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ECO 153 COURSE GUIDE

INTRODUCTION

ECO 153 - Introduction to Quantitative Method | is a three-unit
course for 100Level students in National Open Unsig of Nigeria. It

comprises of 28 study units, subdivided into sixdoles. The materials
have been developed with the Nigerian context @wy using simple
and local examples. This course guide gives yow\arview of the

course. It also provides you with organisation #r@requirement of the
course.

COURSE AIMS

The course aims at introducing you to the quantganethod. This will
be done by:

o exposing you to the basic concept of real numbstesy

o explaining fraction, ratio, proportion and percgeasto you

o improving your knowledge about the various equajdanctions
and change of subject of formulae

o acquainting you with the basic simultaneous, lireesd quadratic
equations

o giving youan insight into the basic concepts, megnand
classification of sets

o making you understand the application of sets taagarial and
economic problems

o introducing you to the meaning and types of seqeleand
application of series and sequences to economicsnéss and
finance

o explaining to you the meaning and types of matrices

COURSE OBJECTIVES

To achieve the aims set above, there are somelbubjactives. Each
unit also has its objectives. These objectives wgillde you in your
study. They are usually stated at the beginningaah unit; and when
you are through with studying the units, go bacf eead the objectives
again. This would help you accomplish the task lyave set to achieve.

On successful completion of the course, you shbaldble to:
o define and explain basic concepts of real numbstesy

o solve simple problems in fraction, ratio, propantioand
percentages
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o demonstrate adequate skills in solving equationsctions and
change of subject of formulae

highlight the concepts, meaning and classificatibsets

apply sets to managerial and economic problems

discuss the meaning and types of sequence

apply series and sequences to economics, businégsmance
explain meaning and types of matrices.

WORKING THROUGH THE COURSE

To complete this course you are required to gouidnothe study units
and other related materials. You will also neecutalertake practical
exercises for which you need a pen, a notebooko#tmel materials that
will be listed in this guide. The exercises are help you in

understanding the basic concept and principlesgbéaught in this
course. At the end of each unit, you will be regdito submit written
assignments for assessment purpose. At the erteafaurse, you will
write a final examination.

COURSE MATERIALS

The major materials you will need for this course: a
1. Course Guide

2. Study Units

3. Textbooks

4. Assignment File

5. Presentation Schedule

STUDY UNITS
There are six modules in this course broken intst@8y units:

Module 1 Number and Numeration

Unit 1 The Real Number System

Unit 2 Fraction, Ratio, Proportion and Pereget

Unit 3 Multiple and Lowest Common Multiples (LQM

Unit 4 Factors, Highest Common Factors (HQt a
Factorisation

Unit 5 Indices, Logarithms and Surds

Module 2  Equations and Formulae

Unit 1 Equations, Functions and Change of &tlyf Formulae
Unit 2 Linear Equations and Linear SimultaneBgsations
Unit 3 Quadratic Equations
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Unit 4 Simultaneous, Linear and Quadratia&mns
Unit 5 Inequalities

Module 3  Set Theory

Unit 1 Meaning and Classification of Sets

Unit 2 Set Notations and Terminologies

Unit 3 Laws of Sets Operation

Unit 4 Venn Diagrams

Unit 5 Application of Sets to Managerial and Ecomo Problems

Module 4  Sequence and Series

Unit 1 Meaning and Types of Sequence

Unit 2 Arithmetic Progression (AP)

Unit 3 Geometric Progression (GP)

Unit 4 Application of Series and SequertoelSconomics,

Business and Finance

Module 5  Polynomial and Binomial Theorems

Unit 1 Meaning and Scope of Polynomials
Unit 2 Remainders’ and Factors Theorems
Unit 3 Partial Fractions

Unit 4 Binomial Expansions

Unit 5 Factorials, Permutation and Comabon

Module 6 Matrices

Unit 1 Meaning and Types of Matrices

Unit 2 Matrix Operations

Unit 3 Determinant of Matrices

Unit 4 Inverse of Matrices and Linear Reohis

TEXTBOOKS AND REFERENCES

Certain books are recommended in this course. Yay muish to
purchase or accessthem for further reading or ipesct

ASSIGNMENT FILE
An assignment file and a marking scheme will be enav¢hilable to you.
In this file,you will find all the details of the avk, you must submit to

your tutor for marking.The marks you obtain fronegk assignments
will count towards the final mark youobtain for gshcourse. Further

Vi
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information on assignment will be found in the Agsnent File itself
and later in this Study Guide.

