects the physical properties of molecules.
They are weaker than intramolecular forces (i.e the bonding forces that keep molecules together).
For example, water can exist as a liquid, solid (ice) and as a gas (steam). Experiment reveals that
the bond angle, the dipole moment, the molecular shape and hydridization of the carbon are the
same, irrespective of the physical state the water molecule assumed. These properties are
controlled by intramolecular forces. However, the physical properties of water in each of these
states differ significantly. The difference is attributed to intermolecular forces. Consequently,
liquid water assumes the shape of the container but possess a definite volume, steam assumes the
shape and volume of the container while ice has a definite shape and volume. Other effects of
intermolecular forces are deviation of real gases from an ideal behavior, formation of condensed
phases, molecular motion, melting and boiling point of some molecules.
2.0  Objectives
i. To know and understand the meaning of intermolecular forces and differentiate between
inter and intra molecular forces.

ii. To be able to classify intermolecular forces based on different principles
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i/

3.0
3.1

To understand the origin and the effect of dipole forces, dipole-dipole interaction and

hydrogen bonding on molecules
To understand the origin and effect of ion-induced dipole force, ion-dipole forces and
van der Waals forces on molecules
To understand the different forms of London forces and their effects on molecules
To know the relative strength of intra and inter molecular forces on molecules
Main text

Types of intermolecular forces

The major types of intermolecular forces that operate between molecules include the following;

Dispersion forces which operate as a London forces (named after Fritz London who first
described these forces theoretically in 1930), as a weak intermolecular forces or as van
der Waal's forces (named after the person who contributed to our understanding of non-
ideal gas behaviour).

Dipole-dipole interactions: Dipole-dipole is an electrostatic interaction existing between
permanent dipoles in molecules. This interaction increases the force of attraction between
molecules by reducing their potential energy. In dipole-dipole interaction, the positive
end of one molecule will attract the negative end of the other molecule and influence its
position. Therefore, dipole-dipole interaction is common in polar molecules. Hydrogen
bonding is a special type of dipole-dipole interaction. However, some molecules are
polar but due to their symmetry, the dipole moment cancels each other. Hence such
molecules will not have permanent dipole moment. For example, CCl, and CO,.
Hydrogen bonds: This is a special case of dipole-dipole interaction that occurs when
hydrogen atom is covalently bonded to an electronegative atom such as F, CI, O, etc. In
this case, the hydrogen will carry a partial positive charge while the electronegative
element will carry a partial negative charge, leading to an electrostatic attraction between
them. Hydrogen bonding has been found to influence properties of some compounds to a
large extent. For example, the high boiling and melting point of water, compared to other

hydride in similar groups, the solubility of ethanol in water compared to other alcohols.

Also, based on forces of attraction, intermolecular forces can be classified into the following

three groups,
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I lon-induced dipole forces: A charged ion, brought near a non-polar molecule can
distort its electron cloud and induce a dipole moment. Therefore, ion-induced dipole interaction
involves an ion and a non polar molecule interacting with each other.

ii. lon-dipole forces: These involve ions and a polar molecule interacting such that the
positive and negative groups come closer to each other. The difference between dipole-dipole
interaction and ion-dipole interaction is that it involves interaction between ion and a dipole.
This interaction is stronger than the one in dipole-dipole because it involves ions.

iii. van der waals forces (which include Keesom forces, Debye force and London dispersion
forces): Van der Waals forces involve interaction between uncharged atoms or molecules. A
Van der Waals force can influence the cohesion of condensed phases, physical adsorption of
gases and universal force of attraction between macroscopic bodies

3.2 The London forces

The London force is also called induced dipole-induced dipole interaction. Its operates due to the
non zero dipole moments in atoms or molecules. It is a dominant contributor to intermolecular
forces. It originates from the non zero instantaneous dipole moments of all atoms and molecules.
The inducement of the dipole (polarization) can come from the presence of polar molecule or by
the repulsion of negatively charged electron clouds in non polar molecules. Since the London
forces are caused by fluctuations of electron density in an electron cloud, the greater the number
of electrons in an atom, the greater the effect of the London force. The London force is universal
because all materials are polarizable and mediates in atom-atom interaction as well as
macroscopic bodies in condensed systems.

Solved problem 1

Question 1
@ Differentiate between inter molecular and intramolecular forces

(b) Highlight the effect of inter and intra molecular forces on the various physical states of

water .
Solution
@) Intramolecular forces exist within molecules and influence their chemical properties

while intermolecular forces exist within molecules and mediate interaction between molecules.
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Therefore, intermolecular forces affect the physical properties of molecules. They are weaker
than intramolecular forces (1.e the bonding forces that keep molecules together).

(b) Water can exist as a liquid, solid (ice) and as a gas (steam). Experiment reveals that the
bond angle, the dipole moment, the molecular shape and hydridization of the carbon are the
same, irrespective of the physical state the water molecule assumed. These properties are
controlled by intramolecular forces. However, the physical properties of water in each of these
states differ significantly. The difference is attributed to intramolecular forces. Consequently,
liquid water assumes the shape of the container but possess as a definite volume. Steam assumes
the shape and volume of the container while ice has a definite shape and volume

Solved problem 2

@ What is dipole-dipole interaction and its effect on the potential energy?
(b) Why is hydrogen bonding classified as dipole-dipole interaction?

(c) Explain why dipole-dipole interaction does occur in CCls and CO,.
Solution

@ Dipole-dipole interactions is an electrostatic interaction existing between permanent
dipoles in molecules. This interaction increases the force of attraction between molecules by

reducing their potential energy.

(b) Hydrogen bonding is a special type of dipole-dipole interaction because the partial
positive charge on hydrogen attracts the negative partial charge on the electronegative element

that is bonded to hydrogen.

(c) CCl4 and CO; are non polar and due to their symmetry, the dipole moment cancels each
other. Hence they do not have permanent dipole moment and dipole-dipole interaction does not

occur.
Solved problem 3

@) Highlight the major features of the following intermolecular forces

I. ion-induced dipole forces
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ii. ion-dipole forces
iil. van der Waals forces

Solution

I lon-induced dipole forces: A charged ion, brought near a non-polar molecule can

distort its electron cloud and induce dipole moment. Therefore, ion-induced dipole interaction
involves an ion and a non polar molecule interacting with each other.

ii. lon-dipole forces: These involve ions and a polar molecule interacting such that the
positive and negative groups come closer to each other. The difference between dipole-dipole
interaction and ion-dipole interaction is that it involve interaction between ion and a dipole. This
interaction is stronger than the one in dipole-dipole because it involves ions.

iii. van der Waals forces (which include Keesom forces, Debye force and London
dispersion force): Van der Waal forces involve interaction between uncharged atoms or
molecules. This force can influence the cohesion of condensed phases, physical adsorption of

gases and universal force of attraction between macroscopic bodies

3.3  Relative strength of inter and intra molecular forces

Intermolecular forces (dispersion forces, dipole-dipole interactions and hydrogen bonds) are
much weaker than intramolecular forces (covalent bonds, ionic bonds or metallic bonds).
Dispersion forces are the weakest intermolecular forces (one hundredth-one thousandth the
strength of a covalent bond), hydrogen bonds are the strongest of intermolecular forces (about
one-tenth the strength of a covalent bond). Generally, the trend representing decreasing trend is
dispersion forces < dipole-dipole interactions < hydrogen bonds Table 1 below, summarizes the

relative strengths of the various forces.

Table 1: Relative strengths of intermolecular and intramolecular forces

B Dissociation energy (kcal/mol)
ond type
lonic Lattice Energy 250-4000
Covalent Bond Energy 30-260
Hydrogen bonding 1-12 (about 5 in water)
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Dipole—Dipole 0.5-2

London Dispersion Forces <1 to 15 (estimated from the enthalpies of vaporization of

hydrocarbons)

*Solved problem 4

(@ London force is also called induced dipole-induced dipole interaction. Explain how it

operates in atom or molecules with non zero dipole moments

(b) Give reasons why the London forces are said to be universal among all intermolecular
forces

(c) Is intermolecular forces stronger than intra molecular forces?. Write an expression for the

expected trend in the strength of intermolecular forces

(d) Complete the missing terms in the Table below

Bond type Dissociation energy (kcal/mol)2!

lonic Lattice Energy 250-4000

30-260

1-12 (about 5 in water)

0.5-2

<1 to 15 (estimated from the enthalpies of vaporization of

hydrocarbons)

Solution

(@ London forces originate from the non zero instantaneous dipole moments of all atoms
and molecules. The inducement of the dipole (polarization) can come from the presence of polar
molecule or by the repulsion of negatively charged electron clouds in non polar molecules. Since
the London forces are caused by fluctuations of electron density in an electron cloud, the greater

the number of electrons in an atom, the greater the effect of the London force.
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(b) The London force is universal because all materials are polarizable and mediates in atom-

atom interaction, macroscopic bodies in condensed systems.

() Intermolecular forces (dispersion forces, dipole-dipole interactions and hydrogen bonds)
are much weaker than intramolecular forces (covalent bonds, ionic bonds or metallic bonds).
Dispersion forces are the weakest intermolecular force (one hundredth-one thousandth the
strength of a covalent bond). Hydrogen bonds are the strongest intermolecular force (about one-
tenth the strength of a covalent bond).

Generally, the trend representing decreasing trend is dispersion forces < dipole-dipole
interactions < hydrogen bonds

(d)
Bond type Dissociation energy (kcal/mol)™!
lonic Lattice Energy 250-4000
Covalent Bond Energy 30-260
Hydrogen bonding 1-12 (about 5 in water)
Dipole-Dipole 0.5-2
London Dispersion Forces <1 to 15 (estimated from the enthalpies of vaporization of
hydrocarbons)

4.0 Summary

Inter and intramolecular forces are the two major forces that determine the physical and chemical
properties of molecules. Much researches have been carried out on intra molecular forces and
molecular behaviour, especially, their stability. Little have been explored with respect to
intermolecular forces compared to that of intramolecular forces. Nevertheless, the effect of
intermolecular forces on some properties of molecules have been observed to be significant.
Detailed study of intermolecular forces is beyond the scope of this course, however, the
information provided reveals that intermolecular forces can influence some molecular properties

to a large extent. For example melting point, macroscopic behaviour, solubility, etc
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5.0 Conclusion

Intramolecular forces exist within molecules and influence their chemical properties while
intermolecular forces exist within molecules and mediate interaction between molecules. He
major intramolecular forces that operates in molecules are dispersion forces, hydrogen bonding
and dipole —dipole interactions. However, based on force of attraction, intermolecular forces are
classified into ion-induced dipole forces, ion-dipole forces and Van der Waals forces.
Intermolecular forces can influence numerous physical properties of molecules and their relative
strength vary.

6.0 Tutor mark assignment

1. Highlight the various forms of inter and intra molecular forces that is common in
molecules.
2. What are the differences between inter and intra molecular forces and the relative

strength of each of them.
3. With the aid of suitable equations, account for the forces responsible for the following

I. Abnormal boiling point and freezing point of water compare to other hydrides in

the same group
ii High solubility of ethanol in water compared to other alcohol
4. What are the origin of London forces, Van der Waals force and induced-dipole forces?
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MODEL 1

UNIT 3: Basic concepts in thermodynamics

14
2.0
3.0
3.1

4.0
5.0
6.0
7.0

1.0

Chemical thermodynamics is based on various technical terms which must be understood. Some
of these terms have similar interpretations with their counterpart in classical chemistry while
some are slightly modified to suit their applications in thermodynamics. In this section, basic

thermodynamics terms are defined and explained so that the student can follow the successive

Introduction

Objectives

Main content

Basic concepts in thermodynamics

3.1.1 Thermodynamic system

3.1.2 Property of thermodynamic system
3.1.3 Thermodynamic/state function
3.1.4 Thermodynamic process

3.1.4.1 Pressure —volume
3.1.4.2 Temperature — entropy
3.1.4.3 Chemical potential - particle number
3.1.5 Reversible and irreversible process
3.1.6  Cyclic process
3.1.7 Phase
Summary
Conclusion
Tutor mark assignment

References/Further reading

Introduction

modules in this course.

2.0

Objectives
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Q) To know and understand what constitutes thermodynamic system, surrounding and
boundary

(i)  To know and understand intensive and extensive properties of thermodynamics systems

(i)  To know what is thermodynamic state function and its major characteristics

(iii)  To know the various ways of classifying thermodynamic processes

(iv)  To understand the concept of reversible and irreversible processes

(v) To know the meaning of cyclic process in thermodynamics

(vi)  To know thermodynamic definition of phase

3.0 Main content

3.1  Basic concepts in thermodynamics

3.1.1 Thermodynamic system

Thermodynamic system is the part of the universe chosen for thermodynamic study.

Thermodynamic system is usually separated from the surrounding by the boundary. The

surrounding is the immediate vicinity outside the boundary. The system can interact with the

surrounding through exchange of heat or matter. This means the system will either do work on

the surrounding or has work done on it by its surrounding. The figure below (Fig.1) illustrates

the nature of arrangement of a typical thermodynamic system, boundary and surrounding.

4

System
3

3

Boundarﬁ

Surroundings

Fig. 1: Typical arrangement pattern for thermodynamic system, surrounding and boundary

The commonest type of work that are associated with a chemical reaction are electrical and work
of expansion. Chemical reactions can do work on their surroundings by driving an electric
current through an external wire. Chemical reactions also do work on their surroundings when

the volume of the system expands during the course of the reaction The amount of work of
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expansion done by the reaction is equal to the product of the pressure against which the system
expands and the change in the volume of the system.

W = —Pdv 1
This type of work is called pressure volume work. The negative sign in the above equation
justifies the fact that the internal energy of the system decreases when the system does work on
its surroundings.
For some purposes we may wish to treat the system as being divided into subsystems, or to treat
the combination of two or more systems as a super system. If over the course of time matter is
transferred in either direction across the boundary, the system is open; otherwise it is closed. If
the system is open, matter may pass through a stationary boundary, or the boundary may move
through matter that is fixed in space. If the boundary allows heat transfer between the system and
surroundings, the boundary is diathermal. An adiabatic boundary, on the other hand, is a
boundary that does not allow heat transfer. An isolated system is one that exchanges no matter,
heat, nor work with the surroundings, so that the mass and total energy of the system remain
constant over time.
3.1.2 Property of thermodynamic system
Thermodynamic systems can be classified into two major groups depending on the dependent of
the response of the system’s property to the quantity of materials or matter in that system.
Consequently, an extensive property of a system, thus define the property of a system that
depends on the quantity of matter or materials in that system while an intensive property is a
property that does not depend on the quantity of materials or matter in that system. E. ¢
temperature, pressure, etc.
3.1.3 Thermodynamic/state function
Thermodynamic functions are obtained when some thermodynamic properties are manipulated
mathematically. A state function describes the property of a system that depends only on the
initial and final states of the system and not on the path that the system takes to arrive at that
state. For example, if we measure the temperature of water in a beaker as 80 °C, it does not
provide information on how the water was heated or cooled to the required temperature but it
only provides information on the state of the water at the point of measurement. Temperature is a

state function. Other examples of state function are internal energy, enthalpy, entropy, free

43



energy, etc. For a state function, any change in its system is the difference between the final
state and the initial state and not on the path taken.
One of the major properties of a state function is that it gives exact differentials. For example, if

a state function y = f(x,z), then by the theory of exact differentials we have,
a ]
dy = (d—y)x dz + (ﬁ) dx 2

For a state function, the second derivative is independent of the path of differentiation indicating
that whether we start it with x or z, the result will still be the same. This is the principle of

. . azy _ aZy
reciprocity. For example, ——- = ——

3.1.4 Thermodynamic processes

Thermodynamic process is defined when there is an energetic changes within the system. These
changes will involve a change from initial state to a final state,

Thermodynamic processes can be grouped into three major classes, namely

I. Pressure-volume

ii. Temperature-entropy

iii. Chemical potential-particle number

3.14.1 Pressure — volume: This is concerned with the transfer of mechanical or dynamic
energy as the result of work. They include;

I. An isobaric process occurs at constant pressure. An example of this process is the
work done in a movable piston in a cylinder which is maintained by the atmospheric
pressure inside the cylinder even if it is isolated from the atmosphere. This makes the
system to be dynamically connected, by a movable boundary, to a constant-pressure
reservoir.

ii. An isochoric process is a process that is carried out at constant volume. It is also
known as isometric or isovolumetric. In this process, the work done is zero since the
change in volume is equal to zero (see equation 1). This implies that for this process,
any heat energy transferred to the system externally will be absorbed as internal

energy. Therefore, dQ = dU

3.1.4.2 Temperature — entropy: The temperature-entropy conjugate pair is concerned

with the transfer of thermal energy as the result of heating. This includes;
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3.1.4.3

An isothermal process is a process which occurs at a constant temperature. For
example a system immersed in a large constant temperature bath. Any work energy
done by the system will be lost to the bath, but its temperature will remain constant.
In other words, the system is thermally connected by conductive boundary to a
constant temperature reservoir.

An adiabatic process is a system which is thermally insulated from its environment
and its boundary is a thermal insulator. This implies that there is no energy added or
subtracted from the system by heating or cooling. For a reversible process, this is
identical to an isentropic process.

An isentropic process is a process that is carried out at constant entropy. For a
reversible process this is identical to an adiabatic process. If a system has an entropy
which has not yet reached its maximum equilibrium value, a process of cooling may

be required to maintain the system at that entropy.

Chemical potential - particle number: This conjugate system is concerned with

the transfer of energy via particle transfer.

In a constant chemical potential process the system is particle-transfer connected, by
a particle-permeable boundary, to a constant chemical potential reservoir.

In a constant particle number process there is no energy added or subtracted from the
system by particle transfer. The system is particle-transfer-insulated from its
environment by a boundary that is impermeable to particles, but permissive of
transfers of energy as work or heat. These processes are the ones by which
thermodynamic work and heat are defined, and for them, the system is said to be

closed.

3.1.5 Reversible and irreversible processes

In thermodynamics, a reversible process is a process whose direction can be reversed by means

of infinitesimal changes in some properties of the system. The entropy of a system and that of

the surrounding for a reversible change is constant and during the change, the system is in

thermodynamic equilibrium. On the other hand, an irreversible process is the process, whose

direction cannot be reversed by a very small change in some properties of the system.

3.1.6  Cyclic process

45



A cyclic process is a sequence of processes that leave the system in the same state in which it
started. This means that in a cyclic process, the system starts in a particular state and returns to
that state after undergoing a few different processes. For a cyclic process, its initial and final
internal energies are equal. So the total internal-energy change in any cyclic process is zero. If
the cycle goes clockwise, the system does work. This is the case for an engine. If the cycle goes
anti-clockwise, work is done on the system at every cycle as in a refrigerator and air conditioner.

3.1.7 Phase

A phase is a region of the system in which each intensive property (such as temperature and
pressure) has at each instant either the same value throughout (homogeneous phase), or else a
value that varies continuously from one point to another (heterogeneous phase).

An interface is a surface where two different phases meet. Since there are three states of matter,
we can have solid phase, liquid phase and gaseous phase, which could present homogenous or
heterogeneous phases, depending on the number of phases that are involved. A uniform phase
may be either isotropic, exhibiting the same values of these properties in all directions, or

anisotropic, as in the case of some solids and liquid crystals.

4.0 Summary

Q) Thermodynamic system is the part of the universe chosen for thermodynamic study.
Thermodynamic system is usually separated from the surrounding by the boundary.
The surrounding is the immediate vicinity outside the boundary.

(i)  Thermodynamic properties are generally classified as extensive and intensive. When
the property depends on the quantity of matter or materials in that system, it is called
extensive property and vice versa.

(iii) A state function describes the property of a system that depends only on the initial
and final states of the system and not on the path that the system takes to arrive at that
state. The major property of state function is that it gives exact differentials.

(iv)  Thermodynamic processes include pressure-volume, temperature-entropy and

chemical potential-particle number.
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(v) In thermodynamics, a reversible process is a process whose direction can be reversed
by means of infinitesimal changes in some properties of the system. If the system
behaves otherwise, then it is an irreversible process.

(vi) A cyclic process is a sequence of processes that leave the system in the same state in
which it started.

(vii) A phase is a region of the system in which each intensive property (such as
temperature and pressure) has at each instance either the same value throughout
(homogeneous phase), or else a value that varies continuously from one point to
another (heterogeneous phase).

5.0 Conclusion

Thermodynamics offers an avenue for exploring properties of chemical system by considering
the variation of certain basic functions with reference to established or standardized conditions.
The study of thermodynamics embodied a system, the surrounding and the boundary. Through
the understanding of the operation of these three components of thermodynamics, much can be
understudied with good degree of accuracy.

6.0  Tutor mark assignment

1. Thermodynamic processes can be grouped into three major classes, namely

I. Pressure-volume
ii. Temperature-entropy
iii. Chemical potential-particle number

Enumerate the various components of each of the listed process
2. What are the basic features of thermodynamic cyclic processes ?

3. Under what condition can a thermodynamic process be said to be reversible or
irreversible ?

4. What are the basic properties of thermodynamic state functions ?
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MODEL 2
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1.0 Introduction

The first law of thermodynamics is sometimes called the law of conservation of energy because
it accounts for the input and output energies when a system does work. The law can be stated as
follows,

“The change in internal energy of a system, when heat is absorbed will lead to work done by the

system or against the system”

From the statement of the law expressed above, three set of parameters are significant. These are

heat, internal energy and work. Mathematically, the first law can be expressed as follows,
dU = 0dq+ oW 3

where dq is the infinite quantity of heat absorbed. The AU is the infinite change in internal

energy and dW is the work done. Equation 3 is the differential form of the first law of
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thermodynamics. If the equation is integrated, in a closed system, we will have the integrated
form of the equation according to equation 4,

[y;oUu = [oq + [owW = AU =q + W 4

The above equation indicates that whenever there is a change in internal energy of a system, heat
will be absorbed and work will be done on the system or by the system. The sign of W is
positive when the heat absorbed leads to increase in internal energy and negative when the heat
absorbed leads to decrease in internal energy. Therefore, positive heat is energy entering the
system, and negative heat is energy leaving the system. Positive work is work done against the
system, and negative work is work done by the system on the surroundings.

Heat refers to the transfer of energy across the boundary caused by a temperature gradient at the
boundary. Work refers to the transfer of energy across the boundary caused by the displacement
of a macroscopic portion of the system on which the surroundings exert a force, or because of
other kinds of concerted, directed movement of entities (e.g., electrons) on which an external
force is exerted.
2.0  Course objectives

I. To know the first law of thermodynamics

ii. To show that thermodynamic work is PV work

iii. To show that heat absorbed at constant volume is equal to change in internal energy

iv. To show that the heat absorbed at constant pressure is equal to change in pressure

V. To know what is heat capacity and derive the equations for heat capacity at constant

volume (Cy) and heat capacity at constant pressure (Cp)

Vi. To be able to prove that Cp is always grater than Cy, by an amount equal to the gas
constant
vii. ~ To be able to derive an equation for the work done during isothermal expansion of

ideal and real gases
viii.  To be able to derive the relationship for the adiabatic expansion of an ideal gas
iX. To be able to understand the Joule-Thompson experiment and show that the

experiment is associated with constant enthalpy change
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X. To be able to derived an expression for Joule-Thompson coefficient using exact
differentiation approach and to know the significant of the coefficient with respect to

cooling upon expansion and vice versa.