TUTOR-MARKED ASSIGNMENT (TMA)

You will need to submit a specific number of TuMarked Assignment

(TMA).Every unit in this course has a TMA. You wille assessed on
fourof them, but the best three (out of the foutked) will be recorded.

The total marks for the best three TMAs will be &@ent of your total

work.Assignment questions for the unit in this cauare contained in
the Assignment File.When you have completed easlymsent, send

it, together with the TMA form to your tutor. Makeure each

assignment reach your tutoron or before the deadbn submission. If

for any reason, you cannot complete yourwork oretigontact your

tutor to discuss the possibility of an extensiomteasionwill not be

granted after due date, unless under exceptior@lrostances.

FINAL EXAMINATION AND GRADING

The final examination for ECO 153 will be of thrkeurs duration. All

areas of thecourse will be examined. Find timettnlys and revise the
unit all over before yourexamination. The final sxaation will attract

70 percent of the total course grade.The examimatlwall consist of
guestions which reflect the types of Self-Assesdntexercise and
Tutor-Marked Assignment you have previously comes& Allareas of
the course will be assessed. You are advised iseré¢le entire course
afterstudying the last unit before you sit for #eamination. You will

also find it useful toreview your TMAs and the coemts of your tutor
on them beforethe final examination.

ASSESSMENT

There are two types of the assessment for thisseodirst is the tutor-
marked assignments; second, the written examination

In attempting the assignments, you are expecteappdy information,

knowledge and techniques gathered during the coliis® assignments
must be submitted to your tutor for formal assesgnme accordance
with the deadlines stated in the Presentation Sdbedand the

Assignments File. The work you submit to your tutor assessment
will count for 30 % of your total course mark.

At the end of the course, you will need to sit forfinal written

examination of three hours' duration. This exanmmmatvill also count
for 70% of your total course mark.

Vii
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Revise the entire course material before the examom You might
find it useful to review your self-assessment esexs; tutor-marked
assignments and comments on them before the ex@omnahe final
examination covers information from all parts of dourse.

PRESENTATION SCHEDULE

The presentation schedule included in your couratenals gives you
the important dates for this year for the completiof tutor-mark
assignments and attending tutorials. Remember, areurequired to
submit all your assignments by due date. You shauldie against
falling behind in your work.

COURSE OVERVIEW

The table below brings together the units, numiieveeks you should
take tocomplete them and the assignments thatfdhem.

Units Title of Unit Week’s Assessment
Activities | (End of unit)