3.0 Main text
3.1  Consequences of the first law of thermodynamics
3.1.1 Thermodynamic work
Thermodynamic work is usually considered as the work done by expansion of a gas. In order to
gain insight into this concept, let us consider a piston (whose cross sectional area is A),
compressing a gas (at pressure, P and volume, V). If the piston moves a distance called dx, then
it can be stated that the force acting on the piston is given as,

F =PA 5
The volume created as a results of this compression will be given as dV = Adx, indicating that A
= dV/dx or dx = dV/A The work done is equal to the product of the applied force and the
distance ,

dW = Fdx 6
Substituting for F and dx in equation 6, we have,

dW = —PA<. = —PdV 7

Equation 7 can be simplified by integration, hence we have,

W = —fVZZ PAV = —P(V, — V) 8
Returning to the mathematical expression of the first law, i.e, AU = dq + dW, we can replace
W with PdV and we have,

dU =dq + PV 9

3.1.2 Heat change at constant pressure and at constant volume
Equation 9 provides the basis for several transformational applications of the first law. Let us
start by considering the two major conditions under which experimental study can be carried out.
These are at constant pressure and at constant volume. At constant pressure, the heat absorbed is
dp and the pressure will be constant at, P, the volume will change from V; to V; while the
internal energy will change from U; to U, (note that internal energy is a state function).
Therefore, the first law is slightly modified to equation 10.

Uy— U =qp + +P(V, — V) 10

51



Rearrangement of equation 10 leads to equations 11 and 12

gp = U, — Ui+ P(V,— 1) 11

qp = (U +PV,)-(Uy + PVy) 12

At this juncture, we define a state function call enthalpy, denoted as H. Enthalpy is the heat
absorbed at constant pressure. It is a state function and can be represented as, H = U + PV.
Therefore, U, + PV, = Hy, Uy + PVy = Hy, hence (U, + PV,) - (U; + PV;) = Hy — Hy = AH.
Consequently, the heat absorbed at constant pressure is equal to change in enthalpy. As a
consequence of the first law if the reaction is carried out at constant volume , dV will be equal to
zero and we have U, — U; = q,, Which translates to the statement that the heat absorbed at
constant volume is equal to change in internal energy, AU = U, — U,
Solved problem 1

@ From first principle, Show that thermodynamic work can be written in terms of pressure
volume work.

(b) Show that the heat absorbed by a body at constant pressure and at constant volume is
equal to change in enthalpy and change in internal energy respectively.

Solution

@ Consider a piston (whose cross sectional area is A), compressing a gas (at pressure, P
and volume, V). If the piston moves a distance called dx, then it can be stated that the force
acting on the piston is given as,

F =PA 5
The volume created as a results of this compression will be given as dV = Adx, indicating that A
= dV/dx or dx = dV/A Therefore the work done is equal to the product of the applied force and
the distance,

dW = Fdx 6

Substituting for F and dx in equation 6, we have,
oW = PAZ = Pov 7
Equation 7 can be simplified by integration, hence we have,
W o= [[7PV=P(V,— V) 8
Returning to the mathematical expression of the first law, i.e, AU = dq + dW, we can replace
W with PdV and we have,
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U =0dq + PoV

(b) From the first law of thermodynamics, U = dq + PdV, therefore,

Up— U =qp +PV— 1) 1
Rearrangement of equation 1 leads to equations 2 and 3
gp = U, — Ui+ P(V,— V) 2
qgp = (Uy +PVy)-(Uy + PVy) 3

At this juncture, we define a state function call enthalpy, denoted as H. Enthalpy is the heat
absorbed at constant pressure. It is a state function and can be represented as, H = U + PV.
Therefore, U, + PV, = Hy, Uy + PV; = Hy, hence (U, + PV,) - (U; + PV;) = Hy — Hy = AH.
Consequently, we state that the heat absorbed at constant pressure is equal to change in enthalpy.
Let us consider the consequence of the first law if the reaction is carried out at constant volume.
In this case, dV will be equal to zero and we have U, — U; = q,, which translates to the
statement that the heat absorbed at constant volume is equal to change in internal energy, AU =
U, = Uy

3.1.3 Work done in isothermal expansion of a gas
An ideal gas undergoing isothermal expansion is characterised by a constancy of temperature,
hence the internal energy will be equal to zero and from the first law, we have, 0 =dq + PdV
or dq = Pdv (if work is done by the system). It should be noted that the workdone will be equal
to the heat absorbed. Therefore, dq = dw = PdV. From the ideal gas equation, PV = nRT or P =
nRT/V .By substituting for P, the work done becomes,

NnRT

dw = —dV 13
14

where n is the number of moles of the gas, R is the universal gas constant, Equation 13 can better

be solved by integration over the appropriate limits as shown in equation 14,

fVZ nRT

Vy
i v

w = dV =nRTin () =2303nRTlog (X—i) 14

1

From Boyle’s law, we know that the pressure and volume of a gas are related according to the

equation, P;V1 = P,V,. Therefore, Vo/V1 = P1/P, and by substitution to equation 14, we have,
— Piy o _ P2
w = 2.303nRTlog (Pz) = —2.303nRTlog (Pl) 15
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The above derivation is true for an ideal gas. However, real gases do not show similar response
to change in pressure or volume. While ideal gases obey the general gas law, real gases obey the
Van der Waals equation. Therefore, the corrected pressure term is given as Per = P + a/V? and
the corrected volume is V¢r = V-b. a and b are the Van der Waal constant. Recall that for an

ideal gas, PV = RT (for 1 mole). Therefore for real gases, we have, (PV).or = (P + %) (V-

b) = RT. This gives, P = RT . 12 and the work done is given as,
\%

V-b
V- V- RT a
w = fVlz PdV = fVlz (m - W) dV 16
Vo, RT V-
= fV:EdV — fo%dv 17

The results of the above integration yields expression for the work done by a real gas thus,

W = RTln (Zj =) + a(V—lz - Vil) = 2.303RTlog (Zj:i) + a(é - Vil) 18

3.1.4 Work done in phase transition

In the absence of internal constraint, a system of two or more phases of a single substance is in
an equilibrium state when each phase has the same temperature, the same pressure, and the same
chemical potential. Phase transition is said to occur when substances change from one form to
another. The transition may be accompanied by corresponding changes in some properties. For
example vaporization of liquid occurs at constant pressure but the volume occupied by the
vapour will be greater than the volume of the liquid, especially at higher temperature. Hence
isothermal work done will be equal to PV and since the vapour will behave like a gas, the work

can be expressed as follows,

W =PV ="C2P=nRT 19

Solved problem 2
@ Derive an expression for the work done in isothermal expansion of an ideal and real gases

(b) If the volume of 2 mol of an ideal gas change from 200 to 400 cm® at 296 K, calculate
the work done during the isothermal expansion of the gas.

(c) What will be the final pressure of a gas after expansion if its initial pressure was 101325
Pa

Solution

@) An ideal gas undergoing isothermal expansion is characterised by a constancy of

temperature, hence the internal energy will be equal to zero and from the first law, we have,
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0 =dq + PdV ordq=-Pdv (if work is done by the system). It should be noted that the
workdone will be equal to the heat absorbed. Therefore, dq = dw = PdV. From the ideal gas

equation, PV = nRT or P = nRT/V .By substituting for P, the work done becomes,

NnRT

dw = —dV 1
v

where n is the number of moles of the gas, R is the universal gas constant, Equation 1 can better
be solved by integration over the appropriate limits as shown in equation 2,

sz NnRT V2
Vi v

1

w = dV =nRTin (%) =2303nRTlog (Z—i) 2

From Boyle’s law, we know that the pressure and volume of a gas are related according to the
equation, P1V1 = P,V,. Therefore, V,/V1 = P1/P, and by substitution to equation 2, we have,
— L P2
w = 2.303nRTlog (PZ) = —2.303nRTlog (Pl) 3
The above derivation is true for an ideal gas. However, real gases do not show similar response
to change in pressure or volume. While ideal gases obey the general gas law, real gases obey the

Van der Waals equation. Therefore, the corrected pressure term is given as Pey = P + a/VV? and

the corrected volume is V¢or = V-b. Thus a and b are the VVan der Waal’s constant. Recall that for

an ideal gas, PV = RT (for 1 mole). Therefore for real gases, we have, (PV).r = (P +

%) (V—Db) =RT. This gives, P= \FTb - % and the work done is given as,
- ([~ — (“2(RTL _ 2

w= [2Pav = [?(5 - 5)av 4

_ V2 RT VZ a

= by - Ly °
The results of the above integration yields expression for the work done by a real gas thus,

_ Va—b N Va—b 1r_1

W = RTIn (V1 ~) + a (VZ Vl) = 2.303RTlog (V1 =) + a (VZ Vl) 6
(b) Given,

V; =200 cm®=0.2m°
V,=400cm®=0.4m®
T =298 K

N =2 mol
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0.2m

w = 2.303nRTlog (%) = (2)(8.314J/K /mol)(298K)In (0"““2) = 3434.64]

(c) The pressure can be calculated from using the relation between volume and pressure. There
are two approaches to this. Let us consider each approach.
Approach 1

V2
w = 2.303nRTlog (V_

1

Py
) = 2.303nRTlog (P—)
2

Comparing the two equation, In (%) =In (%), Therefore,

1 2

3
P, = % _ (1013?:23(;’-2’” ) = 50662.50 Pa
2 .

Note that this method uses Boyle’s law which states that P1V; = P,V,

Approach 2
The calculated value of the work done and the given pressure can be substituted into the
equation,
Py
w = 2.303nRTlog (—)
P
That is ,
101325 Pa)
3434.64 ] = (2)(8.314]/mol/K)(298K)in (P—)
2
3434.64 | _ (101325 Pa))
(2)(8.314 J/mol/K)(298K) P,
3434.64 |

D) ®314)/mol/K)298K) — (101325 Pa) —in(P,)

In(P,) = In(101325 Pa) 343464/ = 50662.54 P
)= T (2)(8314 ) /mol/K)(298K) P ra

4.1.5 Heat capacity
The heat capacity of a closed system is defined as the ratio of an infinitesimal quantity of heat
transferred across the boundary under specified conditions and the resulting infinitesimal

temperature change. Hence

dq
dr

C = 20
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Since q is a path function, the value of the heat capacity will depend on the specified conditions,

which can either be at constant pressure or at constant volume. Consequently, when the heat is
transferred at constant pressure, the heat capacity is called heat capacity at constant pressure and
is denoted by Cp while Cy will stands for heat capacity at constant volume. Equation 20 can be
simplified based on the fact that the heat absorbed at constant pressure is equal to change in
enthalpy and that the heat absorbed at constant volume is equal to change in internal energy.
Therefore, we have the following expressions,

¢ = (@), = (@), 21

&= (@), = @), 22
The relationship between Cp and Cy can be derived using the first law of thermodynamics. In
order to do this, we modify the equation to the form given by equation 23

qp = dU + PadVv 23
From equation 21, CpdT = @, and from equation 22, CyvdT = qy. Also from the ideal gas

equation, PV = RT (for one mole of a gas), we have PdV = RdT. Hence subsisting for all this

parameters into equation 23, we have,

CpdT = CydT + RdT 24
Dividing the left and right hand sides of equation 24 by dT, gives equation 25
Cp = CV + R 25

The implication of equation 25 is that the heat capacity at constant pressure is always greater
than the heat capacity at constant volume by an amount equal to the gas constant (for 1 mole of a

gas) or a multiple of the gas constant.

Solved problem 3

@ Define heat capacity and derive expressions for heat capacity at constant pressure (Cp)

and at constant volume(Cy)).

(b) Show that for n moles of a gas, the Cp is always greater than Cy by multiple of R (where

R is the gas constant).
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(c) If enthalpy change of 3 mol of a gas at constant pressure is defined by the following
differential equation, H =32.2T + 34 (where T is temperature), what will be the estimated value
of the heat capacity at constant volume for this system? [R = 8.314 J/mol/K)

Solution

@ The heat capacity of a closed system is defined as the ratio of an infinitesimal quantity of
heat transferred across the boundary under specified conditions and the resulting infinitesimal
temperature change. Hence

c=% 1
daT

Since q is a path function, the value of the heat capacity will depend on the specified conditions,
which can either be at constant pressure or at constant volume. Consequently, when the heat is
transferred at constant pressure, the heat capacity is called heat capacity at constant pressure and
is denoted by Cp while Cy is the heat capacity at constant volume. Equation 1 can be simplified
based on the fact that the heat absorbed at constant pressure is equal to change in enthalpy and

that the heat absorbed at constant volume is equal to change in internal energy. Therefore, we

(), 2

(), 3

have the following expressions,

¢ = (), =

@), =

Cv

(b) The relationship between Cp and Cy can be derived using the first law of
thermodynamics. In order to do this, we modify the equation to the form given by equation 4

qp = dU + PdV 4
From equation 2, CedT = g, and from equation 3, CvdT = gv. Also from the ideal gas equation,
PV = RT (for one mole of a gas), we have PdV = RdT. Hence substtuting for all these parameters

into equation 4, we have,

CpdT = CydT + RdT 5
Dividing the left and right hand sides of equation 5, gives equation 6
Cp = C,+R 6
Cp— Cy, =R 7

Equations 6 and 7 are for one mole but for n mole, the equation 7 becomes, C, — C, = nR
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The implication of the equations is that the heat capacity at constant pressure is always greater
than the heat capacity at constant volume by an amount equal to the multiple of the gas constant
(© Given

H = 32.2T + 34, then (2—;’) = 32.2. However, (‘;—’;) = Cp.Since, Cp — C, =nR , then

P P

Cy = Cp — nR =322-3(8.314) =7.258]/mol/K

3.1.6 Adiabatic expansion of a gas
As defined earlier, an adiabatic process is a process that is carried out under constant heat
transferred. This implies that for an adiabatic change, the heat absorbed or given off, will be
equal to zero and the first law of thermodynamics becomes, U =-W or

CydT = —PdV 26
From the ideal gas equation, PV = RT, indicating that P = RT/V. Substitution for P in equation
26 and rearrangement yields equation 27,

CydT = — =.dV or C T = —R%V 27

The right hand side of equation 27 can be integrated within the expected limits of temperature (

T1to T) and the left hand side within the limit of volume change (i.e V1 to V3). Hence we have,

Ty dT V2 av
Gl 7 = RE S 28
The result of the above integration is presented in equation 29,
2y - _ V2
Cyln (n) = —Rin (Vl) 29
The combine gas laws shows that 227 = 2% \hich implies that2 = 2.2 The step by
Ty. T, T; 1 V1

step solution to equation 29 are presented in equations 30 to 37

Cyln (%Z—j) = —RIn (:j—j) 30
Cyln (i—j)+ CVln(:j—j) = —Rin (Z—:) 31
Cyln (i—j) = —RIn (Z—j)— Cvln(‘t—:) 32
Cyln (g—j) = —(C, + R)ln(%) 33
Cyln (g—j) = —Cp m(i—j) 34
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n(Z) = & in( s
Cp
&) - .
@) - o
Cp

where 1= = =5/3, (t-1)/t=2/3, t-1=2/3 1 =2/3 x 5/3 = 10/9

CV_

Solved problem 4

@ Show that under adiabatic expansion of an ideal gas, the heat capacity at constant
pressure (Cp) and at constant volume (Cy) are related to the pressure and volume in an

exponential manner

(b) Calculate the ratio, z—” for an ideal gas if the volume changes from 0.2 to 0.4 m® with a
|4

corresponding change in pressure from 101325 to 50663 Pa.
Solution

@ Adiabatic process is a process that is carried out under constant heat transfer. This
implies that for an adiabatic change, the heat absorbed or given off, will be equal to zero and the
first law of thermodynamics becomes, U = -W or

CydT = —PdV 1
From the ideal gas equation, PV = RT, indicating that P = RT/V. Substitution for P in equation 1

and rearrangement yields equation 2,

C,dT =— L qvor ¢, L = —rY 2
174 T |4

The right hand side of equation 2 can be integrated within the expected limits of temperature ( T,

to T, ) and the left hand side within the limit of volume change (i.e V1 to V2). Hence we have,

Ty dT Vv, av
Cy sz T R fV1 v 3
The result of the above integration is presented in equation 4,
T2\ _ _ ﬁ
Cyln <T_1) = —RiIn (Vl) 4
The combined gas law shows that 22 = 2% \which implies that 2 = 2.2  The step by
T:. Ty T2 Py

step solution to equation 4 are presented in equations 5 to 12
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PV, V1
Coin () + ¢yin(2) = —Rin(2) 6
cin(2) = -xn(2)- cn(2 :
Goin () = =&+ R () o
Coin(2) =-cpin(2) o
n(z) = & m(3) 10
cr

R _ (h)ov
&) = () &
) _ (k'
&) = () 12
where t= g—” Equation 12 shows that the ratio of Cp to Cy are related to the volume and pressure
|4

exponentially.

(b) For a change in volume from 0.2 to 0.4 m® with a corresponding changes in pressure from

101325 to 50663 Pa, the ratio, Z—P can be calculated using the equation,
|4

n(z) = ()
"p) T ¢ "\y
50663 Pa Cp 0.4 m3
zn(—) = L

101325 Pa Cy 0.2m3

n(z) = & ()
"\2) T ¢ ™1

Therefore,
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3.1.7 Joule Thompson experiment

Joule-Thompson experiment attempts to measure the extent of deviation of the behaviour of a
real gas from ideal gas. As shown below, the experiment is carried out in such a way that a
piston moves from the left to the right hand side. Before the piston is moved, the volume,
pressure and temperature of the gas were Vi, P; and T;. Before the start of the experiment, the
volume of gas in the second chamber was zero. When the piston is moved, the gas will start to
move to the second chamber through the porous plug and eventually, all of the gas will be moved
from the first to the second chamber. At this point, the volume of the gas in the first chamber will
be zero and V; at the second chamber. The pressure and temperature at the second chamber ate
P, and T, respectively.

L
E, » E,
I |
Pll Tll Vl PZ; TZI Vl
—
Porous plug

One of the most fascinating experiences in the Joule-Thompson experiment is that T, is not equal
to T;. In some cases, it is higher and vice versa. The process starts with volumeV;=V;and
volumeV,= 0. It ends with volume, V;= 0 and volume V; =V,. . The work done on the left
chamber is: W;=—P1(0—V;) and the work done on the right chamber is W, = -P,(V»-0). The total
work done is the sum of the work done in the first and second chamber, hence equals P,V; —
P,V, . The process is carried out at constant heat change (i.e adiabatic process) which implies
that the work done will be equal to the change in internal energy (consequence of the first law of

thermodynamics). Therefore,

U,— U, = PV, — P,V, 38
Equation 38 simplifies to equation 39 upon re-arrangement,

U, + PV, =U, +P,V, 39

From equation 39, it is inferred that in the Joule-Thompson experiment, H; = H,. Hence the

process is isenthalpic. One of the major applications of the Joule-Thompson experiment is in the
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determination of the Joule-Thompson coefficient of a gas, pr, which can be expressed as

follows,

T,—T
= lim 21 40
Wy AP>0p "o

Since the experiment is carried out at constant enthalpy, the above expression can be written as ,

wr = (5), “

Enthalpy is a state function and is a function of pressure and temperature, indicating that it can
be written as, H = f(P,T). As stated earlier, one of the major properties of a state function is

that it gives exact differential. Consequently,

dH = (g—;’)TdP + (g—’;)P dT 42

Again, since the process is carried out at constant enthalpy, dH = 0 and equation 42 becomes 43

and upon rearrangement, equation 44 is obtained

J0H 0H
(a—P)T dP = — (E)P dT 43
OH OH
o Ge)r o Ge) 1 gom
Wr =% = 7 (g_;'): - cPT __E'(E)T 44

Equation 44 gives various expressions for the u,r. However, in terms of measureable quantities,

the Joule-Thompson coefficient can better be written as,

av
_or _ T(ﬁ)P‘V 45
Wr =30 = cp
where T(a—V) - V= (a—H), which is a general thermodynamic relation. An ideal gas has no
oT P oP

interactions between molecules (i.e forces of attraction and repulsion are absent). Therefore, for
ideal gas, g—¥= % indicating that u;7 would be equal to zero for ideal gas. Hence u;r is

applicable to gases where there is molecular interaction. pyr can be positive or negative. When
the ratio is positive, it means that the expansion of the gas will lead to cooling. It has been found
that there is a certain temperature called the inversion temperature such that if the initial
temperature, T, is above the inversion temperature, the final temperature, T, will be higher than
the initial temperature and vice versa. This inversion temperature is found to depend on the

pressure. Most real gases do not have zero value of the ;.
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The u;r for real gases can be developed using the Van der Waal’s equation, (P + %) (V-

b) = RT, which can be expanded and re-arranged to the form given below,

a ab
PV—bP+;—$—RT 46
From the gas law, we know that PV = RT, therefore, V = RT/P or 1/V = P/RT. Substituting for
1/V and neglecting the second order term of V2 in equation 46, we have

RT
M_ e +Db

46
P RT

PV -bP+ 22 —RTor V=
RT

Therefore, (Z—Z) = % + = and substituting for (z—Z) in equation 45, we have
P P

RT?2
() —v Ry 2)-v
wr = (aTC)Pp — (P CRPTZ) 47
e () B a "
Cp Cp CpRT

From equation 48, we can examine what happens to the C, at very low or high temperature.
Consider that the temperature is very low, as T goes to 0O, all terms with T in the
denominator (equation 48) get very large. So the term associated with 2a/RT gets much

larger than b. Hence we can neglect b at low temperature, which give us,

2
Wr = CP% (at very low temperature) 49

In the above equation, u,r is positive, indicating cooling. On the other hand, when T is very

large, all the terms related to T will become zero, hence,

b

Wr=—¢o (At very high temperature ) 50

At very high temperature, u;r Will be negative and points towards heating. An outstanding

2a
CpRT

situation is obtained when p,r is set at zero, then equation 48 becomes 0 = — b, which

can be solved for T. The value of T at this temperature is called inversion temperature, T nversion

and is given as,

2a 1

Tinversion = — X — 51
mversion bR CP

In summary, equation 49 shows that the VVan der Waals constant, a is the only significant term at
low temperature, equation 50 shows that the constant b is the only significant Van der Waal
contributor at very high temperature. From equation 49 and 50, it is evident that the u;r must

have a positive value at low temperature and a negative value at high temperature. Therefore, it
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must have an inversion temperature . At the inversion temperature (i.e the temperature at which
uyr changes its sign to zero) the two constants (a and b) are significant but the pressure term is
absent. At low temperature attractive forces dominate but at high temperature, forces of

repulsion dominate.

Solved problem 5
@ Given that in a Joule-Thompson apparatus, the total work done is the sum of the work

done in the first and second chamber, that is, W = P,V; — P,V, show that the process is

isoenthalpy
(b) Define the term, Joule-Thompson coefficient. Hence show that Wr = Z—ITJ =
"(Gr),V
Cp
Solution

Joule Thompson process is carried out at constant heat change (i.e adiabatic process) which
implies that the work done will be equal to the change in internal energy (consequence of the

first law of thermodynamics). Therefore,

u,—- U, = PV, — BV, 1
Equation 1 simplifies to equation 2 upon re-arrangement,

u,+ bV, =U; +P,V; 2

From equation 2, it is inferred that in the Joule-Thompson experiment, H; = H,. Hence the

process is isoenthalpy.

(b) The Joule-Thompson coefficient of a gas, wr, can be defined as

T,-Ty

Kt = hmAP—»Oﬁ 1

Since the experiment is carried out at constant enthalpy, the above expression can be written as ,

= (2, z
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Enthalpy is a state function and is a function of pressure and temperature, indicating that it can
be written as, H = f(P,T). As stated earlier, one of the major properties of a state function is

that it gives exact differentials. Consequently,

dH = (g—’;)TdP + (Z—’;)P dT 3

Again, since the process is carried out at constant enthalpy, dH = 0 and equation 3 becomes 4

and upon rearrangement, equation 5 is obtained

OH O0H

(55),aP = = (57), a7 *

_a_T__(Z—’i)T__(i—Z’)T__L(a_H) 5
Wr = 55 = (g_l;)P - cp  cp\or/p

Equation 5 gives various expressions for the u,r. However, in terms of measureable quantities,

the Joule-Thompson coefficient can better be written as,

_ar _ T(%),r"
Hr =5 = Cp

4.0 Summary

The first law is an extension of the law of conservation of energy, which states that energy is
neither created nor destroyed but can change from one form to the other. In this case, heat is the
form of energy which arises due to temperature differences and can undergo the change to
internal energy. It can also be and is utilised in doing work (which maybe PV-work). It is a
fundamental law in thermodynamics and guides the behaviour of ideal and real gases upon

expansion under isothermal or adiabatic condition.
50 Conclusion

The first law identifies two major state functions, namely, enthalpy and internal energy, which
are state functions obtained at constant pressure and constant volume respectively. It is a viable
law that can be used to explain the heat capacity of the body under two unique experimental
conditions. It can also be used to derive the relationship between these heat capacities and the
gas constant, R. The Joule-Thompson experiment, whose major contribution to thermodynamics
is the knowledge of those gases that lead to cooling upon expansion, has been a guiding principle

in the operation of numerous gas powered systems such as air conditioners, refrigerators, etc.
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From the above summary, it can be stated that the first law of thermodynamics is a single
sentence but its application is numerous and extensive. Therefore, the law provides the

foundation upon which the listed objectives of these module stand.
6.0  Tutor mark assignment

1. What are the two major conditions feasible for the transfer of energy to a body? Hence
derive expressions for the heat capacity arising from these conditions?

2. Derive suitable expression for adiabatic expansion of ideal gas

3. Show that the heat capacity at constant pressure is greater than the heat capacity at
constant volume by a factor of R (R = gas constant)
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1.0 Introduction

Thermochemistry is concerned with energy and heat accompanying a chemical reaction, physical
transformations or both processes. During such changes, energy is either absorbed or given out.
For example, the chemical reaction between hydrogen and oxygen gases during the formation of
water is exothermic. However, the heat of vapourization of water is endothermic.
Thermochemistry study these energy changes, particularly on the system’s energy exchange with
its surroundings. The heat that flows across the boundaries of a system ( to the surrounding)
undergoing a change is a fundamental property that characterizes the process. Thermochemistry
offers a quantitative method of measuring the heat and enthalpy changes in a system during
reaction or phase transition.

Thermochemistry has some basic advantages. First it can be used, along with other
thermodynamic parameters to predict the spontaneity or feasibility of a given reaction. Based on
the exchange *of heat between the system and the surrounding, chemical reactions can be
classified into two, namely, exothermic and endothermic reactions. Endothermic reactions

absorb heat from the surrounding while exothermic reactions release heat to the surrounding.
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Thermochemistry offers a method of identifying exothermic or endothermic reaction through the
bond energy of the reactant and that of the products. We shall see in this section that the heat of
formation of an ionic compound can be estimated through the knowledge of reaction enthalpies
of the various steps, into which the main reaction can be subdivided.
2,0  Objectives
I. To know and understand the various concepts and laws of thermochemistry
ii. To be able to understand the enthalpy changes associated with some chemical
reactions such as neutralization, combustion, etc.
iii. To know and understand the concept of bond enthalpy, average bond enthalpy and
their applications
iv. To understand the concept of lattice energy and their application
V. To know and apply the Bond Haber cycle in calculating the heat of formation or

lattice energy of a compound
3.0 Main text

3.1  Thermochemical equations

In thermochemistry, some features of ordinary chemical reactions are modified. The following
examples and highlights differentiate between ordinary chemical equation and thermochemical
equations:

i. In thermochemical reactions, the physical state of the reactant and the products must be
indicated. For example

Ordinary chemical equation: 2 H, + O,— 2 H,0 1

Thermochemical reaction: 2 Hyg) + Ozg— 2 H2Oq) 2

ii. The heat change accompanying the reaction must be indicated. For example,

Ordinary Chemical equation: 2 H, + O,— 2 H,0 3
Thermochemical equation: 2 Hy(g) + O2(g)— 2 H,O(l) AH =-572 kJ 4

In the above thermochemical equation, the enthalpy change during the reaction is -572 kJ/mol.

The negative sign of the enthalpy change indicates that the reaction is exothermic. If the sign of
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the enthalpy change is positive (as in the equation below). It means that the reaction is
endothermic:
H20(|) —> HZO(g) AH =40.7 kJ 5

In the first example, 572 kJ of heat is given off to the surrounding but in the second example,
40.7 kJ of heat is absorbed from the surrounding. The quantity 40.7 is known as the enthalpy of

vaporization (often referred to as “heat of vaporization”) of liquid water.

iii. If we multiply or divide the reactant by a factor, the product and the enthalpy change
must also be multiplied by the same factor. For example, if we divide equation 4 by a factor of 2,

we will have,
H,(g) + %0(g)— H,O(I) AH =—286 kJ 6
iv. The standard states as well as properties involved in the reaction must be represented. For
example,
H,O(1, 373 K, 1 atm) — H,0(g, 373 K, 1 atm) AH° = 40.7 kJ mol™* 7

The above equation shows that the standard state of water at 1 atm is the solid below 273 K, the
liquid between 273 and 373 K and the gas above 373 K. A thermochemical quantity such as AH
that refers to reactants and products in their standard states is denoted by 4H°. The standard state
of a substance is the most stable state of that substance. For example, hydrogen gas, oxygen gas
and graphite are the most stable states of hydrogen, oxygen and carbon and these are their
respective standard states. If the reaction is taking place in solution, the concentration of the

dissolved species must be specified. For example, the neutralization of water

H*(aq, 1M, 298 K, 1 atm) + OH (ag, 1M, 298 K, 1 atm) —H,0(l, 373K, 1 atm) AH =—56.9
kJ mol™*

Generally, since most thermochemical equations take place at standard conditions. specification
of temperature, pressure is not necessary, provided. Thus for the above reaction, we can

represent is as,

H'ag) + OH (ag —H200) AH® =—56.9 kJ mol 8
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3.1.1 Standard enthalpies of reactions

As stated earlier, the enthalpy change for a chemical reaction is the difference between the
enthalpy of the product and that of the reactant, thus,

AH = Hproducts - Hreactants 9

If the reaction under consideration is for the formation of one mole of the compound from its
elements in their standard states, the enthalpies of the elements can be set at zero and the heat of
formation will become, Hs ° = ZHs °products — ZHf °reactants= AH— 0 . For example, in the following
reaction, 2 Hy(g) + O2(g)— 2 HO(l)  Hs ° = ZHs °products — ZHf °reactans= -582— 0 = -586 kJ,
which defines the standard enthalpy of formation of water at 298K.The value H¢ ° = -586 kJ tells
us that when hydrogen and oxygen, at a pressure of 1 atm (respectively) and at 298 K react to
form 1 mol of liquid water at 25°C and 1 atm pressure, 586 kJ will be given out to the
surrounding. The negative sign indicates that the reaction is exothermic and that the enthalpy of
the product is smaller than that of the reactants. Therefore, the standard enthalpy of formation of
a compound is defined as the heat associated with the formation of one mole of the compound
from its elements in their standard states. In general, the standard enthalpy change for a reaction
is given by AXHs ®products — ZHf “reactants - Where AXHt ®progucts aNd ZHf °reactants are the sum of the
standard enthalpies of formations of all products and reactants reapectively. This definition
allows us to predict the enthalpy change of any reaction once the standard enthalpies of

formation of the products and reactants are known.

3.1.2 Standard enthalpy of formation
Standard enthalpy of formation is the enthalpy change associated with the formation of one mole
of the substance at standard temperature and pressure. In estimating the enthalpy of formation,
the following information must be taken into consideration.
i. The thermochemical equation defining standard enthalpy of formation must be written in
terms of one mole of the substance in question. For example,

N2(9) + 3H2(g)— 2NH3(g) AH°=-92.2 kJ 10
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The above equation shows that 1 mol of N, gas react with 2 mol of H, gas to form 2 mol of
ammonia in an exothermic reaction, liberating 92.2 kJ of heat. This enthalpy change does not
represent the standard enthalpy change since it is not the enthalpy change associated with the
formation of 1 mol of ammonia. In order to write the thermochemical equation that shows the
standard enthalpy change for the formation of ammonia, we divide the entire equation by a factor
of 2, thus

Y2 No(g) + 3/2 Ha(g)— NH3z(g) AH°® =-46.1 kJ (per mole of NH3) 11

ii. The standard heat of formation of a compound should be considered based on the most
stable form of the compound at 237 K and at 1 atmospheric pressure. This means for elements
that exhibit allotropy, the most stable allotrope should be considered when defining standard
enthalpy of formation of a compound involving such elements. For example, carbon can exist as
diamond or graphite and the formation of CO, from each of these allotropes leads to the release
of -393.5 and 395.8 kJ/mol of heat respectively (as shown in the equations below). However,
since graphite is the most stable allotrope, the standard heat of formation of CO, will refer to the
reaction involving graphite and not diamond
Cigraphite) + O2() = COs(g AH®=H; °=-393.5 k] mol™ 12
Ciiamond) + Oz  — COyq AH°=-395.8 k) mol™ 13
iii.  If the product is not the stable one at 273 K, the physical state of the product must be
indicated in the thermochemical equation representing standard enthalpy change. For example,
water exists in gaseous and liquid states and the enthalpy changes for the two states are as
shown in the equations below. However, the one associated with water in the aqueous phase is
normally taken for standard enthalpy change.
Ha + % O — H2Opq  AH® =H;° =-285.8 k] mol™* 14
Haw) + % O — H2Og  AH®° =-241.8 ki mol™ 15

It is significant to note that the differences in enthalpy value between the two states is -44 kJ/mol
and this represents the heat of vaporization of water.

iv. The standard enthalpy change for the formation of most compounds are negative (i.e
exothermic) but there are cases where the enthalpy change is positive. By convention, such
endothermic process is expected to represent instability but there are some endothermic

compounds that are stable.
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V. Thermochemical equations representing the enthalpy change of the formation of some
compounds may not be feasible. For example, direct reaction of graphite (carbon) with hydrogen
gas, does not give methane as simplified in the equation below:

C(graphite) + 2Hz2(g) = CHa(g) 16

Vi. The standard enthalpy change associated with the formation of gaseous atom from the
element is called heat of atomization. Heats of atomization are always positive and they are very

useful in the calculation of bond energies.

vii.  The standard enthalpy of formation of ions dissolved in water cannot be measured
because this solution has several kinds of ions dissolved in it. Therefore, the general convention
is to adopt a scale in which the enthalpy change of the H g is defined as zero. Therefore ionic
enthalpies are expressed such that Hi° of the hydrogen ion at unit activity (1 M effective

concentration) is defined as zero, as shown in the equation below,
YoHyg — H'ag AH°=H;°=0kJmol™ 17

Based on this, the enthalpy of formation of other ionic compounds can be calculated by
combining it with the above equation. For example, in the formation of HCI, H, gas combine

with Cl;, gas as shown below:
1/2H2(g) + 1/2C|2(g) — HCl(aq) AH° =H; ° = -167 kJ mol 18

Since the enthalpy for the formation of H” g is zero, the enthalpy for the formation of HCI is -
167 kJ/mol.

3.2  Laws of thermochemistry

Thermochemistry is based on the framework of two major laws, namely: Hess law and Laplace

law. These laws are essential because they aid in thermochemical calculations.

The first thermochemical law was formulated by Hess in 1840. Germain Henri Hess (1802-1850)
was a Swiss-born professor of chemistry at St. Petersburg, Russia. This principle, known as

Hess’ law of independent heat summation is a direct consequence of the enthalpy being a state
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function. Hess’ law is one of the most powerful tools of chemistry. It allows the change in the
enthalpy (and in other thermodynamic functions) of huge numbers of chemical reactions to be
predicted from experimental data. Hess law states that the overall enthalpy of a chemical
reaction is the sum of the enthalpies of the various steps into which the reaction can be
subdivided.

Let us consider a chemical reaction leading to the formation of a product C and the enthalpy of
reaction is AHg. If the different steps that bring about the product are Ato B, Bto Cand C to P,
characterised with enthalpies, AH;, AH, and AH3 . Then according to Hess law, AHgr = AH; +

AH; +AHs. This concept is demonstrated in the diagram shown below

AH,
B h C
A, AH;
AHr \
a — P

L 4

3.3  Bond enthalpy

Chemical bonds hold compounds together. This maybe electrovalent or covalent. Most often, the
reactants have their individual bonds associated with it. Therefore, before they can react, bonds
have to be broken and before products formation, new bonds must be formed Bonds are broken
in the reactants while new bonds are formed in the products. Bond enthalpy is the energy needed
to break bond in gaseous molecules under standard condition. Due to some complications that
may arise in using actual values of bond enthalpy, average bond enthalpies are often used. For
example, water consists of two OH bonds and it has been found that the energy needed to break
the first O-H bond is significantly higher than the energy needed to break the second O-H bond.
Also, the energy needed to break OH bond in molecule such as ethanol is quite different from the
energy needed to break the O-H bond in water and other molecules. Hence the use of average

bond enthalpy is justified.
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Let us consider the bond enthalpy associated with the breaking of H and O bonds in water and
hydroxyl.

Therefore, the average bond enthalpy for O-H is 929/2 = 464.50 kJ/mol. The average bond
enthalpies and the corresponding bond lengths for some bonds are presented in the Table 2. All
bond energies are obtained in the gaseous state so that the enthalpy change associated with the

breaking and formation of intermolecular force can be eliminated.

Bond breaking is an exothermic process while the formation of new bond is an endothermic
process. The amount of energy absorbed during the formation of bond is the same as the amount
of energy liberated during the breaking of bond. This is the consequence of the second law of
thermochemistry (i.e Laplace law), which states that the enthalpy change needed for the
formation of a compound is the same as the enthalpy change (but with reverse sign) needed for

the decomposition of the compound.

In the course of breaking bonds in the reactants and the formation of new bonds in the products
the difference between the bond energies of the reactants and that of the products represents the

enthalpy change of the reaction. That is,
H= Z(bond breaking energies )- Z(bond forming energies)

Therefore, when }:(bond breaking energies ) > .(bond forming energies), the reaction
is endothermic and when Y.(bond breaking energies ) < Y,(bond frming energies), the
reaction is exothermic. Bond breaking involves separation of atoms that were bonded in a
molecule indicating that energy is required (i.e endothermic reaction). However bond forming

involves bringing the atoms that are bonded by electrostatic attraction, hence energy is released.
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Table 2: Average bond enthalpy and bond length for some bonds

Bond Average bond enthalpy (kJ/mol) Bond length (10 m)
H-H 436 0.074
C-C 347 0.154
c=C 612 0.134
C-H 413 0.108
0=0 498 0.121
O-H 464 0.096
C=0 746 0.120
CI-Cl 243 0.199

Solved problem 1

Calculate the enthalpy change for the combustion of propane, which occurs according to the
following equation,

C3H8(g) + 502(g) i 3C02(g) + 4‘H20(g)

Given' AH?(CsHgy)) = —104.63 kJ/mol, AHP(CO4,y) = —393.67 kj/mol
AH?(4H,0y) = —287.20 kj/mol

Solution

The standard enthalpy change of formation of an element in its most stable form is zero. There

is no chemical change and so no enthalpy change when an element is formed from itself.
Therefore AH]9 (OZ(Q)) is zero. Generally, the enthalpy change of the reaction is the difference

between the enthalpy change of the product and that of the reactant. That is,

0 _ 0 0
AHreaction - ZAHProduct - ZAHReactant

=[ 3(-393.67) + 4(-287.20)] — [-104.63] kd/mol = ( -1181.01- 1148.80) + 104.3

=-2225.51 kJ/mol

Solved problem 2
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Given the following bond energies (in KJ/mol) ,calculate the heat of combustion of propene.
C=C =613, C-C =349, 0=0= 496, O=C =744, O-H = 464 and C-H = 452

Solution

The equation for the combustion is

9
CH3CH=CH2 + 502 s 3C02 + 3H20

The change in enthalpy is given as,

AH = ).(bond breaking energies )- Y.(bond forming energies)
Bond breaking energies are,

6C-H bonds = 6 x 456

C=C bond =1 x 613

4.50=0 bond = 4.5 x 498

Z(bond breaking energies) = 6(456) + 613 + 4.5(498) = 5590 kJ/mol

Bond forming energies are
6C=0 = 6 x 744 = 4464 kJ/mol
60-H = 6 x 464 = 2784 kJ/mol

Z(bond forming energies) = 4464 kJ/mol + 2784 kJ/mol = 7248 kJ/mol

AH = (5590 — 7248)kJ/mol = —1658 kJ /mol

Solved problem 3

Given the following thermochemical equations,

3
S + 5029) > SO3(q) AH® = —396 kj/mol
1
S0y(g) + 502 = 503 AH® = —99 k] /mol

Calculate the standard enthalpy change for the reaction, Si5) + 0Oz — SO0y

Solution

The second equation can be reversed and be added to the first equation as follows;

1
$03(g) = SO2(9) + 5 02(g) AH? = +99 kj/mol

3
Sty + 5029) = SO3(q) AH® = —396 kJ/mol
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Solved problem 4
Given the under listed thermochemical equations, calculate the standard enthalpy change for the

reaction, ZC(S) + 2H2(g) - C2H4(g)

Csy + Ozqg — COy4 AH® = —395k]/mol 1

Hygy + 3039 — Hy0p) AH® = —287 kj/mol 2
CoHygy + 3055 — 2C0,4 + 2H,0(5 AH® = —1416 kJ/mol 3
Solution

The first step requires, reversing equation 3 and then multiplying equations 1 and 2 by a factor of

2. The three equations are then added together as follows,

2C) + 20z — 26055 AHY = —790 kJ/mol 1
2Hyg) + Ozgy — 2HgOy AH® = —574 k] /mol 2
2605y + 2Hs0y - CHyg) + 30z AH® = 1416 kJ/mol 3

2Cy + 2Hyy, — CpHyy AH® =(—790 —574 + 1416)kJ/mol
= 52 kJ/mol
Solved problem 5

Calculate the entropy change associated with the follow/ing reaction. Given that the entropy
data for C,H4, H, and C,Hg are 219.56, 130.92 and 229.87 J/K/mol respectively. Based on the
equation for the reaction, reconcile the expected direction of the entropy change with the
calculated

CoHagy + Hyg = CaHe(g)

Solution
The entropy change for the reaction can be calculated using the following expression

0 _ § 0 _ § 0
ASreaction - SProduct SReactant

= (229.87) - (219.56+130.92) = -120.61 J/K/mol
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From the equation for the reaction, two moles of gases reacted to give one mole of a gas.
Therefore, there is a decreasing order hence the change in entropy is expected to be negative as
obtained from the calculation.

Solved problem 6
@ Define the term, enthalpy change of combustion

(b) The experimental set shown below was used to determine the heat of combustion of

ethanol.

thermometer

. — insulating card

5
|—draught shield
water

—— clamped copper
calorimeter
[ containing water

|—burner with liquid
ethanol as fuel

If the 0.46 g of ethanol was used to burn 200 g of water in the copper calorimeter and the

resulting rise in temperature was 14 °C, calculate the heat of combustion of ethanol. (Heat

capacity of water = 4.18)
Solution

@ The heat produced when one mol of a substance is burn in excess oxygen is

called the enthalpy change of combustion

(b) The heat of combustion of ethanol will be equivalent to the heat used in raising the

temperature of the water by 1 mole of ethanol.

Mass of ethanol used

No of moles of ethanol used in the combustion = Molar mss of ethanol

_0.46_001 l
= g — 001 mo

Heat recieved by water = Mass of water x heat capacity x change in temperature

= —200 x 4.18 x 14 = —11704 J/mol/Deg
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From the above, the combustion of 0.01 mol of ethanol produces -11704 J/mol/Deg of heat
therefore, the combustion of 1 mol of ethanol will produce (-11704/0.01) x 1 J/mol of heat =
1170400 J/mol of heat =-1170.40 kJ/mol. This is the heat of combustion of ethanol.

3.4  Born-Haber cycle

The Born-Haber cycle was developed by Max Born and Fritz Haber, who were German
Chemists. The cycle analyse in detail enthalpies and lattice energy associated with the formation
of ionic compounds from its constituent elements. Born-Haber cycle has found wider
applications in calculating enthalpies and lattice energies of compounds that cannot be easily
determined experimentally. Lattice energy is the enthalpy change involved in the formation of an
ionic compounds from gaseous ions hence the process is exothermic. On the other hand, the
endothermic process associated with the breaking of ionic compounds into gaseous ions is also
equivalent to the lattice energy. Born-Haber cycle applies Hess law of thermochemistry to solve

problems involving enthalpy change.

In order to analyse the Born-Haber cycle, let us consider the formation of NaCli). The steps

involved are as follows,

I. Sodium atom in the solid state is changed into sodium atom in the gaseous state. The

enthalpy change is called atomization energy, AHatwom. i.€,
Naiy — Nagy AHRm = 4107 kj/mol

ii. Sodium ion in the gaseous state ionizes to lose one electron. The enthalpy change

associated with the ionization is called ionization energy, AHg,
Nagy — Nal,y + e™ AHp = +496 kj/mol

iii. Chlorine molecule dissociates into chlorine atoms in the gaseous state. The enthalpy change

associated with this process is called dissociation energy, AHJ,

1 _
5Clgy = CliAHY = +243 k] /mol
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Iv. The gaseous chlorine atom Cl,4,in one electron from that was lost by sodium and become
ionizes into chloride ion. The enthalpy change associated with the ionization is called electron

affinity, AH2,
Clgy + e~ - Cly) AHp, = —349 kJ/mol

V. Sodium ion (formed in step ii) and chloride ion (formed in step iv) combine together to
form one mole of NaCl. The enthalpy change associated with this combination is called lattice

energy,
Nai, + Cly — NaCly AHpg =7
The entire steps involved in the formation of NaCl from its constituent elements can be

represented in a cycle called Born-Haber cycle as shown in the figure below

Na? + -
[ Cl g)

AHYg
Na(g

&H?ltom
N + 1 » NacCl
As) 3 Clzgg) > atle

From the above diagram , it is evident that the underlisted equation represent conservation

principle, according to Hess law

AH? = AHQym + AHY% + AHS + AHY, + AHPy
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Therefore, if the value of AHP is known, the AHL,,, can easily be computed using the following

equation,
AHpuee = AHRyom + AHp; + AHp + AHp, — AHY

Substituting for the respective values of the enthalpy, the lattice energy becomes,

1
AHjpe = 107+ 5(243) + 496 — 349 + 411 = 7865 kJ /mol

Another method that can be used to calculate the lattice energy is the ionic model method. This
method is based on the assumption that the crystal is formed from perfect spherical ions and that
the only interaction is due to electrostatic force between the ions. For an ion pair, the energy
needed to separate the ions depends on the sum of the ionic radii on the product of the ionic
charges. Consequently, an increase in ionic charge will increase ionic attraction between them. In
crystal, ions are surrounded by oppositely charge ions, hence the overall force of attraction
between oppositely charged ion will overwhelm the force of repulsion between ions with same

charge. The ionic model for calculating lattice energy can be expressed as follows,

Kmn
(RMn+ + Rxm— )

AHI(,)att =

where K,,,, is a constant, which depends on the geometry of the lattice, R)n+and Rym- are ionic
radius of the cation and anion respectively. In most cases, the ionic model has been found to
yield theoretical values of lattice energy that are in good agreement with those calculated from
Born-Haber cycle. Table 3 presents values of lattice energy calculated from Born-Haber cycle
and ionic models for sodium and silver halides. The results generally show that the lattice energy
obtained from experiment (i.e Born-Haber cycle) are relatively higher than those calculated from
ionic model. The difference can be attributed to polarization effects. For example, the small
positively charged sodium ion can distort the electron cloud of the large and squashy iodide ion
leading to the introduction of some covalent character in the compound. Since the ionic model
does not take the effect of polarization into consideration, values of lattice energy obtained from
this model is expected to be relatively lower than those obtained from Born-Haber cycle, which
is an experimental method. The differences between the two set of results seems to increase

from CI to I" due to increasing strength of polarization. Generally, electronegativity of halides
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decreases from CI" to I which correspond to increase in covalent character, increase in ionic radii

and expected increase in polarization.