Course Guide

Module 1  Number and Numeration

1 The Real Number System Week 1 Assignment 1

2 Fraction, Ratio, Proportion anWeek 1 Assignment 1
Percentages.

3 Multiples and LowestWeek 2 Assignment 1
Common Multiples (LCM).

4 Factors, Highest CommoWeek 2 Assignment 1
Factors (HCF) and
Factorisation

5 Indices, Logarithms and Surds

Module 2 Equations and Formulae

1 Equations, Functions andVeek 3 Assignment 1
Change of Subject of
Formulae

2 Linear Equations and LineaWeek 3 Assignment 1
Simultaneous Equations

3 Quadratic Equations Week 3 Assignment|1

4 Simultaneous, Linear and
Quadratic equations

5 Inequalities

viii
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Module 3 Set Theory
1 Meaning and Classification piVeek 4 Assignment 2
Sets
2 Set Notations andWeek 4
Terminologies
3 Laws of Sets Operation Week 5 Assignment| 2
4 Venn Diagrams Week 5 Assignment P
5 Application of Sets toWeek 6
Managerial and Economic
Problems
Module 4 Sequence and Series
1 Meaning and Types o0fWeek 6 Assignment 2
Sequence
2 Arithmetic Progression (AP) Week 7 Assignment|2
3 Geometric Progression (GP) Week 8 Assignment 2
4 Application of Series and
Sequences to Economigs,
Business and Finance
5 Meaning and Types of
Sequence
Module 5 Polynomial and Binomial Theorems
1 Meaning and Scope o0Week9 Assignment 3
Polynomials
2 Remainders’ and Factor¥Veek 10 Assignment 3
Theorem
3 Partial Fractions Week 11 Assignment 3
4 Binomial Expansions
5 Factorials, Permutation and
Combination
Module 6 Matrices
1 Meaning and Types 0fWeek 12 Assignment 4
Matrices
2 Matrix Operations Week 13 Assignment 4
3 Determinant of Matrices Week 14 Assignment|4
4 Inverse of Matrices and LineaWeek 15 Assignment 4
Problems
Total 15 Weeks

HOW TO GET THE MOST FROM THIS COURSE

In distance learning, the study units replace thearsity classroom
lectures. This isone of the merits of distancenggy; you can read and
work through the outlinedstudy materials at youmopace, time and
place of your choice. It is all about theconceptibat you are reading
the lecture rather than listening to it. In the samwaythat a lecturer
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might give you some reading to do, the study umnisntain
instructionson when to read your set of books treptmaterials and
practice some practicalquestions. Just as a leatight give you an in-
class exercise or quiz, your studyunits provide@&@ses for you to do at
appropriate point in time. Each of the studyuntoivs a common
format. The first item is an introduction to thebgct matterof the unit
and how a particular unit is integrated with théestunits and the
course asa whole. Followed by this is a set of aibjes. These
objectives let you know whatyou should be abledatthe end of each
unit. These objectives are meant to guideyou ansesas your
understanding of each unit. When you have finisiedunits,you must
go back and check whether you have achieved thecigs. If
youcultivate the habit of doing this, you will ingwe your chances of
passing the course.The main body of the unit guiges through the
required reading from other sources.This will ugudle either from
your set books or from your course guides. Thebahg is a practical
strategy for working through the course. Always eemberthat your
tutor’s job is to help you. When you need his dasse, do not hesitate
tocall and ask your tutor to provide it. Follow theder-listed pieces of
advicecarefully:-

1) Study this Course Guide thoroughly; it is yotoremost
assignment.

2) Organise a Study Schedule: refer to the coowvseview for more
details. Notethe time you are expected to spendaah unit and
how the assignmentsrelate to the units.

3) Having created your personal study schedulsurenyou adhere
strictly to it. The major reason that students i&their inability to
work along with theirstudy schedule and therebyiggtbehind
with their course work. If you havedifficulties imorking along
with your schedule, it is important you let youduknow.

4) Assemble the study material. Information abet@at you need
for a unit isgiven in the ‘overview’ at the begingiof each unit.
You will almost alwaysneed both the study unit yra working
on and one of your set books on yourdesk at the sane.

5) Work through the study unit. The content of thet itself has
been arranged toprovide a sequence you will follssvyou work
through the unit, you will beinstructed to readtsets from your
set books or other articles. Use the unit toguinier yeading.

6) Review the objectives for each unit to be infed that you have
achievedthem. If you feel uncertain about any @f dlbjectives,
review the studymaterial or consult your tutor.

7) When you are sure that you have achieved thecies of a
unit, you can thenstart on the next unit. Procesid by unit
through the course and try to spaceyour study abybu keep
yourself on schedule.
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8) When you have submitted an assignment to yotor tfor
marking, do not waitfor its return before startimg the next unit.
Keep to your schedule. You arestrongly advisedotosalt your
tutor as soon as possible if you have anychallenggsestions.