Table 3: Lattice energy for some sodium and silver halides calculated from Born-Haber
cycle and ionic model methods

Compound Born-Haber lonic model % Difference
NaCl 790 769 2.7
NaBr 754 732 2.9

Nal 705 682 3.3
AgCI 918 864 5.9
AgBr 905 830 8.3

Agl 892 808 9.4

Solved problem 7

Consider the reaction pathways shown in the diagram below,

| 2C(graphite) + 3H(g) + 310,(g) I At

C,HsOH(l) + 304(g)

AH,

2C0,(g) + 3H,0(1)

If AH; =-277 kd/mol and AH, =-1367 kJ/mol , calculate AH;

(b) State the standard conditions for reporting experimental data obtained for enthalpy
change

Solution

@) From the law of conservation of energy, the enthalpy change in a complete cycle is zero,
therefore,

AH; + AH; - AHs; =0 consequently, AH3 = (AH; + AH,) = (-277 -1367) = -1644 kJ/mol

(b) The standard conditions for enthalpy changes are:
i a temperature of 298 K or 25 °C
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ii. a pressure of 100 kPa
iii. Concentration of 1 mol dm? for all solutions

iv, all substances in their standard states.

4.0  Summary

Thermochemistry studies the enthalpy change accompanying chemical reactions. It is based on
two major laws. These laws can also be seen as extension of the first law of thermodynamics.
The first law reveals that the total changes in enthalpies for a complete cycle is zero while the
second law reveals that the heat of formation is the same as the heat of decomposition.

5.0 Conclusion

The study of thermochemistry is essential in identifying and solving some problems in
thermodynamics. It has a wider application ranging from the calculation of enthalpy change to
prediction of other parameters (such as heat of formation, etc).

6.0  Tutor mark assignment

1. What is thermochemistry? Hence differentiate between thermochemistry and
thermodynamics

2. What is the advantages and disadvantages of using Born harber cycle to estimate the heat
of formation of a compound?

3. State the basic thermochemical laws and list the features of thermochemical equations
(Give suitable examples for each)
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MODEL 2

UNIT 3: The Second law of thermodynamics
3.0 "Introduction
2.0  Objectives
3.0  Main content
3.1  Statements of second law of thermodynamics
3.1.1 Entropy change of an ideal gas
3.1.2 Cyclic process: The carnot cycle
3.2 Free energy
4.0  Summary
5.0 Conclusion
6.0  Tutor mark assignment
7.0  References/Further reading
1.0 Introduction

The first law of thermodynamics is the law of conservation of energy and it provides information
on the energy changes during chemical reactions but does not provide information on the
spontaneity of a chemical reaction. A spontaneous reaction is a reaction that can take place on its
own without any external aid. Spontaneous processes relevant in chemical thermodynamics are
irreversible. An irreversible process is a spontaneous process that cannot be reversed. In addition,

an irreversible process is a natural process, where reversibility is impossible.

The major thermodynamic functions obtained from the first law of thermodynamics are internal
energy and enthalpy. Internal energy is a state function obtained at constant volume but most
chemical reactions are carried out at constant pressure, which implies that internal energy cannot
be a unique data for predicting the spontaneity of a chemical reaction. Enthalpy is the heat
absorbed at constant pressure. Enthalpy change can lead to an exothermic or endothermic
reaction. It is expected that exothermic reactions should be spontaneous while endothermic
reactions should be non-spontaneous. However, there are some exothermic reactions that are not
spontaneous and there are some endothermic reactions that are spontaneous, indicating that

enthalpy data cannot be a unique function for predicting the direction of a chemical reaction.
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From the above considerations, it is certain that there is need for a second law. The second law is
concerned with entropy change during a chemical reaction. Entropy is defined as a measure of
the degree of disorderliness of a system. This means a system gets more disordered as the

entropy increases and becomes more ordered as the entropy decreases.

2.0  Objectives

I. To know the concept of entropy

ii. To know the various statements of the second law of thermodynamics
iii. To derive expressions for entropy change of an ideal gas

iv. To be able to define a cyclic process and understand the four stages involved in the

Carnot cycle
V. To derive equation for calculating the efficiency of a Carnot cycle

Vi. To introduce free energy change and relate it to changes in enthalpy and entropy through

Gibbs-Helmholtz equation
3.0 Main text
3.1  Statements of the second law
The second law of thermodynamics can be stated in the following ways

I. The entropy of a natural system increases and tends toward a maximum

ii. The entropy change, dS of an irreversible change of a closed system obeys the
following inequality, dS > % , Where dq is the amount of heat transferred to the

system and T is the absolute temperature
iii. It is impossible to construct a device whose only effect, when it operates in a cycle,
is heat transfer from a body to the device and the transfer by heat of an equal quantity

of energy from the device to a warmer body.

3.1.1 Entropy change of an ideal gas
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An expression for entropy change of an ideal gas can be derived from the fundamental definition
of entropy. That is dS = dg/T. From the first law of thermodynamics, we know that dq = dU +
PdV and that dU = C\dT while P = RT/V (Note, PV = RT) which implies that change in entropy

can be written as,

dqg _ du | Pdv _ chT_l_ RT— 20

Simplification of equation 70 gives equation 71 and upon integration, equation 72 is obtained

CvdT

ds = + R— 71

f7ds = G [T+ RS 72
The solution of equation 72 can be written as,

AS = Cy[InT]7 + R[InV]}? 73
Hence

AS = Cyln( 2) + Rin (“j—j) 74

The combined gas law states that P1V1/T1 = P,Vo/T, which implies that To/T; = (Po/P1).(V2/V1).

If we substitute for T,/T1 in equation 74 using this expression, we have,

AS = Cyln (2 ) + Cyln (2 ) + Rln(%) 75
AS = Cyln (P—Z) +(C, + R)n (Z—j) 76
AS = Cyln (2 )+ Coln (2 ) 77

Equations 74 to 77 are the general expressions for the entropy change of an ideal gas under
various conditions. Let us consider the expected change in entropy under the following

conditions:

I. Isothermal change: i.e T, = T3, AS = RIn (?)
1
. . . 7
ii. Isobaric change: i.e P, =P; and AS = Cyln (V—)
1

iii. Isochoric change: i.e Vo =Viand AS = Cyln (%) orAS = Cyln (;—2)
1 1
Solved problem 1
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@ What is entropy? . Hence state the second law of thermodynamics with respect to entropy
change of natural processes

(b) Derive mathematical equations for entropy changes of an ideal gas undergoing isothermal,
adiabatic and isochoric changes

() If the volume of an ideal gas changes from 0.2 to 0.4 m® at stp, calculate the entropy
change associated with the process.

(d) If the pressure of an ideal gas under adiabatic process changes from 50662.50 to 101325
Pa and corresponding entropy change is 8.0J/mol/K, calculate the heat capacity at constant
volume.

(e) If the same gas in ‘d’ above undergoes isochoric change at initial temperature of 298 K,
what will be its final temperature?

Solution

@ Entropy is a measure of the degree of disorderliness of a system. The second law of
thermodynamics can be stated as follows, the entropy of a natural process increases and tends
toward a maximum.

(b) An expression for entropy change of an ideal gas can be derived from the fundamental
definition of entropy. That is dS = dg/T. From the first law of thermodynamics, dq = dU + PdV
and dU = CydT while P = RT/V (Note, PV = RT) which implies that change in entropy can be

written as,

dq au Pdv CydT
_:_+_:V

&dl | pr¥ 1
T T T T TV

Simplification of equation 1 gives equation 2 and upon integration, equation 3 is obtained

ds = £+ R 2
T 14
S2 _ T, dT Vy dv
fsldS_CVfT1?+Rv17 3
The solution of equation 3 can be written as,
T: V;
AS = Cy[InT] + R[InV]} 4
Hence
— Iz v
AS = Cyln <T1) + Rin (Vl) 5
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The combined gas law states that P1V1/T1 = P,Vo/T, which implies that To/T; = (P2/P1).(V2/V1).

If we substitute for T,/T1 in equation 5 using this expression, we have,

AS = Cyln (1;—) + Cyln (Z—) + Rin (Z—) 6
AS = Cyln (i—) +(C, + R)n (Z—) 7
AS = Cyln (i—) + Cpln (Z—) 8

Equations 6 to 8 are the general expressions for the entropy change of an ideal gas under various

conditions. Under the required changes, the entropy changes are:

Isothermal change: i.e T, =Ty, AS = Rin (?)

1
Isobaric change: i.e P, =Py and AS = C,ln (?)
1

Py
Py

) oras = yin(2)

1

Isochoric change: i.e Vo, =Viand AS = CVln(

(c) The stated change is under isothermal condition, hence,

0.4 m3

AS = Rin (%) = (8314 Jmol~'K~V)In (02m3
1 .

) = 5.7628 Jmol~1K

(d) For isobaric change, AS = Cyln (?) , therefore,
1

oo s 8.0 /mol~'K™1 15416 Tmol-1K-1
v _ln(&) T (101325Pa) = 11.5416 Jmo
P, "\50662.50 Pa

(e) The change in entropy under adiabatic and isochoric change will be the same, i.e
— P\ _ T2
AS = Cyln (Pl) = Cyln (Tl)

Since AS and C, are known, then,

T, AS
In (T_1> = C_v
T, AS
T, = exp (C_v>

8.0 Jmol~tK™1
11.5416 Jmol 1K1

AS
T, = T;exp (—) = (298 K) exp < > = 501.17 K

Cy
3.1.2 Cyclic process: The Carnot cycle
A cyclic process operates through sequence of processes such that the state of the system

remains unchanged at the end of the processes. This means that the internal energy change for a
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cyclic process is zero and from the first law of thermodynamics, it can be stated that the work
done by a cyclic process is equal to the heat absorbed. In view of this, let us examine the
mechanism of operation of a heat engine.

A heat engine is any device that can transform heat into work or mechanical energy. All the heat
engines operate through the following consecutive steps;

i Absorption of heat from a source at a relatively high temperature called hot reservoir

ii. Performance of some mechanical work

iii. Discard of heat at a lower temperature called the cold reservoir

Refrigerator and air conditioner are example of heat engines operating in reservoirs. They take
heat from a hot place and give off heat to a cold place after doing work.

The commonest cyclic process is the Carnot cycle. The Carnot cycle consists of four different
processes: two isothermal processes and two adiabatic processes. These are highlighted below:

I. Reversible isothermal expansion: During this process, the gas expands isothermally at

a higher temperature, T, and absorbs heat, q,. From equation 74, the entropy change

for isothermal expansion of one mole of a gas is AS = Rin (?) and the heat
1

absorbed by n mole of a gas will be given by multiplying the entropy with T. Thus

q, = nRT,ln (Z—j) is the heat absorbed at higher temperature. Therefore for

reversible isothermal expansion in the Carnot cycle, g, = nRT,Iln (?) >0
1

ii. Adiabatic expansion. In this stage, the gas is expanded adiabatically from a higher
temperature , T, to a lower temperature, T;. The change in entropy is zero since the
process is adiabatic.

iii. Reversible isothermal compression: In this step, the gas is compressed isothermally to

a lower temperature, T, and the heat given outis q; = nRT;ln (?) <0
3
iv. The gas is compressed adiabatically to its original state at a temperature, T,

The thermal efficiency of a heat engine such as the Carnot cycle is defined as € = qﬂ . That is the
2

ratio of the workdone to the heat absorbed at higher temperature. It has been stated that work
done in a cyclic process is equal to the heat absorbed. In the Carnot cycle, the heat absorbed is

g2 + Q1. Hence,
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e=210 14 & 78
qz qz
Recall that heat absorbed or work done during isothermal expansion of an ideal gas is given as

W = nRTIn (%) where V; and V; are the initial and final volume. In the Carnot cycle, the heat
1
absorbed in the first stage (reversible isothermal expansion) is g, = nRT,ln (?) while the heat
1

given off during the fourth stage (isothermal compression) g, = nRT;In (?) Substituting for
3

gz and @z in equation 78, yields equation 79

NRT, ln(g—i)—nRTl ln(g—:)

€= T @) &
e= 1 () 80
nRTzln(V—i)

From Poison equation, which states that T,V*~1 = T,V and that T,V;™1 = T, V¥, it
follows that (V4/V3) = (V2/V1 hence equation 80 becomes,

NRT, ln(K—i)

€E=1- 81

NRT, ln(%)
Hence,

T To—T:
€=1- 1="71 82
T, T,

Equation 82 reveals that the efficiency of a Carnot cycle depends on the temperature of the hot
(T2) and cold (T,) reservoirs. It follows that the efficiency of a Carnot cycle can be estimated

using the quantities, gand through T. Therefore,

—hoq4 & 83
T, az
o Ly B 84
T, T T; T

From equation 84, it can be seen that the sum of the quantity g/T for a Carnot cycle is zero. That

is Z% = 0. The quantity, dg/T is defined as the entropy. Therefore, it also follows from equation

84 that § dS = 0.1f we follow a path, A to B (in state 1) and B to A (in state 2), the entropy

change can be expressed as,

§ds= [ dS + [ldS =0 85
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[l dS— [ dS =0 86
[ ds= [ ds 87
From the above, entropy is seen as a state function that does not depend on the path taken.

Therefore, the change of the entropy between any two equilibrium states is independent of the
path connecting those states.

Finally, the Carnot theorem states that all Carnot engines operating between the same two
temperatures have the same efficiency, irrespective of the nature of the working substance.
Solved problem 2
@ Explain why the work done in a cyclic process is equal to the heat absorbed
(b) What do you understand by heat engine, hence outline the fundamental mechanism of
operation of a heat engine
(c) Discuss the thermodynamics of the four operation steps in a cyclic process
Solution
@ A cyclic process operates through sequence of processes such that the state of the system
remains unchanged at the end of the processes. This means that the internal energy change for a
cyclic process is zero. From the first law of thermodynamics, the heat absorbed can be expressed
by,
dq = dU + PdV

Therefore, if the change in internal energy is zero, then all the heat absorbed is used in doing
work, i.e dg = PdV.
(b) A heat engine is any device that can transform heat into work or mechanical energy. All
the heat engines operate through the following consecutive steps ;
i Absorption of heat from a source at a relatively high temperature called hot reservoir
ii. Performance of some mechanical work
iii. Discard of heat at a lower temperature called the cold reservoir
(c) The thermodynamics of each operation steps in the Carnot cycle are highlighted below,

i. Reversible isothermal expansion: During this process, the gas expands isothermally at

a higher temperature, T, and absorbs heat, q,. From equation 74, the entropy change

for isothermal expansion of one mole of a gas is AS = Rin (Z—Z) and the heat
1
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absorbed by n mol of a gas will be given by multiplying the entropy with T. Thus

q, = nRT,ln (Z—j) is the heat absorbed at higher temperature. Therefore for

reversible isothermal expansion in the Carnot cycle, g, = nRT,Iln (?) >0
1

ii. Adiabatic expansion. In this stage, the gas is expanded adiabatically from a higher
temperature , T, to a lower temperature, T;. The change in entropy is zero since the
process is adiabatic.

iii. Reversible isothermal compression: In this step, the gas is compressed isothermally to

a lower temperature, T, and the heat given outis q; = nRT;ln (?) <0
3
iv. The gas is compressed adiabatically to its original state at a temperature, T,
Solved problem 3
@ Derive an expression for the efficiency of a Carnot cycle with respect to heat absorbed

and with respect to the temperature of the hot and cold reservoir.

ow that for a arnotcyce,—+—= , W ereqlste eat absorbed an IS the
(b)  Show that foraC I‘;Z;’}Oh'hh bsorbed and T is th

temperature of the reservoir.

() Show that the total entropy change in a Carnot cycle is zero

(d) Calculate the efficiency of a Carnot cycle operating between the hot and cold reservoir at
300 and 900 K. Hence if the heat absorbed from the hot reservoir is 400 J, calculate the heat
associated with the cold reservoir.

Solution

@ The thermal efficiency of a heat engine such as the Carnot cycle is defined as € = w/q;.
That is the ratio of the work done to the heat absorbed at higher temperature. Work done in a
cyclic process is equal to the heat absorbed. In the Carnot cycle, the heat absorbed is the sum of
the heat absorbed at the higher and lower temperatures, i.e g, + g;. Hence,

q2+4q1 =1+ a1 1
qz qz

€E =
Heat absorbed or work done during isothermal expansion of an ideal gas is givenas W =

nRTIn (%) where V; and V; are the initial and final volume. In the Carnot cycle, the heat
1
1)

absorbed in the first stage (reversible isothermal expansion) is g, = nRTzln( ) while the heat

1
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given off during the fourth stage (isothermal compression) q; = nRT;ln (?) Substituting for

gz and gz in equation 1, yields equation 2

NRT, ln(g—i)—nRTlln(K—:)

€= T @ 2
c= 1— nRTlln(%) 3
nRTzln(V—i)

From Poison equation, which states that T,V*~1 = T,V and that T,V;"1 = T, V¥, it

follows that (V4/V3) = (V2/V1 hence equation 3 becomes,

nRTzln(%)
E = 1 - V1 4
nRTzln(V—i)
Hence,
e=1- 2 kh 5
T, T;

(b) Equation 5 reveals that the efficiency of a Carnot cycle depends on the temperature of the
hot (T>) and cold (T1) reservoirs. It follows that the efficiency of a Carnot cycle can be estimated

through the quantity, g and through T. Therefore,

T
_ 1 1+ﬂ 6
T, az
2 _ _ 41 q_2_|_q_1=0 7
T; T T; T

(c) From equation 7, it can be seen that the sum of the quantity /T for a Carnot cycle is zero.

That is Z% = 0. The quantity, dg/T is defined as the entropy. Therefore, ¢ dS = 0, indicating

that the total entropy change in the Carnot cycle is zero.

(d) The efficiency of a Carnot machine can be calculated from using the underlisted

equation,

S T, T,—T, (900 —300)K
B T, T, 900 K

Therefore the efficiency of the cycle is 66. 67 %

= 0.6666

Since the efficiency can also be considered in terms of heat absorbed, then
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400 + g4

0.6666 = 200

400 + g, = 400 x 0.6666
¢, = 400 x 0.6666 — 400 = —133.33 ]
The negative sign indicates that heat is given off.

3.2 Free energy
Two important thermodynamic functions are very essential in assessing the work done by a
given system. Enthalpy is a state function obtained at constant pressure and fortunately, most
chemical reactions occur at constant pressure. Enthalpy is the heat absorbed at constant pressure
and it can be considered that enthalpy represent the necessary work put into a machine while
entropy represent the disorderliness. Therefore, we can state that the free energy will be given as,
Free energy change = AH — TAS 88
The above equation was obtained by Gibbs and is called Gibbs free energy. Similarly, at constant
volume, the free energy is given as
Free energy change = AU — TAS 89
At constant volume, the free energy is called Helmoltz free energy and is denoted by A.
Therefore, at constant pressure, G = H-TS and at constant volume, A = U -TS. The terms, H and
U represent the tendency towards orderliness while TS represents the tendency toward

disorderliness.

Solved problem 4

@ Consider the following reaction,
N204g) = 2ZNOy)

If the standard changes in enthalpy and entropy are 58220 J and 176 J/K, calculate the change in
free energy of the reaction. Hence state whether the reaction is spontaneous or not.

(b) Calculate the equilibrium constant of the reaction at 300 K
(c) At what temperature will the standard change in free energy be equal to zero?.
Solution

(@) From the Gibb-Helmholtz equation, AG® = AH® — TAS°. Therefore,
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AG® = 58220] — 298 K(176]/K) =5772]

Since the calculated value of standard free energy change is positive, the reaction is not
spontaneous.

(b) The equilibrium constant is related to the standard change in free energy according to the

equation, AG® — RTInk,,. Therefore,

—AG®
lnkeq = W
- —AG®\ ( —5772 ] /mol ) _ 0.9885
eq = S\ Tpr ) T EP\ (8314 Jmol- 1K1 x 300K ) _

(c) From the equation, AG® = AH? — TAS°, when AG® = 0, then AH® = TAS?, and

AH® 58220

T = =
AS® ~ 176 /K

= 330.80K

4.0  Summary and conclusion
I. Entropy is a measure of the degree of disorderliness of a system. The second law deals
with entropy change of a system

ii. The entropy of a natural system increases and tends toward a maximum

iii. The entropy change, dS of an irreversible change of a closed system obeys the following
inequality, > sT_q . where dq is the amount of heat transferred to the system and T is the absolute

temperature

iv. It is impossible to construct a device whose only effect, when it operates in a cycle, is
heat transfer from a body to the device and the transfer by heat of an equal quantity of energy

from the device to a warmer body

V. Entropy changes of an ideal gas for isothermal, isobaric and isochoric processes are,
V; P P T: .
AS = Rin (V—j> , AS = Cyln (P—j) and AS = Cyln (P—:) = Cyln (ﬁ) respectively.

Vi. A cyclic process operates through sequence of processes such that the state of the system
remains unchanged at the end of the processes
vii.  The four stages involved in the Carnot cycle are isothermal expansion, adiabatic

expansion, isothermal compression and adiabatic compression.
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viii.  The efficiency of a Carnot cycle is related to the temperature and heat absorbed according

to the equation, €= 1— = = 1+ &
T2 qz
IX. The free energy changes at constant pressure and at constant volume are AG = AH —

TASand AA = AU — TAS

50  Conclusions

The second law of thermodynamics is often called the law of entropy. Entropy itself is a measure
of disorderliness or orderliness of a system. Thermodynamic parameters associated with a
change from disorderliness to orderliness and vice versa are essential in measuring the direction
of a chemical reaction. Entropy data may not be unique in predicting the direction of a chemical
reaction because we who measure the entropy are part of the surrounding. Therefore, since the
total entropy is what is expected to be measured and the difficulty of measuring our entropy,
them entropy data are often used in combination with other thermodynamic parameters.

6.0  Tutor mark assignment

1. Derive an expression to show that the standard Gibb free energy is related to entropy at

constant pressure

2. What are the four major properties of entropy?
3. Derive an expression for entropy change of an ideal gas
4. Highlight the four major stages in the Carnot cycle and state the direction or pattern of

entropy for each of the stages.

5. Define the term, efficiency of a Carnot cycle and show that it can be expressed in terms
of heat absorbed or temperature

6. What are the possible factors that can make a machine not to operate effectively as a
Carnot cycle?
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MODEL 3

UNIT 1: The Third law of thermodynamics

4.0 “Introduction

2.0  Objectives

3.0  Main content
3.1  The third law of thermodynamics
3.2 The Zeroth law of thermodynamics

4.0  Summary

5.0 Conclusion

6.0  Tutor mark assignment

7.0  References/Further reading

1.0 Introduction

The third law of thermodynamics was developed between 1906 and 1912, by Walther Nernst.
The law clarifies that the entropy change of a system at absolute zero is a well defined constant
because at absolute zero, the system is in its ground state, which implies that the entropy is
determined by only the degeneracy of its ground state. The first statement of the third law was
stated in 1912 by Nernst, thus ¢’ It is impossible for any procedure to lead to the isotherm T =0
in a finite number of steps. However, in 1923, Gilbert Lewis and Merle Randall gave an

alternative version of the third law as follows,

“’If the entropy of each element in some (perfect) crystalline state be taken as zero at the
absolute zero of temperature, every substance has a finite positive entropy; but at the
absolute zero of temperature the entropy may become zero, and does so become in the

case of perfect crystalline substances’’

Gilbert Lewis and Merle Randall law states not only AS will reach zero at 0 K, but S itself will
also reach zero as long as the crystal has a ground state with only one configuration. Some
crystals form defects which causes a residual entropy. This residual entropy disappears when the

kinetic barriers to transitioning to one ground state are overcome.!
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Development of statistical mechanics has contributed to change of the third law from
fundamental to derived law The bases for its derivation is the statistical-mechanics definition of
entropy for a large system according to the following equation

AS =S — S, = kylnQ

where kg is the Boltzmann constant and Q is the number of microstates consistent with the
macroscopic configuration. The identification of this state is sustained but the reference state is
absolute zero in which the entropy is So.

The zeroth law was the last thermodynamic law to be formulated. However, since the first,
second and third laws were already established, it was not possible to re-arranged the three laws,
rather, the term, zeroth law was used. In this section, the zeroth law will only be stated.

2.0  Objectives

I. To know the steps that led to the development of the third and the zeroth laws of
thermodynamics

ii. To be able to understand and state the first and zeroth laws of thermodynamics

iii. To know the mathematical consequences of the third and zeroth laws of
thermodynamics.

iv. To apply the third and zeroth laws of thermodynamics in solving problems.
V. To comprehend the major limitation of the third law of thermodynamics
3.0 Main text

3.1  The Third law of thermodynamics

In simple terms, the third law states that the entropy of a perfect crystal of a pure substance
approaches zero as the temperature approaches zero. A perfect crystal is a crystal without crystal
imperfection. Consequently, the third law provides an avenue for the determination of entropy at
any other temperature. The entropy of a system, determined relative to this zero point, is then

the absolute entropy of that system.

By implication, AS = S — S, = kglnQ is zero for ground state configuration that is unique. This
means that for N identical particles lying within a matrix of a perfect crystal, the number of
permutations of N particles, taking N at a time givesQ =1, hence S =S — S, = kglnl = 0.
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Therefore, the difference is zero indicating that AS =S — S, =00r AS=S— 0=0and S =
0.

From the second law of thermodynamics, the entropy of a system can be expressed as,

_

AS -

The rise in temperature due to the absorption of heat, dQ is related to the heat capacity according
to the equation,

dQ = C(X,T)dT

X is a factor which accounts for all parameters that are kept constant during the heat transfer. For
example, if the pressure is kept constant, then C becomes the heat capacity at constant pressure,
Cp. if the above equation is divided by T, we have

_ C(X,T)dT

A
S T

Integration of the above equation from a reference temperature Toto an arbitrary
temperature T gives the entropy at temperature T as,

T
ST = ST+ | con nar
To

If we chose the zero of the entropy through classical approach, then S(0) = 0, and the above
equation becomes,

Tc(X,T)dT
S(T,X) = f %
To

The most essential application of the third law of thermodynamics is that it helps in the
calculation of absolute entropies of the substance at any temperature T.

§=2.303C,log T
where Cpis the heat capacity of the substance at constant pressure and is supposed to remain

constant in the range of 0 to T.

Limitations of the third law of thermodynamics

I. Glassy solids even at 0 °K has entropy greater than zero.
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ii. Solids having mixtures of isotopes do not have zero entropy at 0 °K. For instance,
entropy of solid chlorine is not zero at 0°K.

iii. Crystals of CO, N,O, NO, H,0, etc. do not have perfect order even at 0 °K thus their
entropy is not equal to zero.

The Zeroth law of thermodynamics

The zeroth law of thermodynamics states that “If two thermodynamic systems are each in
thermal equilibrium with a third, then they are in thermal equilibrium with each other.” This
implies that , if A=B and B=C then A=C. This may seem so obvious that it doesn’t need stating

but without this law we couldn’t define temperature and we couldn’t build thermometers.
Solved problems 1

A given system consists of 1 cm® matter with a mass of 1g, equivalent to 20 g/mol. If the system
consist of 3 x 10? identical atoms at 0 K and one atom absorb a photon of wavelength of 1 cm.
Calculate

@ The entropy change for the system

(b) The energy change of the system due to absorption of one mole

(c) The expected rise in the temperature of the system
Solution
Since system is at 0 K, then it is in its ground state and the atom is unique and the permutation of
one unique atom among the 3 x 10* gives N = 3 x 10%. Therefore, since kg = 1.38 x 107 JK™,
then
@ The entropy change for the system is

_dq
T
= 1.38 x 102 JK1In(3.0 x 10723) = 7.46 x 10722 JK1

(b) The energy change will be given as

AS =S-S5, =kglnw

h 6.6 x 10734], 3.0 108 -
dQ = " =500 X A0 =2 x 10733
(c) The rise in temperature will be given as
__ Energy _ 2x10723 ) _ _22
r= AS 746 x10~22 Jk-1 2.68 x 10 K
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Therefore the average temperature of the system over the range from 0 < S < 7.46 x10 2 J/K is
2.68 x 10722 K. Althougha single atom absorbs the photon it is the temperature and entropy

changes that characterize the entire system
Solved problem 2

@ What are major applications of the third law of thermodynamics? Hence, if the enthalpy
of a system is defined by the equation, H = 30T + 23.6, calculate the absolute entropy of that
system at 300 K.

(b) State the third law of thermodynamics and list the major limitations of the third law
() State the zeroth law of thermodynamics
Solution

The major application of the third law of thermodynamics is that it is used in the calculation of
absolute entropies of the substance at any temperature T using the equation,
S$=2.303C,log T

where Cpis the heat capacity of the substance at constant pressure and is supposed to remain
constant in the range of 0 to T.
From the given data, H = 30T + 23.6, C, = dH/dT =30 J, hence

S =2.303(30 J)log(300 K) = 171.14 J/K
(b) The third law states that the entropy of a perfect crystal of a pure substance approaches
zero as the temperature approaches zero. The major limitations of the third law are,
I. Glassy solids even at 0°K has entropy greater than zero.
ii. Solids having mixtures of isotopes do not have zero entropy at 0 °K. For instance,
entropy of solid chlorine is not zero at 0°K.
iii. Crystals of CO, N0, NO, H,O, etc. do not have perfect order even at 0 °K thus their
entropy is not equal to zero.
(c) The zeroth law of thermodynamics states that “If two thermodynamic systems are each in

thermal equilibrium with a third, then they are in thermal equilibrium with each other.”
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4.0  Summary and conclusions

I The Third law of thermodynamics provide information on the calculation of absolute
entropy of a system.

ii. The third law states that the entropy of a perfect crystal of a pure substance approaches
zero as the temperature approaches zero.

iii. The third law has some major limitations in imperfect crystals and for some condensed
matter whose entropy reaches zero before the absolute zero temperature.

(iv)  The zeroth law of thermodynamics states that “If two thermodynamic systems are each in
thermal equilibrium with a third, then they are in thermal equilibrium with each other.

5.0 Conclusions

The third and zeroth laws of thermodynamics may have limited application but they are useful in
predicting the thermodynamic behavior of systems at the limit of zero degree.

6.0  Tutor marked assignment

1. State the third law of thermodynamics and highlight the major limitations to its
applications
2. State the Zeroth law of thermodynamics and state one application of the law

3. Show that entropy change can be expressed as, S=2.303 C, log T
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MODEL 3

UNIT 2: Thermodynamic potentials

1.0 Introduction

2.0  Objectives

3.0 Main text

3.1  Derivation of equations for thermodynamic potentials

3.1.1 Total differentiation of internal energy, U
3.1.2 Total differentiation of enthalpy, H
3.1.3 Total differential of Helmholtz energy, A
3.1.4 Total differential of Gibbs free energy, G

4.0 Summary

5.0 Conclusions

6.0  Tutor mark assignment

7.0  References

1.0 Introductions

Thermodynamic potentials include enthalpy, internal energy, Gibbs free energy and Helmoltz
work function. These variables are state functions indicating that they give exact differentials and
that mathematical manipulation of their differentials can give thermodynamic expressions for

several variables such as heat capacity, pressure, surface work, etc.

It should be noted that a state of a thermodynamic system is defined by specifying a minimum
number of state functions, which are the independent variables and also the dependent variables.
A dependent variable is a function of independent variables and the total differential of a
dependent variable will express an infinitesimal change of the variable in terms of the
infinitesimal changes of the independent variables. An example of this type of problem and
solution was presented during the derivation of an expression of the Joule-Thompson
experiment. We shall use this approach to obtain useful expressions for the basic thermodynamic
potentials.

2.0  Objectives
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Q) To understand the concept of thermodynamic potentials and identify the fundamental
potentials

(i) To derive equations for the various thermodynamic potentials

(iii)  To know the equation for total derivation of internal energy

(iv)  To know the equation for total derivation of enthalpy

(v)  To know the equation for total derivation of Helmholtz work function

(vi)  To know the equation for total derivation of Gibbs free enrgy

3.0 Main text
3.1  Derivation of equations for thermodynamic potentials
3.1.1 Total differentiation of internal energy, U.
From the first law of thermodynamics, the internal energy of a system can be written as follows
dU = dq + dw 90
Since dq = Tds and if the work done is expansion work (as it is in most thermodynamic cases),
then dw = -PdV and the above equation becomes,
dU = TdS — PdV 91
Therefore we state that for a close system, in which an expansion work is done, the internal
energy is a function of two non dependent variables, namely, S and V. Hence we can state that U

= £(S,V) and operation of the condition of exact differential gives,

_ (U ouU
dU = (5)1; ds + (5)5 v 92
Comparing equations 91 with 92 it can be shown that (Z_Z) dS =TdsS, hence, (‘;—z) =Tand
v v

that (3—3)5 dV = —PdV, indicating that (Z—s)s =-P

3.1.2 Total differentiation of enthalpy, H
Enthalpy is a state function obtained at constant pressure and can be written as H = U + PV
hence the differential of enthalpy will be given as dH = dU + PdV + VdP However, dU =
TdS — PdV, which yields the following equation, upon substitution,

dH =TdS — PdV + PdV + VdP 93
Hence,

dH =TdS + VdP 94
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The above expression indicates that enthalpy can be expressed as a function of two independent

variables, that is, H = f(S,P). Applying the condition of exact differential, we have,

dH = (Z—Z)P ds + (g—’;)s dp 95

Comparing equation 6 with 7, we have, (3—?) dS =TdS and (Z—I:) dP =VdP. Hence,
P S

(@), =T (), =7

3.1.3 Total differential of Helmholtz energy, A
The thermodynamic definition of A is that A = U —TS, whose differential is dA = dU — TdS —
SdT and by substituting for dU, we have, dA = TdS — PdV — TdS — SdT. Hence,
dA = —PdV — SdT 96
Equation 8 reveals that A is a function of V and T which are the independent variables that can

be used deriving the exact differential parameters for A as follows,

dA = (%)T dv + (g—j)v dT 97
Comparing equation 8 with 9 we have (Z—ﬁ)T = —Pand (Z—;‘)V = -5

The above derivation gives thermodynamic definition of entropy and another definition of
pressure

3.1.4 Total differential of Gibb free energy, G

Classical definition of Gis G =H -TS (i.e, dG =dH -TdS -SdT) but H=U + PV (or dH = dU +
PdV +VdP) and dU = TdS —PdV. Combining these variables, we have,

dG =dH —TdS — SdT 98
dG =dU + PdV +VdP —TdS — SdT 99
dG =TdS — PdV + PdV +VdP —TdS — SdT 100
dG =VdP — §dT 101
Equation 13 clearly reveals that G = f(P,T), hence,
dG = (Z_i)T dP + (Z—j)P dr 102

Comparison of equation 13 with 14 gives the following relations: (Z—ﬁ) dP = VdP and
T

G G

_ G\ 6\ _ . .
(5)13 dT = SdT. Therefore, (5)T = I and (aT)P = —S. Hence through total differentiation

of G, we have obtained another definition of VV and S.
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4.0  Summary
The following thermodynamic definitions of T, P, V and S are obtained from total
differentiations of thermodynamic potentials,

0 v (G, =T ad () =P
(i) H: (‘;—2’ =T and (g—‘:)s -V

(i) A (Z—A)T = —P and (z—;‘)v = -§
woe (@ w2

5.0 Conclusions
Thermodynamic potentials include enthalpy, internal energy, Gibbs free energy and Helmholtz
work function. They are sate functions which give exact differentials. They are useful equations

that can be applied to solved numerous thermodynamics problems

.0 Tutor mark assignment
what do you understand by the term, thermodynamic potentials?

Derive expression for total derivation of internal energy

6

1

2

3. Derive expression for total derivation of enthalpy

4 Derive expression for total derivation of Helmholtz work function
5

Derive expression for total derivation of Gibbs free enrgy
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MODEL 3

UNIT 3: Maxwell equation

1.0 Introduction

2.0  Objectives

3.0 Main text
3.1  Derivation of Maxwell equation
3.2 Application of Maxwell equation
3.3  Maxwell’s equation and Euler’s test
3.4  Derivatives of entropy

4.0  Summary

5.0 Conclusion

6.0  Tutor mark assignment

7.0  References

1.0 Introduction
Maxwell equation are equations which employ the basic property of state functions (i,e exact
differentiation) to derive thermodynamic equations that relate the differential of one sate function
to another or to some physical properties.
2.0  Objectives
I. To derive the Maxwell equations using the principle of reciprocity
ii. To know the applications of the Maxwell equations
iii. To know the relationship between the Maxwell equation and Euler’s test
3.0 Main text
3.1  Derivation of Maxwell equations
The Maxwell equations can be developed from thermodynamic potentials using the principle of
reciprocity. Given an independent variable, x and y and f representing the total differential of a
dependent state function such that:

df = adx + bdy 103

where a and b are functions of x and y. Based on equation 103, the reciprocity relation is given

&)

as:
(ZZ) 104
y
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The total differential equations that were derived for U, H, A and G are in form of equation 15.
They include,

i. dU =TdS -PdV
ii. dH =TdS +VdP
iii. dA =-PdV — SdT
iv. dG =VdP — SdT
Therefore, applying the principle of reciprocity to the above equations, we have the following

equations,
- _ (6_) 105
106

= (ﬁ) 107

&), = -G, 108

3.2 Applications of the Maxwell equations

(9]

/N /N /X
VI QI QIO
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Equations 105 to 108 are the various forms of Maxwell equations corresponding to the
thermodynamic potentials, U, H, A and G respectively. In order to apply the Maxwell equations,
thermodynamic equation of state can be derived from the respective thermodynamic differentials
as follows. The differential of internal energy is given as dU = TdS - PdV. If we divide this

equation by dV, keeping T constant, we have,

@), =7 (@), -7 109
From the Maxwell equation, (g—;)v = (%)T, equation 23 becomes,

@), =7 G, - P 110
Similarly, if we divide dU with dS, we have,

(&) =7 P (), 11
Equation 111 can also be written as (note that (z—;)s = (z—‘;)P ) follows,

(&) =7 PG5, 112

113



dH is given asdH = TdS + VdP, we can also apply the Maxwell equations by dividing the
equation by dP ,

@), =7 @),V 13
Again, from the Maxwell equation, (Z—Z)P x ‘(Z‘i)T' Hence we have,

@), =), -V 114
If we divide dH by dS, then we have,

(&)g =7 -V (), 115
Since (Z_‘T’)s = - (‘;—‘;)V equation 115 can also be written as,

(‘;—;’)T’V =T+ V (%)S 116

The differential of A is givenas dA = - PdV — SdT, which is transformed to the underlisted
equation, if it is divided by dT

@), =+ (), 17
But (g—Z)P = — (g—i)T, therefore, (Z—‘;)P can also be written as

@) = PG), 5 118
Similarly, if dA is divided by dV, we will have equation 118 which transforms to equation 119
upon substitution of the Maxwell equation, (Z—‘T/)s = — (Z—z)v

@), =—P-5), 119

(Z—ﬁ)P =—P+S (g—‘;)v 120
Finally, dG = VdP — SdT and by dividing dG with dT, we have

@), =v &), - 121
But (g—;)v = (Z—i)T hence equation 121 becomes

@), =v@&),—s 122
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On the other hand, if we divide dG with dP, we have equation 123, which becomes equation 134
i TP oT ov
upon simplification ((E) = (g) ),
S P

@), =v -5, 123
@), =v-s (), 124
3.3  Maxwell’s equation and Euler’s test

Maxwell's equations can also be obtained using the principle of Euler's test for exact
differentials, namely that mixed second derivatives of "nice" functions must be equal. Applying
this principle to Gibb and Helmoltz free energy functions we have,

0%A 024

aV6T= aTovV 125
0%A a (04 024 0 (04

= 50, = s = 7 0), 126
ovoT av \oT aTov 9T \av

From the equation obtained for the total differentiation of A, (Z—‘;) = -S, therefore

14
2 (94 _ 9 24 0
G, = w9 =5(), = 5P 127
. as apP
From equation 127, we conclude that (5) = (5) as gotten before. We can also extend the
T 14

same analysis to Gibbs free energy as follows,

926 9%
aPaT ~ ATAV

128

From the above, we can apply the same principles of Euler’s test and the results obtained for

Maxwell relation is consistent with those obtained through the principle of reciprocity.

926G 0 (0G o (0G

aPOT 5;(5F)p'_ 5;(5;)T 129
326 a a

MWT_'EF(V)_'5F(_S) 130

&),

-(), 131
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There is no restrained in using the Euler’s principle to derive Maxwell equation from the other
thermodynamic functions (i.e U and H). Without much explanation, the mathematical procedures

are outlined for U as shown below

0%u 0%u

asov ~ avas 132
0%u o (oU o (0U

asav %(5)5 - E(E)V 133
92U ad d

asov 5(_P) - E(T) 134

-(), = @), 135

Finally, similar procedures are outlined for H as shown below,

9%H 9%H

asoP ~ 9PdS 136
0%H o (0H 8 (0H

9soP a5 (5)5 B E(E)p 137
9%H d 0

asap s () = E(V) 138

), = G, 139
3.4  Derivatives of entropy

We can derive further derivatives for entropy as follows. First we define entropy as dS = dqg/T
and heat capacity as C = dg/dT. Therefore dS/dT = (dg/T)/(dg/C) = C/T hence we obtained the

following derivatives,

sy _ Cr ) - v

(E)IJ T and (aT)V T 140
It can also be shown that

L (©),-0),0,-©O),
i (2),=®),3), = @)@,
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4.0  Summary

The differential forms of the Maxwell equations include the following functions

@), =@, -7 ™ &
=1- (), ™ (&),
=TGR v (E), =-1(), -
=TV, (5, =TV (),
=), s (), = PG,
), (), =-P+s (),

,=VG),ms o (5, =vG) s

JE
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)

I
|
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I
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5.0 Conclusion

The differential forms of the Maxwell equation provide an avenue for deriving thermodynamic
equation of states. These equations provide a link between thermodynamic parameters and some
other variables such as pressure, temperature and volume.

6.0  Tutor mark assignment

1. Derive expression for the Maxwell equations using the principle of reciprocity
ii. What are the applications of the Maxwell equations
iii. Derive suitable expression to show the relationship between the Maxwell equation and

Euler’s test
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MODULE 4
UNIT 1: Feasibility of a chemical reaction

4.0 Introduction
5.0 Objectives
6.0 Main text

4.0
5.0
6.0
7.0

1.0

6.1 Feasibility of a reaction
3.1.1 Effect of temperature and pressure on G
3.1.2 Relationship between AG and electromotive force, E
3.2  Clayperon and Clausius-Clayperon equation
3.3  Chemical potential and Free energy
3.4  Gibbs Duhem equation
3.5  Partial molar quantities
3.6 Phase equilibrium
3.7  Chemical potential of ideal gas
3.7.1 Chemical potential of an ideal gas mixture
3.8  Chemical potential and fugacity
3.9  Colligative properties
3.9.1 Elevation of boiling point
3.9.2 Depression of freezing point
Summary
Conclusions
Tutor mark assignment

References

Introduction

The major objective of chemical thermodynamics is to use thermodynamic data to predict the

direction of a chemical reaction. A spontaneous reactions can be defined as the one that can take

place on its own without an external aid. So far, some thermodynamic state functions have been

derived. These include internal energy, enthalpy, entropy, free energy and Helmholtz work

function , It is significant to state that internal energy change is not a unique parameter for

predicting the direction of a chemical reaction because it is a state function obtained at constant
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volume. Based on changes in enthalpy, chemical reactions can be classified as exothermic and
endothermic. In exothermic reaction, heat is given off to the surrounding while heat is absorbed
from the surrounding in endothermic reaction. Therefore, it is expected that exothermic reaction
should be spontaneous while endothermic reactions should be non spontaneous. However, there
are some exothermic reactions that are not spontaneous while some endothermic reactions are
spontaneous. Hence, enthalpy data cannot be a unique data for predicting the spontaneity of a
chemical reaction. Lastly, entropy data cannot be effectively used as a unique parameter for
predicting the direction of a chemical reaction because the total entropy is the sum of the entropy
of the system and that of the surrounding. Consequently, we that measure entropy are part of the
surrounding indicating that there is a severe interferences in using entropy data alone for
measuring the direction of a chemical reaction. A state function that has been found to be unique
in predicting the direction of a chemical reaction is called the free energy. Fortunately, the free
energy change is a state function obtained at constant pressure and is a function of enthalpy,
entropy and temperature. At constant volume, the unique state function is Helmholtz work

function.

2.0  Objectives
Q) To understand the concept of feasibility and spontaneousity of a chemical reaction
(i)  To understand the general condition for a reaction to be feasible
(iii)  To understand the requirements for the feasibility of a chemical reaction
(iv)  To find out the effect of temperature on the free energy change
(v) To find out the effect of pressure on the free energy change
(vi)  To derive the relationship between free energy change and electromotive force
(vii)  To know the relationship between boiling point elevation and mole fraction
(viii)  To know the relationship between depression of freezing point and mole fraction
(ix)  To know the relationship between free energy change and chemical potential
(x) To understand the concept of molar quantities
(xi)  To know Gibbs Duhem equation
(xii)  To know the conditions for phase equilibrium
(xiii) To know the equations that express chemical potentials of ideal gases

(xiv)  To know the relationship between chemical potential and fugacity of ideal gases
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3.0 Main text
3.1  Feasibility or spontaneity of a chemical reaction
Two thermodynamic functions are most dependent for predicting the direction of a chemical
reaction. These are the change in Gibbs free energy (for reactions at constant pressure) and a
change in Helmholtz free energy (for reactions at constant volume). The Helmholtz free energy
depends on the internal energy (the sum total of all the kinetic and potential energies) while the
Gibbs free energy is a function of enthalpy. Therefore, U can be expressed as,
dU = TdS — PdV + dW, ey 141

where dW,iner Stands for other forms of work that are not PV work. Since A is a function of U
and dA = -SdT — PdV, then we can also introduce similar term, to represent other forms of work,
thus,

dA = —SdT — PdV + dW,ner 142
At constant temperature, equation 142 becomes, dA = —PdV + dWyeher = AWay reversivie
indicating that at constant temperature the Helmholtz free energy gives all the reversible work
(reversible work in this case, is the sum of PV work and all other forms of work).
We can also write similar expression for the change in Gibb free energy. Since dG = -SdT + VdP

for pressure volume work. If we add other forms of work, we have,

dG = —=SdT + VdP + dW,per 143
At constant temperature and pressure, equation 143 becomes
dG = dWyiper = dWAll,reversible 144

From equation 144, it can be stated that at constant pressure and temperature, the change in Gibb

free energy gives all the reversible work (except PV work)
For a thermodynamic process to be in equilibrium, then dS > dT—q and or TdS = dgq, which can
be re-arranged to the following form,

0 >dq—TdS or dg—TdS <0 145
The Helmholtz work function can be written as A = U + TS, which differentiate to the
following form,

dA =dU —TdS — SdT 146
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From the first law of thermodynamics, dU = dq — PdV, which fits into equation 146 to redefine

dA as follows,

dA = dq — PdV — TdS — SdT 147
Rearranging equation, 147, we have,

dA = (dq — TdS) — PdV — SdT 148
Therefore, for a process at constant temperature and volume, the inequality becomes,

dAry =dq—TdS <0 149

Hence, for a process at constant temperature and volume, the Helmholtz fee energy should be the
minimum. Therefore, a system at constant temperature and volume is spontaneous if the

Helmholtz free energy decreases (if the system is away from equilibrium).