9) After completing the last unit, review the ceeirand prepare
yourself for thefinal examination. Check that ycavé achieved
the objectives of the units(listed at the beginnafgeach unit)
and the course objective (listed in thisCourse &uid

10) Keep in touch with your study centre. Up-tdedacourse
information will beconstantly made available fouythere.

FACILITATORS/TUTORS AND TUTORIALS

There are ten hours of tutorials provided in suppbthis course. You
will be notifiedof the dates, times and location thfese tutorials,
together with the name and phonenumber of yourr;tai® soon as you
are allocated a tutorial group. Your tutor willgeadnd comment on
your assignments, keep a close watch on your pssgesd onany
difficulties you might encounter and provide assise to you during
the course.You must mail your tutor-marked assigrimie your tutor

well before the due date(at least two working danes required). They
will be marked by your tutor andreturned to yousaen as possible.Do
not hesitate to contact your tutor by telephonenad- or personal

discussions ifyou need help. The following might deeumstances in
which you would find helpnecessary.

Contact your tutor if you:

I do not understand any part of the study unit

. have difficulty/difficulties with the self-agssment exercise(s)

iii. have a question or problem with an assignmerith your
tutor'scomments on any assignment or with the giadif an
assignment.

You are advised to ensure that you attend tutoreslarly. This is the
onlyopportunity to have a face to face contact wihur tutor and ask
guestions. You canraise any problem encounteréteicourse of study.
To gain the maximum benefitfrom course tutorialepare a question
list before attending them and ensure youpartieipaiaximally and
actively.

SUMMARY
This course guide gives an overview of what to ekjpe the course of

this studyeCO 103 - Introduction to Quantitative Method |
introduces you to the basic concept of real nungystem; fraction,

Xi
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ratio, proportion and percentages;improve knowlealgeut the various
equations, functions and change of subject of féasuacquaint you
with the basic simultaneous, linear and quadratjuagons; giveyou

insight into the basic concepts, meaning and ¢laasbn of sets; makes
you understand application of sets to managerial @sonomic

problems; introduce you to the meaning and typeseamfuence and
application of series and sequences to economisindss and finance;
andmeaning and types of matrices. It draws yo@nttn to the use of
simple and lucid statistical issues in solving daygday economic and
business related problems. The use of simple ictsbnal languagehas
been adequately considered in preparing the cquisie.

Xii
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MODULE 1 NUMBER AND NUMERATION

Unit 1 The Real Number System

Unit 2 Fraction, Ratio, Proportion and Petages

Unit 3 Multiples and Lowest Common Multipld CM)

Unit 4 Factors, Highest Common Factors (HCF) an
Factorisation

Unit 5 Indices, Logarithms and Surds

UNIT 1 THE REAL NUMBER SYSTEM
CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1 General Overview
3.2 Real Number System (Integers, idRat Numbers,
Irrational Numbers, Imaginary Numbers)
4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
7.0 References/Further Reading

1.0 INTRODUCTION

In this unit, we will begin this course by introding the concept of real
number system. We will also study the various comemd of the real
number system such as integers, rational numbatiamal numbers,
fractions, decimals and imaginary numbers. Equateomd variables are
the essential ingredients of mathematical exprassmr models. The
values economic variables take are usually nunletiicare is need to
start discussion on this study with the concephwhber system. We
will find out the relevance of numbers to matheg®tanalyses as well
as the different forms of number list that make tbp real number
system.

2.0 OBJECTIVES

At the end of the unit, you should be able to:

o explain the concept “humbers”

o identify the relevance of number system in quatitigsanalyses

o outline various forms of numbers in the real nundetem with
examples
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o draw the chart showing the number system.
3.0 MAIN CONTENT

3.1 General Overview

Numbers are the basic quantitative identities usednathematics,
guantitative techniques and other related disagsliiNumbers enable us
to quantify the value attached to a parameter olabks. It usually
takes the form of whole numbers, decimals, frastioaots, etc.

The real-number system comprises of rational aratianal numbers.
The set of all integers and set of all fractionsrfahe set of all rational
numbers while numbers that cannot be expressedtiasaf a pair of
integers form the class of irrational numbers. Fegu.1l gives a
summary of the structure of the real-number system.

Integers Fractions
A 4 A 4
Rational Irrational
Numbers Numbers

v v

Real Numbers
Fig.1.1: Summary of the Structure of the Real-NumbeSystem

SELF-ASSESSMENT EXERCISE

I Identify and discuss the various components of raahber
system.

. Of what relevance is ‘number’ to mathematics andngtative
analyses?

3.2 Real Number System
The real number system is the set of all the nurttrare quantifiable

in real terms. Whole numbers such as 1, 2, 3,re..called positive
integer; these are the numbers most frequently irsedunting. Their
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negative counterparts -1, -2, -3 ... are calledaheg integers. The
negative integers are used to indicate sub-zerontijes e.g.
temperature (degree). The number 0 (Zero), on tiwer dvand is neither
a positive nor a negative integer and in that sensgue. Sometimes, it
is called aneutral number. A set of negative and positive whole
numbers (integers) can be presented with the useuofber line as
follows:

NEUTRAL NUMBER

NEGATIVE POSITIVE
INTEGERS INTEGERS
| | | | | |
-0 -3 -2 -1 1 2 3 o
0

Fig. 1.2Real Number System

Sometimes, positive integers, negative integers a1 are lumped
together into a single category, referring to thestlectively as the set
of all integers.

Integers, of course, do not exhaust all the posswhole number.
Factors such ad, °/4, ‘s, ¥, also fall within the number line showing
the members of integers. Negative fractions suclVas’/s, -°/, are also
components of negative integers. In other wordtegers are set of
positive or negative whole numbers as well as #teo$ positive or
negative fraction, zero inclusive.

The common property of all fractional numbers isattreach is
expressible as a ratio of two integers; thus foadtiqualify for the class
of rational numbers (in this usage, rational meat®-nal). However,
integers are also rational because any integeginrbe considered as the
ratio"/;. The set of all integers and the set of all fiausitogether form
the set of alfational numbers.

Numbers that are not rational are ternredtional numbers. They are
numbers that cannot be expressed as a ratio oir afpmtegers. One
example of irrational number 62 = 1.4142..., which is a non repeating,
non terminating and recurring decimal. Another cannmexample i§]

= 2%, = 3.1415 (representing the ratio of the circumfeeeaf any circle
to its diameter).



ECO 153 INTRODUCTION TO QUANTITATIVE METHOD |

Each irrational number can also be placed in a muniime lying
between two rational numbers, just as fractios fitle gaps between the
integers. The result of this filling — in the preseggives a large quantum
of numbers; all of which are so calléeal numbers”. The set of real
numbers is denoted by symbol R. When the set of 8splaced on a
straight line (an extended ruler), we refer tolthe as thereal line.

At the extreme opposite of real numbers are thefsetmber are the set
of numbers that are not real. They are cailedginary numbers. The
common examples of imaginary numbers are the sqoateof negative

numbers e.gv—7,vV—4,v—25,1/—140, etc.

SELF-ASSESSMENT EXERCISE

Classify each of the following numbers into integarrational number

and imaginary numbers: @ (i) V=9 (iii) V9 (iv) V23 (v) -20 (vi) 35
(vii) e = 2.71828... (viii) -7 (ix) -{8) (x) *'/;

4.0 CONCLUSION

Numbers are generally quantifiable variables usednathematics to
describe the magnitude of quantities. There areliwwad classifications
of numbers namelyeal numbers and imaginary numbers While real

number comprises of positive and negative wholelmars) positive and
negative fractions and irrational numbers, the iimagy numbers are the
extreme opposite of real numbers. They are numbar ¢annot be
placed on the real line. Basic mathematical skhisl technique starts
from numbers and numerations since numbers espet@ires are the

basis of counting, quantifying and carrying out Inesbatical operations.