We can also consider what is expected for a change in Gibbs free energy. The change in Gibb
free energy can be written (note that G=H -TS, H=U + PV, U =dq - PdV),

dG =dH —TdS — SdT 150

dG = dU + PdV +VdP — TdS — SdT 151

dG =dq — PdV + PdV +VdP — TdS — SdT 152

dG = dq + VdP — TdS — SdT 153
Rearranging equation 153, we have,

dG = (dq — TdS) + VdP — SdT 154

Similarly, for a process at constant temperature and pressure, the inequality becomes,

dGrp =dq—TdS <0 155
Therefore, at constant temperature and pressure, the Gibb free energy seeks a minimum. Hence
any spontaneous process occurring in a system of constant temperature and pressure, will
decrease the Gibb free energy, if the system is away from equilibrium.
Solved problem 1

@ Derive the inequality that is required for a thermodynamic process to be in equilibrium

(b) Show that a system at constant temperature and volume is spontaneous if the Helmholtz

free energy decreases (provided the system is away from equilibrium)

(c) Show that any spontaneous process occurring in a system of constant temperature and

pressure, will decrease the Gibbs free energy, if the system is away from equilibrium.
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Solution

(@  Forathermodynamic process to be in equilibrium, then dS = %q and or TdS = dq,
which can be re-arranged to the following form,

0 >dq—TdS or dq—TdS <0
(b) The Helmholtz function can be written as A = U + TS, which differentiate to the

following form,

dA =dU —TdS — SdT 1
From the first law of thermodynamics, dU = dq — PdV, which fits into equation 1 to redefine
dA as follows,

dA =dq — PdV — TdS — SdT 2
Rearranging equation, 147, we have,

dA = (dq — TdS) — PdV — SdT 3
Therefore, for a process at constant temperature and volume, the inequality becomes,

dAry =dq—TdS <0 4

Hence, for a process at constant temperature and volume, the Helmholtz fee energy should be the
minimum. Therefore, a system at constant temperature and volume is spontaneous if the
Helmholtz free energy decreases (if the system is away from equilibrium).

() The change in Gibbs free energy can be written (note that G=H -TS, H=U + PV, U =
dq - PdV),

dG =dH —TdS — SdT 1

dG =dU + PdV +VdP —TdS — SdT 2

dG =dq — PdV + PdV +VdP — TdS — SdT 3

dG =dq+VdP —TdS — SdT 4
Rearranging equation 4, we have,

dG = (dq — TdS) + VdP — SdT 5
Similarly, for a process at constant temperature and pressure, the inequality becomes,

dGrp =dq—TdS <0 6

Therefore, at constant temperature and pressure, the Gibbs free energy seeks a minimum. Hence
any spontaneous process occurring in a system of constant temperature and pressure, will

decrease the Gibbs free energy, if the system is away from equilibrium.
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3.1.1 Effect of temperature and pressure on G
It has been shown that the Gibbs free energy is a function of pressure and temperature and that
dG = VdP — SdT. This fundamental equation can be examined under two major conditions,
namely, at constant pressure and at constant temperature.

() Constant temperature: effect of pressure on G.
At constant temperature, dG = VdP. From the gas law, PV = RT implies that VV = RT/P. Hence
dG = RTdP/P If the change in pressure from P; to P, is accompanied by a corresponding change

in free energy (from G; to G,) respectively, then we can integrate the function as follows,

P, dP

GZ — — —
fGl dG =G, — G, = AG = fpl - 156
— PY _ P2
AG = RTIn (Pl) = 2.303RTlog (Pl) 157
(i)  Constant pressure: effect of temperature on G
At constant pressure, dG = -SdT, which rearranges to equation 158,
(d_G) = _S§ 158
ar
For two states (1 and 2), the change in entropy can be written according to equation 159
dGz dGl — _ —
(52)- (52) = —(5; - $) = —aS 159
d [ g—
- (A6) = —AS 160
However, AG = AH — TAS, which implies that —AS = 6= 2H and thus,
L (aG) = 2= 161
ar T
Equation 161 is called the Gibbs Helmholtz equation.
Lets take the differential of ;—T (A?G) using the product rule, we have,
d (AG 1 d d
£ (3) =31 = (46) + (46) = (1/T)) 162
The solution to the above problem is %;—T (AG) —i—i. But ;—T (AG) = aG-2aH Therefore,
equation 162 can be simplified into equation 163 and 164
d (AGY _ 1 (AG-AH) _ AG
E(?)_T< T ) T2 163
d (AG) _AG _AH _ AG __ AH
ar (?) T2 T2 T2 T2 164
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Since ;—T (A—G) =— Y and L (1) = — L then

T T2 dT \T T2 '
_ 2
i[AG/T] _ ( AH/T) — AH 165
ar L 11 1, -1/T?2

From equation 165, a plot of A?G Versus %would be linear with slope equal to AH

Solved problem 2

@ Show that at constant temperature, the change in the Gibbs free energy is a function of
pressure, hence calculate the change in Gibbs free energy for a reaction, whose pressure changes
from 101325 Pa to 202650 Pa at 298 K

(b) Show that at constant pressure, % (A?G) = - i—f, hence explain how you can use the

derived equation to estimate the enthalpy change of a reaction.

(c) Use the equation that relates free energy change with electrode potential to derive an
expression that relates the temperature coefficient of a cell with enthalpy change.

Solution

(a) The dG = VdP-SdT. At constant temperature, dT =0 and dG = VdP. From the gas law, PV
= RT implies that V = RT/P. Hence dG = RTdP/P, If the change in pressure from P; to P, is
accompanied by a corresponding change in free energy (from G; to G,) respectively, then we can

integrate the function as follows,

P, dP

GZ _ _ _
o dG =G, =Gy = AG= [°7 1
_ P2\ _ Py
AG = RTIn (P—l) = 2.303RTlog (H) 2
For a change in pressure from P1( 101325 Pa) to P,( 202650 Pa), the change in Gibb free energy
is
AG = RTI (P2> = 8.314 [71K~1(298 K)I (202650 Pa) =1717.32 l
= RTin(p ) = 8314 mo "\101325 pa) = 1717:32J/mo

(b) At constant pressure, dG = -SdT, which rearranges to equation 1,

()= - .

If two states (1 and 2) exist, the change in entropy can be written according to equation 2
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(52)- (52) = =5, =8 = —a8 2

dar dar
d —- —
o (AG) = —AS 3

However, AG = AH — TAS, which implies that —AS = @ and thus,

d AG— AH
= (AG) = - 4
Equation 4 is called the Gibbs Helmoltz equation. The differentiation of ;—T (A?G) using the
product rule, gives
d (AG 1 d d
g (7) == = (A6) + (A6) - (1/T)) S
The solution to the above problem is %:—T (AG) —i—i. But :—T (AG) = AG-0H Therefore,
equation 5 can be simplified into equation 6 and 7
d AG 1 (AG—- AH AG
()= (5 -2 6
d AG AG AH AG AH
a()=n-E-n=-% !
. d AG AH d 1 1
SlnceE (7) =— T—zandE (;) = - , then
d [AG/T _ (—AH/T?\ _
J[U—TL = (F7) = oA 8

From equation 8, a plot of A?G Versus %Would be linear with slope equal to AH

(c) The standard change in free energy is related to the electromotive force according to the
following equation,

AG = -nFE 1
where n is the number of charge transferred, F is the Faraday (which has a numerical value of

96 500 C) and E is the electromotive force. However, it is known that at constant pressure, the

differential of the free energy change is given as, ;—T (AG) = aG- AH, which indicate that if we
substitute for the free energy change, we will have,
i (—nFE) — _nFE—AH 2
dar T
Simplification of equation 167 gives equation 168
nFTE = nFE + AH 3
dar

dE . -
where — 1S called temperature coefficient of the cell
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3.1.2 Relationship between AG and electromotive force, E
The standard change in free energy is related to the electromotive force according to the
following equation,
AG = -nFE 166
where n is the number of charge transferred, F is the Faraday (which has a numerical value of

96 500 C) and E is the electromotive force. However, it is known that at constant pressure, the

differential of the free energy change is given as, ;—T (AG) = 2= which indicate that if we
substitute for the free energy change, we will have,

— (-nFE) = - 167
Simplification of equation 167 gives equation 168

nFT< =nFE + AH 168

where Z—i is called temperature coefficient of the cell.

3.2  Calyperon and Clausius-Clayperon equation

For different phases in equilibrium, Clayperon equation gives the relationship between variables.
These phases may include liquid-gas phase, solid-liquid phase, etc. In order to apply
thermodynamics functions to a system in phase equilibrium, we first consider a liquid in
equilibrium with its vapour such that an infinitesimal changes in temperature and pressure lead to
T + dT and P + dP respectively. It follows that an infinitesimal change in pressure and volume
is accompanied by infinitesimal change in Gibb free energy (dG = VdP-SdT). Therefore, the

liquid and gas phases can be defined as follows,

dGy = VydP — SqpdT 169

dGgy = VigdP — SigdT 170

At equilibrium, the free energy changes for the two phases are equal. That is dG) = dGg).
Hence,

ViydP — SqydT = VigydP — S(gdT 171

Rearrangement of equation 171 gives,

ar _ S@)=Swm _ AS

daT V(g)— V(l) AV

172
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Also, at equilibrium, the change in Gibb free energy = 0 and we can state that, AGyg, =

AHy o, — TASyqa, and since AGy,, =0, then, AS,,, = AHT‘f“”. Substituting for ASy,, in
equation 172, we have

AHVap
®_ T - M 173

dar AVVap TAVVap
The above equation is the Clayperon equation. Hence we conclude that the Clayperon equation
gives the rate of change of vapour pressure with temperature.

dP _ AHyg,

dT  TAVyg,

This equation can be applied to any equilibrium between phases such as sublimation, fusion, etc.
In the Clayperon equation given above, the change in volume is, AVyq, = Vigy — V(. It is
significant to state that the volume occupied by a gas in a liquid-vapour phase is much larger
than that occupied by the liquid. Then we can neglect V(, and expressed the change in volume as
AVyap = V(g)- From the gas equation, PV = RT, V = RT/P . Hence V() = AV, = RT/P.

Therefore, the Clayperon equation can be written as follows,

dP _ AHygp P(AHyap)

dr ~ T(RT/P)  RT? 174
Equation 175 can be re-arranged to the form given in equation 175
& _ e 4 175

P R T2
We can integrate equation 175 between the limits P; to P, and Ty to T, as follows, f:‘% =

AH T, dT H i i
_R‘f‘”’ [ 2= and the solution is given as,

Ty T2
n(2) - 2
n(2) - e 2o

Equation 177 is called the Clausius- Claperon equation and is useful in measuring vapour
pressure of various liquids and solids.

3.3  Chemical potential and Free energy

For a pure substance or for a system having the constant chemical composition, the infinitesimal

change in Gibb free energy is given as, dG = VdP —SdT. However, if the component of the
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system vary, such that the number of moles are ni, n,.......n;, the change in Gibbs free energy will
be a function of different parameters and can be written as,

G = f(T,P,nqy,ny,....n;) 178
The total differential of equation 178 is given as,

dG = (Z—j)P’ni drT + (Z—i)mi dP + (;—;)P’T’ni dn, + (;TGZ)P’T’W dn, ..+ (;Tan)p,m dn,, 179

The term, n; is introduced to show that the quantities of all other components except the one in
bracket are held constant. For a system whose composition is unperturbed, the change in
composition is zero. That is dn; = dn, = 0 or Zdn; = 0. Therefore, under this condition, equation

179 will become,

dG = (‘;—j)P’ni dT + (g—ﬁ)mi dp 180

If we compare the above equation with dG = VdP — SdT, then, (Z—i) = —Sand (Z—IGJ) =
Pn; T,n;

V. Substitution of these function in equation 179 gives,

dG = —SdT + VdP + (aaTGl)P,T,ni dn, + (;TGZ)P’T’W dn, ..+ (:T‘;n)P‘T‘ni dn, 181

The coefficient of dn; is called the chemical potential of the system. For example, u; =

(:Tal)p,r,ni' Uy, = (;TGz)p,T,ni’ Up = (;TGl)P’T’nn. This implies that equation 181 can also be
written as,

dG = —=SdT +VdP + p,dny + pydn, .. +u,dn, 182
Finally, the summation, u,dn, + p,dn,..+u,dn, can be represented as Zuidn;, which
transforms equation 182 to equation 183,

dG = —SdT + VdP + Y w;dn; 184
From the above, we define the chemical potential of a chemical system as the rate of change of
the Gibb free energy with the number of moles in that component, when the number of moles of
all other components is held constant. Chemical potential is a force that drives chemical system
to equilibrium, which indicates that the value of chemical potential throughout the system will be
the same for a system in equilibrium. Chemical potential is also a measure of escaping tendency

of a system, indicating that the higher the chemical potential, the higher the escaping tendency.
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3.4  Gibb-Duhem equation
This equation shows the relationship between infinitesimal change in Gibbs free energy and
chemical potential. Again, we can derive this equation by noting that dG = —SdT + VdP +

. u;dn;.At constant temperature and pressure, dT = dP = 0 and the equation becomes,

dG = Y udn; 185
Integration of equation 185 gives,

G =X un; 186
Again, if we differentiate equation 186, we have

dG = Y (wdn; + n;dy;) 187

Recall that = —SdT + VdP + ), u;dn; . Hence if we equate this function with equation 187, we
will have equation 188, which simplifies to equation 189
Y(uidn; + nydy;) = —SdT + VdP + Y, y;dn;
Yn;du; = —SdT + VdP 188
The implication of equation 188 is that at constant temperature and pressure, if only the variation

in composition, exists, we have the Gibb-Duhem equation given as
Z n;du; = 0 (T, P constant)

The Gibb-Duhem equation (given above), shows that with variation in composition, the chemical
potential do not change. This equation can be used in solving some problems. For example, if we
have a two component system, we can write the Gibb-Duhem equation as follows, n,du; +

n,du, = 0. This equation can be rearranged according to equation 189,
= (M
du, = (nz) du, 189
From equation 189, if we know the change in the chemical potential of one component, we can
calculate the change in chemical potential of the other component.

3.5  Partial molar quantities

The chemical potential of a pure substance is defined by the equation,

w=(3) =4 190

om; T,Pn;j
where G; is called the partial molar free energy of component i. Similarly, we can define the

partial molar volume (V;) and the partial molar entropy (S,) as follows,
(2 =7, 191

i/ rpn i
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(ﬁ) =5 192a

i/ rpn j

Since dG = VdP —SdT, at constant temperature, we have the following equation, (ZTG:) =V
T

which can be substituted to equation 191 to obtain equation 192b,

a (3G d (dG =
), =5 () = 1920
However, u; = (a—G) indicating that equation 192 simplifies to equation 193,
O/ 1,ppm;
ou; . 7
(), = ¥ 193
Similarly, at constant pressure, dG = -SdT indicating that (g—i) = —Sand that,
P
a (3G o (96 =
2 G2, =5 (30) = -5, 194
. 2G .
Since y; = (—) equation 194 becomes,
ani P,le
au; _ _¢T
(a—T)P = -5 195

Partial molar quantities are important in the study of the behaviour of non ideal mixtures.

3.6  Phase equilibria

Chemical potential can be applied in the study of phase equilibra. Let us consider a substance, i
distributed between two phases, A and B. If u, and ug are the chemical potential of the
substances in phases A and B respectively, then the number of moles of i transferred is dn;. We
can write the Gibbs-Duhem equation (dG = X u;dn;) for this system as dG = p,dn; —
ugdn; = dn; (uy — pg) and at equilibrium dG = 0. Therefore, for an infinitesimal change in
the number of moles dn; will not be equal to zero. Hence uy, — ug and u, = ug. This indicates
that at equilibrium, and at constant temperature and pressure, the chemical potential of each
component must be equal in all parts of the system.

3.7  Chemical potential of an ideal gas

The relationship between G of one mole of ideal gas at atmospheric pressure can be derived as
follows;

dG = VdP — SdT 196
At constant temperature, dG = VdP. From the relation, PV = RT, V = RT/P and by substitution,

we have, = RT%P . If we integrate this function, we have,
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G2 _ (P2 ppdP

fGl dG = fpl RT= 197

The solution of equation 197 is
— o — (. = Lic’

AG = G,— G, =RTIn (P) 198
Generally, the free energy of a gas is often defined with respect to the standard free energy, G°
and is the free energy of one mole of a gas at one atmospheric pressure. Therefore, equation 198
becomes, G — G° = RTIn G) = RTInP indicating that G can be expressed as,

G = G°+RTInP 199
Equation 199 forms the fundamental equation in analysing the chemical potential of an ideal gas.
If there are n mumber of moles of the gas, the eq uation becomes,
G = G°+ nRTInP 200

Dividing both sides of equation 200 by n we have, %z %0+ RTInP . Since the ratio, G/n

defines chemical potential, we can state that the chemical potential of an ideal gas is given by,
u = u®+ RTInP

3.7.1 Chemical potential of an ideal gas mixture

Consider a mixture of ideal gases, having total number of moleculesn (n=n; + n; + nz +...) and
pressure P(P = P; + P, + P3 +...). For n number of molecules, the pressure and the volume are
related according to the gas equation, PV = nRT. This indicates that V = nRT/P. This can be

expressed as,
V=m+n,+ n3+..)%T 201
Differentiating equation 201 with respect to the number moles of any component, we obtain the

following equations,

Generally, for an ith level, we can write an expression for the partial molar volume of any

component of an ideal gas as follows;
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=3 av RT
= G, = 20
Wy (o i i 7o (% _ kT
However, (6ni)r,nj = (GP)T,n,- which transform equation 205 to, V, = (aP)T,P,nj o

Therefore, du; = RT% and upon integration, we have, [du; = RTI%, which gives the
l L

solution,

;i = w;° + RTInP 206
where ;% is the integration constant. Equation 206 provides a solution for calculating the
chemical potential of any component of a mixture, using the partial pressure of the gas in the
mixture. We can extend the usefulness of equation 206 further by nothing that the partial
pressure, P; = CiRT. Therefore, by substitution, equation 206 becomes,
i = u;° + RTIn(C;RT) = w;° + RTInRT + RTInC;

= licy® + RTInG; 207

where p;)® = 1;° + RTInRT. We can also simplify equation 206 using the relation, P; = XiP.
where X is the mole fraction. By substitution, equation 206 gives,
w = w® + RTIn(X;P) = u,° + RTIn(X;) + RTInP

= timy® + RTInX; 208
Again, where p;p)® = ;° + RTIn(P;). The mole fraction of any component is always less than
unity. This means the logarithm of X; will be negative. Therefore, we conclude that the chemical
potential of any gas in a mixture will a lways be less than the chemical potential of the pure gas
under the same total pressure, P. Equation 208 will also be applicable to other type of solutions.
In this case, chemical potential of the pure liquid and the mole fraction of the component in the
solution will be the major parameters under consideration.
3.8  Chemical potential and fugacity
The equation, 4 = u® + RTInP is applicable to ideal gas. Real gas shows strong deviation
from ideal gas indicating that this equation is not applicable. In 1870, Lewis found that to
compensate for the imperfection of real gas, its chemical potential can be written as,

u = p° + RTInf 209
where f is called fugacity. For ideal gas, P = f and the ratio, f/P = 1 but for real gas, f tend to P as

P tend to zero. Thus the limit for real gases is limpﬁog =1.
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The ration, f/P is called fugacity coefficient (y = f/P) and is a measures of the deviation of real
gas from ideal behaviour. For real gases mixture, the chemical potential of any component is
expressed as,

W= u° +RTln% 210
Again, the ration of the fugacity of a given component, f; to the fugacity at standard state, is

called activity. That is a = % Therefore, chemical potential can also be written as,

2

;i = w;° + RTlna 211

3.9  Colligative properties

Colligative properties are properties that depend on the number of solute particles added to the
solvent and not on their identity. Addition of solute has the tendency of elevating the boiling
point of a solvent, depressing the freezing point and it affects the osmotic pressure of the
solution. In this section, we shall see how chemical potential can be used to study elevation of
boiling point and depression of freezing point.

3.0.1 Elevation of boiling point

A liquid turns to vapour at its boiling point, which is constant at atmospheric pressure. However,
in the presence of solute particles, the boiling point will be increased. Given a pure solvent A,
addition of solute particles (B) to a solvent will increase the chemical potential of the pure liquid

from ugm to ugm + RTInX,. The equation representing the increase in boiling point can be

derived by considering the heterogenous equilibrium existing between the vapour and the liquid.
Therefore the chemical potential of the vapour will be equal to the chemical potential of the gas
at equilibrium:

Ha gy = Haq + RTInX, 212
where Xa is the mole fraction of the solvent which is related to that of the solute, Xg according

to the equation, Xa + Xg = 1 hence 1-Xg = Xa. Therefore, equation 212 can be written as, uj @

= @ + RTIn(1— Xg) and upon rearrangement, equation 213 is obtained:

_ _ MA@ ~HA@ _ Abvap
n(1—-Xg) = o = — 213
AG,q, is related to enthalpy and entropy of vapourization according to the Gibb equation.

Therefore, AG,q, = AH,q, — TAS,,, and by substitution into equation 213, we have,
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AGyq AHyq ASyq
In(1—Xp) = —22 = 2@ _ v 214

When Xz is equal to zero, the boiling point is that of the pure liquid and the temperature
becomes T°. Hence equation 214 becomes,

_ AGyap _ AHyap  ASpap
In(1) = = e T T h 215

Subtracting equation 215 from equation 214, we have,

ln(l _XB) — AHyqp _ AHyqp — AHyqp (1 _ L)

RT RTO R

216

T TO

The number of mole of B present in the system will often be two small compare to that of the

solvent. Therefore, In(1-Xg) = Xg and equation 216 becomes,

o= = (1) < (120

R R TTO R T2

In the above equation, TT°is equated to T? because T ~ T°. From equation 217, we can make AT
the subject of the equation and this represents the amount of elevation in temperature due to the
addition of ng mol of solute. Therefore,

AT = ( RT? )XB 218

The terms in the bracket are a constant for a given system hence AT = KzXz. Kg is called
boiling point elevation or ebuloscopic constant. Also, Xg is proportional to molality
(concentration in terms of number of moles of solute per kilogram). Therefore,

AT = KzMp

RT?
AHyap

KB:

Depression of freezing point

Addition of a non-electrolyte to a pure solvent has the tendency of lowering the freezing point of
a solvent. In this case, the heterogeneous equilibrium of interest is that between the pure liquid
solvent and that of the solid. At the freezing point, the chemical potential of A in the two phases

are equal and at equilibrium we have,

Ha sy = Ma ) + RTInX, 219
Equation 219 rearranged to equation 220 as follows,
In(1—Xg) = Ha(s)"Ha _ AGpus _ AHrus _ ASrus 220
RT RT RT R
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When Xg is equal to zero, the freezing point is that of the pure liquid and the temperature
becomes T'. Hence equation 220 becomes,

AGFus AHFus AS'Fus

In(1) = = ot T g 221
Subtracting equation 221 from equation 220, we have,
_ DHpys  AHpys _ AHpys (1 1
In(1 - Xp) = RT Rt/ ~— R (T Tf) 222

The number of mole of B present in the system will often be two small compared to that of the

solvent. Therefore, In(1-Xg) = Xg and equation 222 becomes,

_ _ MHpys (1 1Y\ _ AHyap (T-TT\ _ AHpys (AT
Xp= = R (Tf T)_ R (TTf)_ R (TZ) 223
Finally, the depression in freezing point is given as
RT?
AT = (AHM) X 224

The terms in the bracket are constant for a given system. Also, Xa is proportional to Ma
Therefore, the freezing point depression is given by
AT = KBMB

RT?
AHFus

KB:

where Kg is the freezing point depression constant or cryoscopic constant.

Solved problem 3

@ 0.9 g of glucose was dissolved in 100 g of water. The freezing point of the glucose
solution was determined to be 0.94 °C. Calculate the molar freezing point depression of water in
the Kkg/mol.

(b) A salt is composed of cation, M* and anion X", and perfectly dissociate when dissolved in
water. 2.0 g of this salt was disoloved in 100 g of water. The freezing point of the salt solution
was determined to be -1.3 °C. Calculate the formula mass of the solute if the molar freezing
point depression is 1.24 Kkg/mol.

Solution

@) Depression of freezing point is given as AT = KzMpg. AT is the diference between the
freezing point of the pure solvent and that of the solution. Mg is the molality of the solution(i.e

concentration in mole per kg of the solution) and Kg is the depression point depression constant.
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I.e the depression point associated with one mole of the solute (molar depression). From the

question,
AT
=,
AT = (0.00 — 0.94) € = (273 — 272.06) = 0.94 K
9.00g
= (W) +01kg = 5mol/kg
(molar mass of glucose = 180 g/mol, mass of water = 100 g = 0.1 kg)
Therefore,
Ky = ﬂ = 1.88 Kkg/mol
5mol/kg

(b)  The freezing point depression of the salt is AT = 1.3 K. But Kz = A‘;—T
B

2.00g 20
X (in=25) X
mol
124 Kkg/mol = — 25K
' g/mol = 20 mol/kg
r20220) 032
X = 13K = 19.08

4.0 Summary

Q) For a thermodynamic process to be in equilibrium, the inequality, dS > dT—q and or

dq —TdS < 0 must be satisfied.

(i) For a process at constant temperature and volume, the Helmholtz fee energy should be
the minimum since dAyy, =dq—TdS <0

(iii)  For a process at constant temperature and pressure, the Gibb free energy seeks a
minimum since dGrp = dq —TdS < 0 . Therefore, any spontaneous process occurring in a
system of constant temperature and pressure, will decrease the Gibb free energy, if the system is

away from equilibrium.
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(iv) At constant temperature, AG = RTIln (?) = 2.303RTlog (i—z)
1 1

(V) At constant pressure, ;—T [Af/—/TT]P = (__AS/T 7;2) = AH

(vi)  The relationship between the change in free energy and electromotive force is AG = -nFE
(vi)  Clausius Clayperon equation is In (i—i) = AH% [T—lz - Til]
(viii) The relationship between chemical potential and free energy change is dG = —SdT +
Vap + ¥ p;dn;

(ix)  Gibb Duhem equation is Y, n;du; = 0 (T, P constant)

5.0 Conclusion

Most unique and widely applied thermodynamic function in predicting the direction of a
chemical reaction is the standard Gibb free energy. It is a state function obtained at constant
pressure and is related to enthalpy change (which defines the energy input) and entropy change
(which represent frictional force or disorderliness). When the free energy change is negative, the
reaction is spontaneous, when it is positive, the reaction is non spontaneous and when it is zero,
the reaction is at equilibrium.

6.0  Tutor marked assignment

1. Derive expression to show the effect of change in pressure and temperature on the free energy
change of a system. Hence explain how standard enthalpy change can be estimated graphically using
data for standard free energy change at various temperature.

2. Derive Clausius-Clayperon equation and explain how the equation can be applied (graphically
and non-graphically) to determine the enthalpy of vaporization of a liquid.

3. (a) What are the basic concepts behind colligative properties of a liquid. Hence state the
four basic colligative properties of a liquid.

(b) The molar mass of a substances is 160 g/mol. When 5 g of this substance was dissolved in 100 g
of water, the boiling point was elevated to 114 °C. Calculate the molar elevation point of the substance
in Kkg/mol.

4, (a) What are the respective changes in sign of standard free energy change with respect to
reaction that is spontaneous, non spontaneous and in equilibrium.

(b) Why is free energy data more unique that work function data in predicting the direction of a
chemical reaction
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MODULE 4
UNIT 2: Thermodynamics of mixtures
1.0 Introduction
2.0 Objectives
3.0 Main text
3.1  Thermodynamics of mixtures
3.1.1 Work done in mixing ideal gases
3.1.2 Entropy of mixing
3.1.3 Free energy of mixing
3.1.4 Enthalpy of mixing
3.1.5 Change in volume of mixing ideal gas
3.1.6 Change in Helmholtz work function of ideal gas mixture
4.0  Summary
5.0 Conclusion
6.0  Tutor mark assignment

7.0 References

1.0 Introduction
According to Dalton law of partial pressure, the total pressure of an ideal gas mixtures is the sum
of the partial pressures of the various individual gases that constitute the mixture. This concept
cannot be extended to thermodynamics functions because average thermodynamic function of a
gas mixture may not necessarily be additives. This section considers detailed thermodynamic
properties of ideal gas mixtures.
2.0  Objectives

I. To understand the concept of thermodynamics of mixture of ideal gases

ii. To derive expression for work done in mixing ideal gases

iii. To derive expression for entropy of mixing ideal gases

iv. To derive expression for free energy of mixing ideal gases

V. To derive expression for volume changes in mixing ideal gases

Vi. To derive expression for enthalpy change of mixing ideal gases

vii.  To derive expression for Helmholtz work function of mixing ideal gases
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viii.  To be able to solve problems related to thermodynamics of mixtures

3.0 Main text

3.1  Thermodynamics of mixtures of ideal gases

Thermodynamic properties of ideal gas mixtures are significant because they provide theoretical
framework for the production of some industrial mixtures. In this section we will consider the
following properties, viz, workdone in mixing ideal gases, change in entropy of mixing, change
in free energies (both Gibbs and Helmoltz) with change of mixing, change in enthalpy of mixing
and change in volume during mixing. The molar changes for each of these functions shall also be
considered.

3.1.1 Work done in mixing ideal gases
In this section, we will first consider the work done and entropy change of mixing two ideal
gases, A and B. It is worth noting that the work done in mixing the gases is equal to the sum of
the work done by gas A and that done by gas B. Again, work done is equal to heat absorbed.
Therefore, we state that the total work done in mixing gases A and B can be written as, W = Wx,
+ W;g = g hence,

dW =dq = Wy + Wp 225

= P,dV, + PgdVyg 226
But PV = nRT indicating that Pa = naR/TVpg and Pg = ngRT/Vg hence substituting for Paand Pg

in equation 226, we have,

avpg
4:]

dW = n,RT 72 + ngRT 227
A

We can integrate equation 227(for one mole of a gas ) within some boundary conditions as

follows,
_ VatVag dﬂ VatVp dﬁ
fdw = RT [)" (VA) +RT [’ (VB) 228
W = RT[InV,];*""4 + RT[InVg]yA*"4 229
W = RTIn (V“‘Vﬂ) + RTIn ("AV;"A) 230
A B
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Applying Avogadro’s law, which states that at constant temperature and pressure, equal volume
of all gases contain the same number of molecules. This law allows us to substitute molecules or

moles for volume, hence, Va = na and Vg = ng. If this is done, then equation 230 becomes, 231

W = RTin (”Anﬂ) + RTIn (”Anﬂ) 231

A B

Again, mole fraction of A, in a mixture, A+B is given as Xa = na/na + ng and that of B is given

as Xg = ng/na + ng. Therefore, introducing mole fractions into equation 231, we have,

W = RTin (i) + RTIn (i) 232
W = RT [zn (i) + In (i)] 233

Therefore, we conclude that the work done in mixing ideal gases is respective sum of the product
of the logarithm of the mole fraction, multiplied by RT. Therefore we have,
W = —RT[In(X,) + In(Xp)]

_ —RTEnin(X;) -RTYnin(X;)
- i -

(workdone per mole. 2 n;=n)

n; n;
W = —RTZ (z) In(X;) =ZX,-ln(X,-) (workdone per mole,; = X))

2.1.2 Entropy of mixing
Equation 233 reveals that the work done in mixing two ideal gases is proportional to the
reciprocal of their mole fractions. Since the work done is the heat absorbed, we can derive

expression for the entropy of mixing the gases by dividing equation 233 by T, hence,
1 —_ —
A) i (g)] = —R[In(X,) + In(Xp)] 234

If the number of molecules A and B are equal to na and ng respectively, then the change in

1

ASmix =R |in (3

entropy of mixing can be written as follows
ASpix = —R[nyin(X,) + ngin(Xg)] 235
From the above equation, we can deduce that for i number of molecules, the change in entropy of
mixing is given as,
AS,ix = —RYn;in(X;) 236
If we are interested in the change in entropy per mole, equation 180 must be divided by the total

number of moles (i.e ), n; = n,also note that Xi = ni/n . Therefore, equation 236 becomes,
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_ —RYmnin(X;) _ -RYnin(X;) _

yn; n

ASmix

—R z(%) In(X) = —RYX,In(X,) 237

From the above, we conclude that for mixtures of gases, the change in entropy of mixing is given

as,
ASimix = _sziln(xi)

Solved problem 1
@ Show that the work done in mixing two ideal gases, A and B can be written as,

W = RT|in (é) + In (é)] .

(b) If 0. 56 moles of gas A is mixed with 0.45 moles of gas B at 298 K, calculate the work
done in mixing the two gases.
(c) Use the data given in option ‘b’ above to calculate the entropy change of mixing the two
gases
Solution
The work done in mixing gas A with gas B is equal to the sum of the work done by gas A and
that done by gas B. Again, work done is equal to heat absorbed. Therefore we state that the total
work done in mixing gases A and B can be written as, W = Wa + Wg = ¢ hence,

dW =dq = W, + W 1

= P,dV, + PgdVy 2
But PV = nRT indicating that Pa = naR/TVpg and Pg = ngRT/Vg hence substituting for Paand Pg

in equation 2, we have,

av s
Va

avpg

dW = nyRT
VB

+ ngRT 3

We can integrate equation 3 (for one mole of a gas ) within some boundary conditions as

follows,
_ VatVag dﬂ VatVp dﬁ
fdw = RT [)" (VA) +RT [ (VB) 4
W = RT[InV,];4™"4 + RT[InV,]yA*"4 5
W = RTIn (V“‘Vﬂ) + RTIn ("AV;"A) 6
A B

Applying Avogadro’s law, which states that at constant temperature and pressure, equal volumes

of all gases contains the same number of molecules. This law allows us to substitute molecules
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or moles for volume, hence, Va = na and Vg = ng. If this is done, then equation 6 becomes

equation 7

W = RTin (”Anﬂ) + RTIn (”Anﬂ) 7

A B

Again, mole fraction of A, in a mixture, A+B is given as Xa = na/na + ng and that of B is given

as Xg = ng/na + ng. Therefore, introducing mole fractions into equation 7, we have,
1 1
W = RTIn (Z) + RTIn (g) 8
1 1
RT|in () + tn(5)] 9

(b) The mole fractions of A and B can be calculated as follows,

w

X, = —m =056 oy
47 n,+ ng 056 4+ 045
ng 0.45

nyg + ng 0.56 + 0.45
Therefore, the work done in mixing the gases is given as

w = arfin(L) + ()

1
— -1 -1
= 8.314 Jmol " K™ X 298 K [ln (0.5545> + ln(

— -1
0.4455)] = 3464.21 Jmol

(c) Since the work done in mixing the gasis W = RT [ln (Xi) + In (i
A

)] The work done

Xp

is equal to the heat absorbed, hence W=qand W = RT [ln (Xi) + In (Xi)] Entropy change
A B

is defined as g/T, therefore,

tme =7 = 7 = Rlin(ig) + 0n ()]
mx == T 0T T M

Jmol™1

ASpix = 3464215

K = 11.62 ] mol™t

3.1.3 Free energy of mixing

144



We can also calculate the free energy of mixing two gases, A and B as follows: Let us consider
the relationship between chemical potential and molar free energy, thus ppye = G/n. where p is
the chemical potential and n is the total number of moles. From the equation, G = np indicating
that for more than one component, the Gibbs free energy will be, G = Y; nyp, The total G of gas
A and B before mixing can be written as follow,
G, = nAug + nBug 238
1 is the chemical potential of the pure component. Then after mixing, the free energy will be
G, = myupu, + ngu, 239
Then the change in free energy of mixing will be given as AGnix = G2 —G1, hence

AGpix = (nap, + nppy) — (napd + nppd) 240
Generally, p, = },t? + RTInX; , where X; is the mole fraction of i. Therefore, equation 240

becomes equation 241, which simplifies to equations 242 and 243

AGmix = n4(1S + RTInX,) + ng(nd + RTInXz) — (napd + ngpd) 241
AGmix = nAMg + nB},lg - nA},lg - nB},lg + nARTlnXA + nBRTlnXB 242
AGmix = nARTlnXA + nBRTlnXB 243

Equation, 243 reveal that the change in Gibbs free energy for mixture of i number of ideal gases
can be estimated from the following equation,

AGix = RT Y n;InX; 244
Consequently, the free energy change of mixing per mole can be obtained by dividing equation

244 by the total number of moles as follows,

AGpyy = FEIER 245

Note that mole fraction is given as X; = (ni/n) and that ), n; = n. Therefore equation 245 can be

written as,

RT Y n;lnX;
n

AGppy = = RT Y (%) InX; = RT R X;InX, 246

Therefore, we conclude that for mixture of ideal gases, the free energy of mixing is the algebraic

sum of the product of the mole fraction multiply by the natural logarithm of the mole fraction
and by RT. That is

AGmix = RTZ XilnXi
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3.1.4 Enthalpy of mixing
The change in enthalpy of mixing can be calculated using the Gibbs Helmoltz equation. Thus,
AGpiy = AHpiy — TASpix 247
We know that AG,,;, = RT ), X;InX; and that AS,,;,, = —R Y, X;InX;. Therefore, — TAS,,ix =
RT Y X;InX;. Hence equation 247 becomes,
RTY X;InX; = AH,; + RT Y X;InX; 248
The mathematical implication of equation 248 is that AH,,,;,, = 0. Hence we conclude that the
change in enthalpy of mixing is zero. That is
AH,;, =0
Solved problem 2
@ Show that the free energy of mixing two ideal gases, A and B is a function of the mole
fraction and the number of moles.
(b) Calculate the free energy of mixing gases A and B if their number of moles are 0.56 and
0.45 respectively. Hence state with reason, whether the mixing is spontaneous or not.
Solution
@ The relationship between chemical potential and molar free energy, is ppure = G/n. Where
u is the chemical potential and n is the total number of moles. From the equation, G = np
indicating that for more than one component, the Gibbs free energy will be, G = ;n;u,; The
total G of gas A and B before mixing can be written as follow;
Gy = nap + ngp 1
1 is the chemical potential of the pure component. Then after mixing, the free energy will be
G, = myp, + npp, 2
Then the change in free energy of mixing will be given as AGnix = G, -G, hence
AGmix = (nAHA + nBHB) - (nAluﬁ + nsug) 3
Generally, u, = p + RTInX; , where X; is the mole fraction of i. Therefore, equation 3

becomes equation 4, which simplifies to equations 5 and 6

AGmix = na(ng + RTInX,) + ng(pd + RTInXg) — (napd + ngpl) 4
AGoiy = nypy +nppy — nyul — npud + nyRTINX, + ngRTInXp 5
AG iy = Ny RTINX, + ngRTInXy 6
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(b) The mole fractions of A and B can be calculated as follows,

X, = —m 056 oy
47 ng + ng 056 + 045
ng 0.45

nyg + ng 0.56 + 0.45
Therefore,

AGmix = nARTlnXA + TLBRTlnXB
= 0.56(8.314 Jmol™*K~1)(298K) In(0.5545) 0.45(8.314]mol‘1K‘1)(298K)ln(0.4455)
=-1719.62 J/mol

The mixing is spontaneous because AG,,;, IS negative.

3.1.5 Change in volume of mixing ideal gases
Recall that we have shown that for an infinitesimal change in free energy,
dG = VdP — SdT

At constant tenlperature, dV =0and we have,
=V 0 =V

For a change in volume, AV

(149 _y

dp
Since the total Gibbs free energy of mixing is RT }; X;InX;, then we have
d(AGy;
( ( dpmlx)>T _ AV

d(AGpi)\ _ (dRT X X;InX)\
( dP )T_AV““X_ dP T_O

Hence we conclude that for mixtures of ideal gases, total volume do not change but equals to the

sum of the volume of the individual component, after mixing.

3.1.6 Change in Helmholtz free energy of ideal gas mixture
Alisdefinedas A=U+TS.ButG=U +PV + TS= A + PV. Therefore, the underlisted

equations are also true,
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AG = AA + PAV
AGmix = AAmix + PAVmix
However, AV,,;, = 0, which implies that the change in Helmoltz free energy of mixing ideal gas

is equal to the change in Gibbs free energy of mixing. Hence,

AAmix = RTZ XilnXi

Solved problem 3

@ Show that for a mixture of two gases, A and B, the change in enthalpy of mixing is zero.
(b) Show that for a mixture of gases, the total volume do not change but is the sum of the
volumes of the individual components.

(c) Show that the change in Helmholtz energy of mixing ideal gas is equal to the change in

free energy of mixing.

Solution
@ The change in enthalpy of mixing can be calculated using the Gibbs Helmoltz equation.
Thus,

AGpiy = AHp — TAS,ix 1
We know that AG,,,;,, = RT ), X;InX; and that AS,,,;,, = —R Y, X;InX;. Therefore, — TAS,,,;,, =
RT ). X;InX;. Hence equationl becomes,

RT Y. X;InX; = AH,; + RT Y X;InX; 2
The mathematical implication of equation 192b is that AH,,;,, = 0. Hence we conclude that the
change in enthalpy of mixing is zero.
(b) For an infinitesimal change in free energy,

dG =VdP — SdT

At constant temperature, dV = 0 and we have,
dG =VdP (dG> =V
= or ar), =

For a change in volume, AV

o), =
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Since the total Gibb free energy of mixing is RT ), X;InX;, then we have

d(AGmiX) _
( dP )T = AVmix

dP dP

Hence we conclude that for mixture of ideal gases, total volume do not change but is equal to the
sum of the volumes of the individual component, after mixing.
(© Aisdefinedas A=U+ TS.ButG=U +PV + TS = A+ PV. Therefore, the underlisted
equations are also true,
AG = AA + PAV

AGpix = Mpix + PAV,;,
However, AV,,;, = 0, which implies that the change in Helmoltz free energy of mixing ideal gas
is equal to the change in Gibbs free energy of mixing.

4.0  Summary and conclusion

I. The work done in mixing ideal gases is related to the mole fraction, the gas constant

and the temperature, W = RT [ln (é) + In (é)]

ii. The entropy of mixing ideal gases is related to the number of moles of the gases,
mole fraction and gas constant, AS,,,;, = —R Y. n;in(X;)

iii. The change in free energy of mixing ideal gases is a function of the logarithm of the

mole fraction, gas constant, temperature and total number of moles, i.e AG,,;, =

RTan-lnXl-
iv. The enthalpy of mixing ideal gases is zero, i.e AH,,;, = 0.
V. The change in volume of mixing ideal gases is a function of the differential of

Change in Gibb free energy to the differential of change in pressure and is equal to

zero, I.e,
d(AGnix) d(RT ¥ X;InX;)
(T = Amix = ap =0
T T
Vi. The change in Helmholtz work function of mixing ideal gases is a function of the

total number of moles, the gas constant, temperature and the logarithm of the total

number of moles,
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AAmix = RTZ Xl-lnX,-
It can be concluded that thermodynamic properties of mixtures do not respond to simple laws of
addition but is a complex function of other properties.
50  Conclusions

Mixture of ideal gases often displayed properties that are not additives and that are mostly at
variance from their initial state. Commonly accessible thermodynamic properties of ideal gas
mixtures are related to enthalpy, entropy, free energy change, work done, Helmholtz work

function and change in volume.

6.0  Tutor mark assignment

1. What are the major consequences of thermodynamics of mixture of ideal gas?
2. What are the changes expected for the underlisted properties when ideal gases are mixed;
i. work done

ii. Change in volume

iii. Free energy change

iv. Change in work function
V. Change in volume
Vi. Change in entropy

vii. ~ Change in enthalpy

3. Derive appropriate expression to show that the Helmoltz free energy of mixing ideal

gases is given as AA,,;, = RT ), X;InX;
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MODULE 4
UNIT 3: Introduction to statistical thermodynamics

1.0
2.0
3.0

4.0
5.0
6.0

4.0
5.0

1.0

Statistical thermodynamics is a branch of statistical mechanics, an aspect of theoretical physics
that uses probability theory to study the average behaviour of a mechanical system where the
state of the system is uncertain. The primary goal of statistical thermodynamics (also known as
equilibrium statistical mechanics) is to explain the classical thermodynamics of materials in
terms of the properties of their constituent particles and the interactions between them. In other
words, statistical thermodynamics provides a connection between the macroscopic properties of

materials in thermodynamic equilibrium, and the microscopic behaviours and motions occurring

Introduction

Objectives

Main text

3.1  Properties of macroscopic systems

3.2  Fundamental postulates in statistical thermodynamics

3.3  Partition function
3.3.1 Partition function and internal energy
3.3.2 Partition function and heat capacity
3.3.3 Partition function and entropy

3.4 Stirling’s approximation

3.5  Distribution law

3.6  Maxwell-Boltzmann statistics

Summary
Conclusion
Tutor mark assignment

References
Solved problems in statistical thermodynamics

Introduction

inside the material.
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Every system consists of smaller particles which may include atom, molecules, ions, etc. These
smaller particles constitute the microscopic component of the system. Virtually, all macroscopic
systems are built up from the micro-components. In chemistry, the macroscopic system
involves the study of bulk properties of matter which deals with samples in the dimension of the
order, 10® molecules or particles. The main theoretical framework for the study of bulk
properties is thermodynamics (for equilibrium processes) or kinetics (for non equilibrium
phenomena). However, the study of the micro systems operates on the framework of
quantum/classical mechanics. Quantum mechanics deals with detailed arrangements and motion

of molecules of matter while thermodynamics deals with the average behaviour of matter.

Concepts handled in macroscopic study include thermodynamic properties such as internal
energy, enthalpy, entropy, heat capacities, Gibbs and Helmoltz free energies, etc. These concepts
are governed by laws of thermodynamics. On the other hand, the microscopic study involves

wave functions, particle momenta, kKinetic and potential energies, etc.

Since the macroscopic systems are built from the microscopic systems, we can state that the
properties of the macroscopic systems are related to those of the corresponding microsystems.
Statistical thermodynamics seeks to study the link between the macro and the micro systems.
This implies that statistical thermodynamics provides solutions for finding the properties of a
bulk sample from the properties of molecules. Any principle or theory seeking to link
macroscopic and microscopic properties must rely on statistics, hence statistical thermodynamics

is a significant area in the physical sciences.

2.0  Objectives
I. To understand what is statistical thermodynamics and significance of partition function in
statistical thermodynamics
ii. To know the properties of macroscopic systems
iii. To be able to state the basic postulates of statistical thermodynamics
iv. To know and apply the relationship between partition function and some

thermodynamics functions including enthalpy, internal energy, heat capacity,etc.
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V. To know and apply Stirling’s approximation in solving statistical thermodynamic
problems
Vi. To understand the concept of distribution law in statistical thermodynamics and know
the basic approaches to the development of distribution law
Vii. To know the major distribution laws, namely Maxwell Boltzmann, Bose-Einstein
distribution and Femi-Dirac distribution laws
viii.  To know and interprete expression for the Maxwell Boltzmann statistics
3.0 Main text
3.1 Properties of macroscopic system
Macroscopic systems exhibit three important properties which distinguish them from
microscopic systems. These properties are
I. In macroscopic systems, there exist an irreversible process leading to equilibrium
states in which the properties of the system do not depend on time (and there are no
mass flows), e “Fi#
ii. The equilibrium states are uniquely specified by a very small number of parameters
(for one-component systems only three parameters are sufficient, e.g. T, V, N).
iii. Properties of macroscopic systems are in general random variables with small
relative fluctuations.
Microstate is the microscopic state of the system specified by a small number of parameters that
need to defined it
3.2  Fundamental postulates of statistical thermodynamics
The first postulate is the Priori assumption. This postulate states that all microstate of a given
energy are equally probable and the equilibrium microstate must have overwhelming disorder

number, Q

_Ergodic hypothesis: An ergodic state is one that evolves over time to explore "all accessible"
states: all those with the same energy and composition. In an ergodic system, the microcanonical
ensemble is the only possible equilibrium ensemble with fixed energy. This approach has limited

applicability, since most systems are not ergodic.