5.0 SUMMARY

In mathematics and quantitative analysis, the rplag by numbers in
all its ramifications cannot be over-emphasised. ths reason, every
arithmetic class starts with the counting and wgtof whole numbers.
As students of arithmetic moves to mathematicssclather forms of
numbers such as negatives numbers, fractions, désinrrational
numbers and, imaginary numbers are introduced.eftwer, as the basis
of numerical and quantitative analyses, numbers randeration take
the foremost and essential attention at all levels.

6.0 TUTOR-MARKED ASSIGNMENT
1. What are numbers?

2. What are the relevance of numbers to mathematicd an
guantitative analyses?
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3. What are real numbers?
4. What are the components of real numbers?
5. Give two examples of each of the following typesiombers:
a) Positive integers
b) Negative integers
C) Fractions
d) Irrational numbers
e) Imaginary numbers.

7.0 REFERENCES/FURTHER READING

Alfa, C. C. (1984). Fundamental Methods of Mathematical
Economics.(3rded.). New York: McGraw-Hill Inc.

Karl, J. S. (1990).Mathematics for Business. US: Win C. Brown
Publishers.

Lucey, T. (1988)Quantitative Techniques. An Introductional Manual.
(3rded.). London: ELBS/DP Publications.
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UNIT 2 FRACTION, RATIO AND PROPORTION
CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1 General Overview
3.2  Fractions
3.2.1 Forms of Fraction
3.2.2 Equivalent Fractions
3.2.3 Addition and Subtraction of Fractions
3.2.4 Multiplication of Fractions
3.2.5 Division of Fractions
3.2.6 Mixed Operation
3.2.7 Change of Fraction to Decimal, Ratio and
Percentage
3.2.8 Application of Fraction to Business
Management/Economics
3.3 Ratio
3.4  Proportion
3.5 Percentages
4.0 Conclusion
5.0 Summary
6.0  Tutor-Marked Assignment
7.0  References/Further Reading

1.0 INTRODUCTION

In this unit, we will study the breakdown of a whohumbers into
fractions, ratio and proportion. The division oWlaole component into
divisions is a day to day phenomenon. Individuatsome are divided
into ratio, fraction or proportion to ensure th#itthe basic needs are
met, the same thing applies to the business orgoms’ profit and the
governments resources, income and wealth. Therataseimportant to
study the fractional parts of a whole as it affegtiaring components in
terms of ratio and proportion. In the previoustuiractions have been
identified as a component of real numbers whichm®mbetween the
whole number lines. Therefore, in this unit, we llexamine the
components of rational number known as fraction cwhis also
expressed in ratio, proportion or percentages.
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2.0 OBJECTIVES

At the end of this unit, you should be able to:

o identify the relationship between fraction, ratmpportion and
percentages

o convert fractions to ratio, proportion and percgetaand vice
versa

o perform simple mathematical problems involving fraw, ratio,
proportion and percentages

o solve some practical problems involving fractionatia,

proportion and percentages.
3.0 MAIN CONTENT

3.1 General Overview

Mathematics is not limited to operation in wholemhers alone. Most
often than none, proportion and fractions are usednathematical

analyses to demonstrate the possibilities of tmgata unit into

denominations or parts. For instance, an orangebeashared among
four children equally so that each of them gets@®@r of the orange. If
mathematics is limited to the study of whole numsbalone, it will be

extremely difficult to share and divide resourcemag the constituents
that own it.

A fraction is a small amount or proportion of a whole. Fracsi are
used to describe quantities which are less (smal@n a whole unit.
Expression of fraction is usually in the form "o e.qg. s, *s, %7, %s,
etc., where “m” is the numerator and “n” is thenominator.

A ratio is a relationship between two or more magnitudgsessed in
relative magnitudes. It compares the relative nmtages which exist
between certain quantities or values that are sgpkein the same unit
or are of the same kind. ratio can also be described as a quotient of
two mathematical expression expressed in the lovezst. Ratios are
the same as fraction except that they are not sgpcein numerators
and denominators e.gs = 2:3,%5 = 3:5,%/; = 2:7.

A proportion is simply an expression of the equation of twaosatlt is
thus an equation which shows that one ratio is lequanother. It is also
a method used to divide a given quantity in a givatio. Proportion
problems usually require finding the value of oréh@ missing terms.
The solution require either the cross multiplicatiof the means and
extreme (e.g. 3:6 = 1:2, the numbers 3 and 2 ar&dcahe
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extremesvhile 6 and 1 are called the means), or by solfinghe value
of an unknown in an equation.

A percentageis a fraction expressed in the unit of hundred #gs a
fraction which is equal to? x 100/1%) i.e. 40%. Therefor&s =2:5
=40:100 =40%. The quantity of a proportion from hole when the
whole is taken to have 100 units is called thercentage of the
proportion from the whole.

SELF-ASSESSMENT EXERCISE

With appropriate examples, demonstrate the relshigpn between
fraction, ratio, proportion and percentages.

3.2 Fractions

3.2.1 Forms of Fraction

Fractions are of different types. Some of the tyqes
Proper Fraction: - This is a fraction which has its numerator smaller
than the denominator e.g. %, ¥%,etc.

Improper fraction: This is a fraction which has its denominator
smaller than the numerator e, “/,, /s etc.

Mixed Number: A mixed number is a fraction that has two portithe
whole number portion and the proper fraction porting.*/,, *%s, */;
etc. it should be noted that mixed numbers carxpesssed as improper
fraction e.g?, = 9/4 (the value of 9 is obtained by multiplyingy 2
and adding 1),%s = /s, 3/, =% etc.

Complex Number: This is one in which the numerator or the
denominator or both are either proper fraction, rioper fraction or
mixed numbers e.g.
2/
3 5 1

5
22 2x3
2 6

sy Ol
/5 32 4X2

etc.

3.2.2 Equivalent Fractions

When both numerator and denominator of a fracti@raultiplied by
the same number (except zero), another fractiambiained. Likewise,
when both the numerator and the denominator o&etibm are divided
by the same number (except zero), another fraaifoaqual value is
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obtained. The fraction obtained in each of the sasecalled the
Equivalent Fraction.

Example: Express the following fractions in theowkst possible
equivalent/term.

x5
(@) %o (0) 12 (C) Y10y (d) T2

32xy?2

(@ 3 ="; (3 is the highest factor common to both numeratu
denominator. Each of them is divided by 3 to abta)).

(b) %1, =2/5 (4 is the highest common factor)

(€) 12y, =I5, (4y is the highest common factor of both numerator
and denominator, diving each by 4y givks).

(d) lox?y _ X (16xyisthehighestcommonfactor)
32xy? 2y Y 9

From the above;

8/12 :4/6 :2/3

dxy = Axxy = X

12yz 3X4Xyxz 3z

16Xy = 2X2X2X2XXXXX Y = X _
32xy 2X2X2X2X2XXXYXY 2y

3.2.3 Addition and Subtraction of Fractions

When fractions have the same number as their deraans, their
numerators can simply be added together or subttaftom one
another, keeping their denominator constant.

3 1 4
e.g. (a)z +2; —3; 1
o
(C)Z:‘Z=1Z=13 3
()22 + 3-=5=54+-=54+1=6
3 3 3 3

Where the denominators are different, the loweshmon multiple is
found first and the expression would then be sifiguli

1 3 1 4+ 8+ 3 25 1
eg (Lp+;+; =——=,=25
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9+ 4

12
1 —
12 12

6-7 _ (6+12)-7 _ 18-7 _ 11

12 12 12 12

22+ 12 = 3 =3-=3+_=3+

1 7
@3;-25=1

Note: In the example (g) above, 6 minus 7 appears iniplesso
the whole number 1 is borrowed, where 1 in thistexinequals
fo 12/12.