Principle of indifference: In the absence of any further information, we can only assign equal

probabilities to each compatible situations.
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Maximum information entropy: A more elaborate version of the principle of indifference
states that the correct ensemble is the ensemble that is compatible with the known information
and that has the largest Gibbs entropy (information entropy).

Solved problem 1

With the aid of a suitable plot (where necessary), discuss the two major postulates of statistical
thermodynamics.

The first postulate is the Priori assumption. This postulate states that all microstates of a given
energy are equally probable and the equilibrium microstate must have overwhelming disorder
number, Q. Fig. 1 presents the pattern of plot expected for the variation of Q with microstates.
The plot shows that at the equilibrium, maximum peak is obtained but at some other points, the
microstates remain constant.

02

|
Equilibrium Macrostates
state

Fig. 1: Variation of Q with microstate
The second postulate
The second postulate is the Postulate of ergodicity. This postulate states that the time-averaged
properties of a thermodynamic system, i.e the properties manifested by the collection of
molecules as they proceed through their natural dynamics, are equal to the properties obtained by
weighted averaging over all microstates in the ensemble
3.3 Partition function
The probability of finding a system in the ith quantum state with energy E; is proportional to the

Boltzman factor (( exp(-Ei/kT)) and can be expressed as follows,

“Ei
P; = ce«kr 1
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where P; is the probability of finding a system in the ith quantum state, E; is the energy of ith
quantum state, T is the equilibrium temperature, c is the probability constant and Kk is the
Boltzmann constant. The Boltzmann constant has a numerical value, which can be calculated

from the gas constant and Avogadro’s number as follows;

o= R BMEIKTmOLT _ ga80 w 102Kl 2

N 6.023 x 1023mol

A close examination of equation 1 reveals that it conforms to some common equations in
kinetics. For example,
I The probability of finding a gas molecule with velocity, vy in the x direction is given
as

-mvg ~Ex

P, ezt or P, o ekt 3

-mv2
}

where Ey is the kinetic energy of the gas molecule {note, Ex = E} .

ii. The rate constant is related to the fraction of molecule having energy equal to or
greater than the activation energy according to the following equation,

—Ea Eq
Rate o e kT or Rate « erT 4

The common term in the above equations is 1/KT, which can be symbolised as = 1/KT. Hence
equation 1 can be written as

P, = ce Eif 5
The probability constant, C can be derived by first assuming that the sum of probabilities over all
possible quantum states is equal to unity. Therefore,

YP= 1 6
It follows from equation 5 and 6 that

YiPp= 1= cXebf 7

1

Hence, ¢ = <——;. The denominator is a significant term and is given the special name,
e i

partition function. Thatis ¢ = % = ﬁ . The symbol, Q means sum over states. Q is an

important factor because most thermodynamic properties can be defined in terms of Q. It
describes how energy is partitioned among the possible quantum states of the system. Q also
connects the mechanical properties with thermodynamic properties. It connects the mechanical

properties through the quantised energy, E; and connects the thermodynamic properties through
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TIng = 1/KT. Therefore, Q = f(T,V,N). V and N are functions of mechanical variables while T
is a function of thermodynamic variables.
It is worth stating that the normalization constant for a system in state having energy, E; is 1/Q,
Therefore, we can write the probability that the system is in state i, with energy Ei, as

e EiS

Pi= 0 8

The importance of the molecular partition function is that it contains all the information needed

to calculate the thermodynamic properties of a system of independent particles.

3.3.1 Partition function and internal energy.

The internal energy of a system is the sum total of all energies the system possesses. This will
include all the Kinetic and potential energy terms such as translational, rotational, vibrational,
electronic, nuclear and mass energies contribution. It has been found that at 1000 K, the major
contributors to the internal energy of a system are rotational, vibration and translational energies.

For 1 mol of a gas, the contributions to the internal energy are summarised below,

Energy Contribution
Translational energy (Etnermal, Trans.) % RT

Rotational energy (Einermal, Rot.) % RT

Vibrational energy (Enermal, vib.) eiT_xll where X = ho/kT

An ideal molecule having N as the number of atoms, 3N degree of freedom, out of these, three
degree of freedom will be assigned to translational motion leaving 3N-3 degree of freedom for
rotational and vibrational motion. If the molecule is linear, will belong to translational motion,
two for rotational motion, leaving 3N-5 for vibrational motion. On the other hand, for a non
linear molecule, translational and rotational motions will take three degree of freedom, each,
leaving 3N — 6 for vibrational motion.

The major concern of statistical thermodynamics to internal energy is to explore the relationship
between internal energy, U and the partition function, P;. We start by defining the internal energy
as the average energy. That is

U = average energy 9

If the total molecular energy is represented by E; as indicated before, then U can be expressed as

a probability function, thus,
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U = ZiEiPi 10

_El.ﬁ
U = ZiEl-eT 11
= %Zl Ei e_Eiﬂ 12

Equation 12 can be written according to equation 13 and be simplified to equationl4 by

introducing the normalization factor, Q

e_Elﬁ _ S5 —Eﬂ

g = T 55° i 13
e Eif 168 _Ep

i —Qaﬁe i 14

Since we are dealing with systems that involve different states, it is ideal to consider the
statistical thermodynamic parameter of such system as the summation of all possible

contributions. Therefore we introduce the summation sign to both sides of equation 14 as

follows,
LEiﬂ - 136 —-Eif
_ _1yv b -pp
= —olizge 16
1se _ _ome
Q8B 8B 17
Therefore, U = _5(15%@ 18

The expression in equation 18 gives the dependence of U on the partition function. Q is an
extremely large dimensionless factor but its natural logarithm is relatively smaller. It also follows
that other thermodynamic functions will also have some level of dependence on Q and we shall
apprehend these as we progress.

We had defined the term, B (8 = 1/kT)as a constant that is a function of temperature. This
implies that we can also expresses the internal energy as a function of temperature. This also
indicate that if we introduce differentials of temperature into equation 18, the significance of the

equation will not be affected. Therefore,

6lnQ _é‘an ﬂ
58 5T 8B 19

Recall that B = 1/kT, T = 1/kp, then Z—;will be equal to —kT? and if we substitute forZ—; in

equation 19, we have,
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_ _Smo _ 2 §InQ
U = 55 = kT = 20

Equation 20 simplifies the relationship between U, Q and T. This is a fundamental equation that

can be used to analyse the relationship between Q and other thermodynamic parameters.

3.3.2 Partition function and Heat capacity
Heat capacity can be defined as the amount of heat transferred divided by the change in

temperature. Mathematically, we express heat capacity as,

c =% 21
dT

There are two major conditions under which heat can be transferred to a body, viz. constant
volume and constant pressure. One of the major consequences of the first law of
thermodynamics is that the heat absorbed at constant volume and at constant pressure is
approximately equal to the change in internal energy and enthalpy change respectively.
Therefore, we can define the heat capacity at constant volume and at constant pressure according

to equations 22 and 23 respectively:

— (% aw
Gy = (dT),, (dT)v 22
— (% aH
Cp = (dT)p (dT)p 23
Using equations 20 and 22, we can derive an expression for the relationship between C, and Q.
Therefore,
— () _ 9 [pr28ne
¢ = (dT)v ©or [kT 8T ] 24

Equation 24 can be differentiated using the product rule. For example, given a function, y = uv,

where u and v are functions of x, then Z—i’ = Vj—i’ + U Z—;. This means we first keep the first

function and differentiate the other and reverse the order. The final differential is the summation

of the two separate terms. From the present problem, we can state that u = kT2 and v = ‘S;LTQ.
2
Therefore, du/dT = 2KT and Z—; = (SSIT"ZQ). Hence C, can be expressed as follow
— (W) - ainQ 2 (820
G = (dT)v_ ZkT(ST)+ kT (STZ) 25

Application of one of the principles of statistical thermodynamics, equation 25 simplifies to

equation 26
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_ d_U _ San ZSInQ
C, = (dT)v_ 2kT 222 + kT222 26

From thermodynamics, we know that C, is always higher than C, by an amount equal to the gas
constant, R. therefore, having known C, we can write an expression for C; as follows,

slnQ

Cp = Co+ R = [2k7202 4 k722020 4 g 27

8T?

3.3.3 Partition function and entropy

Mathematically, the entropy of a system is defined as the ratio of heat absorbed to the
temperature. At constant volume, the heat absorbed is equal to the change in internal energy,

hence

ds=4 -4 28

dar dar

The third law of thermodynamics states that the entropy of a perfect crystal at 0 K is zero. This
implies that all pure compounds or a nice system have entropy equal to zero at 0 K. This law
enables us to evaluate values of entropy from absolute zero temperature and at some other

temperature, T as expressed below,

ch

[ds = S(T) = 0+ [, 29

The first term in the right hand of equation 29 indicates zero entropy at 0 K while the second
term stands for the entropy change between the temperatures, 0 and T. Substituting for C,

(equation 26) in equation 29, we have

52 an

[lds = = [} |22 + kTZ0Y ar 30

The above equation can be simplified by solving the mtegral in parts. The first part of the

integral is fOTstfsiTQdT = [2kinQ]}. However, the second part of the equation can be

simplified by using the integration formula, fOT udv = uv — fT vdu. In the above example, if

0

; 8521
u=T, then we will have dv == ne

hence we obtain

kaTS nQ _ [kTaan] _ kaaan dT 31
T

= [k7229] — [kinQ)9 32
oT 0

Combining the solutions obtained from the two integrals, we have

S(T) = [2kinQl} [kT a’”Q] [kinQ]% 33
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= [kinQ]} [kT a’”Q] 34

aan

= kinQ + kT — 35

Equation 35 can further be expressed in terms of the internal energy. From equation 24, U =

kT2 2= 5an ,then kT ==% &”Q = UIT hence equation 35 becomes
S(T) = kinQ + = 36

Multiplying both sides of equation 36 by T, we have TS(T) = kTInQ + U orU—TS =
kTInQ. From thermodynamics, the Helmholtz free energy is defined as A = U — TS hence 4 =
U — TS = kTInQ. This expression is significant because it provides the avenue for obtaining the

relationship between Q and numerous thermodynamic functions. Let us examine the following

functions
i S = ("—j)v = - 37
i. P = (g—*v‘)T = —kT ("’;’;Q)TN 38
i, gy = (g—z)T = —kT (a;:va)T,V 39

From the above and other derivations obtained in this section, it is evident that partition function
has a broad spectrum of applications in the study of statistical thermodynamics. However before
we can proceed to other applications of partition function, it is necessary to consider some of the
major physical and mathematical meanings and implications of statistical function. First we
consider a system that consists of other subsystems, then to a good approximation and assuming
that there is no interaction between them, some thermodynamics properties of that system can be
said to be the sum of the properties of the various subsystems that made up the system. For
example, consider two subsystems, A and B making up a system, then the energy of the system

can be written as Ef = E{* + E/. However, the partition function for this system is the

product of the partition function for each of the system. That is, Q4,5 = Q4Q5. Hence since the
respective energy for the sates A and B are known, we can write the partition function for the

combined system as

=3, e -B(Ef + EF) 40
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We therefore conclude that thermodynamic properties of a system are additives. These will
include the Helmoltz free energy (A), entropy (S), internal energy (U), heat capacity and other
thermodynamic properties. Let us consider A for example,

Asg = —kTInQup 41

= —kTInQ,0Qp 42

= —kTIlnQ, — kTInQg 43

= Ay + 4 44
The partition function for one mole of a system is given by the expression,

Q(T,v,1) = q(T,V) 45
It also follows that the partition function for two moles of a system can also be written as

Q(T,V,2) = q(T,V)? 46
And for N molecules in a system, the partition function has a general expression given in
equation 47

Q(T,v,2) = q(T, V)N 47

Based on the assumption that molecules are indistinquishable, the partition function can better be
written as follows,

Q(rv,2) = 0 48

The symbol N!, meaning N factorial means 1x 2x 3.......N. for example 3!= 1x 2 x3 = 6. As
stated earlier, the internal energy of a system is the sum total of all he energies the molecules of
that system possess. This will include energies due to rotational, vibrational, translational,
electronic, nuclear and other motions. It therefore implies that molecular partition function can
be written to include these contributions as follows,

qd = qrrans-9rot- Qviv- QElect- ANucl-- Qothers 49

Combination of equations 48 and 49 gives equation 50

N
_ 9" _ 4Rot N N N N N
Q - N w -qQvib- Arrans- QElect ANuct- Qothers 50

Solved problem 2
What is the relationship between partition function and the following thermodynamic parameters
i. Pressure

ii. Enthalpy

162



iii. Chemical potential
iv. Free energy change

V. Translational enthalpy

Vi. Translational heat capacity

vii.  Translational internal energy
Solution:

I Pressure

H=E+PVand A=E-TS

Therefore, T (3—3) = —p= _NRT(dan)T

v dN

i Enthalpy, H=U + PV but T (3—3) = —P.Hence P = -NRT(‘”"Q)
T

v dN

Substituting for U and P, we have

dl dl
H= NKTZ(LQ) + Nk ( nQ) v
14 T

dr v
n=wr (), + v(T)]

iii. Chemical potential, u = (d—A) = %[NKTan]T,V,P
TV,P i

dni
iv. Free energy change, G=H-TS=U+PV-TS=A+ PV

= NKTInQ + |NKT (%Q)T ~ ng|

V. Translational enthalpy
H=U+PV =U+RT but U =3/2 RT indicating that,

3 5
H, = -RT +RT = ERT

=3
Vi. Translational heat capacity,
— He _ 5
Cpt = i 2RT

— U _ dd (3 3
Cye = ar deT(ZRT) zR

vii.  Translational internal energy = zRT

3.4  Stirling’s approximation
In solving statistical thermodynamics problems we may encounter large numbers of N, making it

difficult to estimate N!. Fortunately, Stirling’s approximation offers a short cut to this task by
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using a logarithm or exponential analytical methods as shown in equation 51 and 52
respectively
InN!' = NInN — N 51
N! = NNe=N 52
3.5  Distribution law
There are three approaches that can be used to define a statistical thermodynamics system. These
approaches give rise to three major ensembles, namely,
I. Microcanonical ensemble, which is applicable to isolated systems with fixed N and E
ii. Canonical ensemble, which is applicable to a system in heat bath at constant
temperature and fixed N
iii. Grand canonical ensemble, which is applicable to open systems and nothing is fixed
Each of these ensembles can be modelled and the probability of finding a microstate in a given
macro state has been discussed before. Basically, There are two major ways of applying the
equation that gives the probability of finding a microstate. In the first approach particles that can
occupy any of the accessible quantum states is considered. These particles are distinguishable

and the approach is referred to as classical statistics. The probability of the system occupying a

certain microstate is given as, P; = ce_k_ETi. The distribution law that is applicable to this system
is the Maxwell-Boltzman distribution law
In the second approach, the system is considered to be in a certain quantum state, i, which may
be occupied by various numbers of particles (boson and femions). This system is governed by
two statistical laws, namely,

I. Bose-Einstein distribution law

ii. Femi-Dirac distribution law
Consider the distribution of N particles over the energy level, Ei. The number of ways of

arranging the first particle will be,

N!
G o= e %0
Similarly, the number of ways of arranging the second particle is give as
C, = _Nomat 91

ny(N—-ni—nyz)!

The total ways of arranging the entire i particles will be given by,
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N! N —n,!

0 =
N —n)! " (N =1y — np)!

N!
T Iy

92

where i is the level of distribution. If the level has a degeneracy , g, it implies that any of the n;
particles can enter into any of the level. Therefore the number of ways of distributing the
particles into g; level is g;" and for all levels, the number of ways is given as Hgi"", Hence the
total number of combination is given as

n;
Ig;*

ﬂni!

Q= N! 93

3.5.1 Maxwell-Boltzmann statistics
Given an energy level, E and N molecules is to be distributed over this energy level. Then for the

first level, the number of ways of assigning n; particle is given as

e = — 94

nq! (N—Tll)!
Similarly, the number of ways of assigning n, molecules is given by,

Q = 95

nz! (N—nl—nz)!
Hence the total number of ways of assigning the molecules is given by the product of all the

distributions

o - N N —n,!
T (N=n)! C gt (N—ny—my)!
= = 96
nin,..n; In;

The symbol, 77 means product of nin,....... n;. Level ith is assumed to has degeneracy , gi, which
implies that n; molecule can enter into any of the g; levels and the number of ways this can occur

is given by g?" and for all the molecules, we multiply all the respective functions together and
have, Hg?i. Therefore, the total number of ways of assigning N molecules will involve

multiplying equation 96 with the total number of ways the molecules can enter into the

accessible quantum states and we have,

n

Q= N2 97

ni/
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From fundamental laws of statistical thermodynamics, };n; = N and ), n;E; = E. E represent
the total energy and N is the total number of molecules. From the logarithm of equation 97, we
have,

InQ = InN! + Y,;n;lng; - X In(n;)! 98
We can apply the Stirling approximation theory, the above equation can be simplified to the

under listed form,

InQ2 = NInN—N + Y n;jlng; — Y[n;In(n;) — n;] 99

Note the last term in equation 99 is equal to 1 (i.e, Y, n; = N ) hence the equation simplifies to,
InQ2 = NInN + Y n;lng; — Y n;in(n;) 100
Or In2 = NInN + Y n;ln (‘Z—z) 101

If N is too large, then the term, NInN will vanish and

d(in2 = Y nd(Ing; + Ing;(dn;) — n;d(Inn;) — In(n;)dn; 102
=¥ n (i—) dn; + ¥, din (i—) n, 103

Since ), dn; =0 and ) dn;E; = 0 at fixed N and E respectively, the above equation can be

reduced to
¥, In (i—) dn; =0 104

Introducing o and B as constants, thus, a.), dn; = 0 and —B ), dn;E; = 0 and combining these
expression with equation 104, we have,

i (%)dn; + adn; — —pYdnE; =0 105

=y (Zn(j—) + o — BE; )dn; =0 106
Under the prevailing condition, that is the condition at which o and  are chosen, the above
equation becomes,

In (i—) + o — BE; =0 107

Hence, the microstate becomes,

n; = gl.eae_BEi 108
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= —Ngl e_BEi
2. gie~ PEi

= Noi -5 109
Q

The above equation gives the Maxwell-Boltzman distribution law. Q is the partition function.
Solved problem 3
Given four independent molecules, a, b, ¢ and d, intended to be distributed among two energy
states (the distribution is equally probable)
(a) Calculate the number of arrangements that can be achieved in the distribution.
(b) If the energy of the system is given as E = 3E; + Es;, Calculate the number of
complexions that will be achieved.

Solution
The number of arrangements is given as 2 = ];Vn!i! = ;—'2' = 6. This can be illustrated as follows,
Molecules in state 1 Molecules in state 2
a, b c,d
a,c b,d
a,d b,c
b, c a,d
b.d a,c
c.d a, b
(b) If the energy is specified, the distribution can be illustrated as follows
E4 - - - -
Es d C b a
E, - - - -
E; a,b,c a,b,d a,c,d b,cd
In the first case, n; = 3, n, =0, n3 =1 and ny = 0. Therefore, Q2 = [;Vn!i! = :—'1' =4

Solved problem 4

What are the major limitations of Maxwell-Boltzmann distribution law
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There are two major limitations of Maxwell-Boltzmann statistics. They include:
I Boltzmann statistics is centred on the existence of large value of n;. However, n; is not
always large.
ii. Boltzmann statistics neglects some microstates, whereas the equilibrium distribution
should be weighted against all possible micro states
State the major difference between Maxwell-Boltzmann and Fermi-Dirac statistics. What will be
the nature of energy distribution functions for the respective statistics, given two temperatures
Solutions
The Fermi-Dirac statistics has additional assumptions which include the following,
I. Identical particles cannot be distinguished from one another: Principle of
indistinguishibility
ii. Pauli exclusion principle is applicable. i.e not more than one particle can occupy a
quantum state
However, in the limit of non-degeneracy, Fermi-Dirac statistics becomes Maxwell-
Boltzmann statistics. The expected plots for the energy functions for Maxwel-Boltzmann and

Fermi-Dirac statistics are shown below:
7
p({€), i

r2>T1

M)

(a) Maxwell-Boltzmann

p(e)




(b) Fermi-Dirac

Solved problem 5

What are the features of Maxwell-Boltzmann statistics with respect to distnguishability of

particle?

Solution

Maxwell-Boltzmann statistics: For a localised system, the particles are distinguishable and

there is no limitation to the number of particles that can be accommodated in a singlet quantum

state. The average number of particles that can accommodate an energy level, E; is given as :

4.0

n; = gie®e PFi

Summary

Vi.

Statistical thermodynamics uses statistics to connect macroscopic and
microscopic properties of a system.

The macroscopic system involves the study of bulk properties of matter which
deals with samples in the dimension of the order, 10* molecules or particles. The
main theoretical framework for the study of bulk properties is thermodynamics
(for equilibrium processes) or kinetics (for non equilibrium phenomena).
However, the study of the micro systems operates on the framework of
guantum/classical mechanics

Statistical thermodynamics is a branch of statistical mechanics, an aspect of
theoretical physics that uses probability theory to study the average behaviour of
a mechanical system where the state of the system is uncertain

Microstate is the microscopic state of the system specified by a small number of
parameters that need to define it

Fundamental postulates in statistical thermodynamics are Priori assumption,
ergodic, principles of indifference and maximum information entropy.

The molecular partition function contains all the information needed to calculate

the thermodynamic properties of a system of independent particles
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Vii.

viil.

Xi.

Xii.

Xiil.

Xiv.

XV.

Boltzmann statistics can be written as n; = g;e%e PFi =

The relationship between partition function and internal energy is U = _one _

4
2 8inQ
kT o
. . . . . du
The relationship between partition function and Cy is C, = (d—T) =
v
6an 2 82InQ
2kT——= + kT*—3

The relatlonshlp between partition function and Cp is C, = C,+ R =

267222 4 k7280 4 R
The relationship between partition function and entropy is S = (z—;) =
14
_ JkTInQ
aT

The relationship between partition function and pressure is P = (a—A) =

ov)rnN
—kT (8an)
oT TN

The relationship between partition function and chemical potential is u =

Gy = = (5.,

Stirling’s  approximation provides a means of simplifying statistical
thermodynamics calculations when the value of N is too large. The approximation
for N factorialare ~ InN!= NInN—N and N! = NVNe™N

The three major ensembles in statistical thermodynamics are microcanonical
ensemble, (which is applicable to isolated system with fixed N and E), canonical
ensemble ( which is applicable to a system in heat bath at constant temperature
and fixed N) and grand canonical ensemble (which is applicable to open system

and nothing is fixed)

For n; particles having energy, Ei and number of degeneracy, the Maxwell-

—N‘gi e_BEi =
Ygie~ PEi

Ng‘ ~PBE: where Q is the partition function.
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5.0 Conclusions

Statistical thermodynamics provides a method of linking the macroscopic and microscopic
properties of a system. This makes the field to be significant because the behaviour of
macroscopic systems depends on its microstates (molecules, ions, etc). The partition function in
statistical thermodynamics is analogous to the Schrodinger equation in quantum chemistry
because the partition function can be used to calculate all the statistical thermodynamic functions
of a system just as the Schrodinger equation can be used to calculate all the quantum chemical
parameters of a system.

6.0  Tutor mark assignment

1. What is statistical thermodynamics? The Schrodinger equation is used in quantum
chemistry to calculate thermodynamics properties. Does statistical thermodynamics has such
function? Explain in details.

2. List five basic properties of statistical thermodynamics microstate
3. What do you understand by the term, ensembles?
4. What are the major distribution laws in statistical thermodynamics? Hence state their

basic features
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