3.2.4 Multiplication of Fractions

In multiplication, the numerators are multiplied &gch other while the
denominators are also multiplied with each otheshbuld be noted that
when numbers are multiplied by each other, thelrdasua bigger
number but when fraction are multiplied by eacheotlthe result is a
smaller number e.g.

X

w
<
w

I
NS
N
<
[00]

Il
w
N

N =N

N[ - N
Il

e it
—_
—_

©|»—x|
—_
—_
—_
—_
[S=Y

X

It should be noted that, when multiplication is ke carried out for
mixed numbers, they (the mixed number) are congtetteimproper
fraction before the multiplication.

eg.12x22x4:
5 2 2

_ 7 59 _ 63 _ 153
| T5%2%2 7% T Py
(Note '5' in both numerator and the denominatorceEneach

other out)
3.2.5 Division of Fractions
In division of one fraction by other, the divisag inverted (turned

upside down) and then multiplied by individual ite dividend is
multiplied by the reciprocal of the divisor

e.g. :+2(isthedividendwhile isthedivisor).
Py 13 1
3372
A
8~ 7T 875 T 40

10
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When dealing with mixed numbers, the dividend dradivisor are first
expressed in improper fraction and the principledofision is then
applied. e.g.

1 1 15 10 15 3

19733 273 T2 %0
4ab - 3x 4ab 3x 3b

O

2xy  2a nyX% oy
3.2.6 Mixed Operation

By mixed operation, we mean a fraction that inveltbe mixture of
operations (addition, subtraction, multiplicatiodjvision). In such
situation, the rule of precedence is followed amd ts summarised by
the word “BODMAS” which gives the order as follows:

B = Bracket

O = Of

D = Division

M = Multiplication
A = Addition

S = Subtraction

This implies that in mixed operation, attention gldofirst be based on
bracket, followed by ‘of’, then division before ntiplication. Addition
signs are evaluated before the subtraction.

E.g. Simplify (i) 12x=—3= + 2-+-
.. 2 1 5
(i) —of(z—— 1;)

3
3 1
15+2%

(iii) o 1

()12x=—-3- 4 22+~ = |2 _] +[ ]
E__

9 5 1
50+144+225

- 45

_ 181 41
=5 = %13
(i) 2of (22— 12) = Zof (1 -Z29)
_ (14+7+10)

_2 of
=§ f(21 10)

11
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2 11
-0/ (2)
3 f 14
2. 11 11
T 3714 21
3 1 7 5
N gt gt
(i) 57 = 53
5 3 5 3
7+10
= %9-20
15
17 49
T4 15
17 15
= —X—
4 749
225 1 59
196 196

3.2.7 Change of Fraction to Decimal, Ratio and Peentage

Fraction are converted to decimal by dividing thanerator by the
denominator while fraction are converted to peragatby multiplying
the fraction by 100 and presenting the answer mcgrgage (%). The
conversion of fraction to ratio only requires theegentation of the
numerator as the ratio of the denominator.
E.g. Convert (a§ (b)Zi to

(1) Decimal

(i)  Ratio

(i)  Percentage

€)) % =2+ 5=0.4 (decimal)

2
T = 2 : 5 (ratio)
2 2 100

_= —x—04 = Y
s =X % = 40% (percentge)

(b) 2i=z=2.25 (decimal)
21—9—9'4( tio)
7= 7= 94 (ratio

9 100

1
—— e — = 0,

24 257 225% (percentage)

3.2.8 Application of Fraction to Business

Management/Economics
The addition, subtraction, multiplication and digrs of fraction can be

applied in business management and economics &s angolving the
determination of total cost of items, discountsjuwigions from salaries,

12
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tax liabilities, unit cost of manufactured producisservice rendered,
return inwards, return outwards etc.

Example 1: The total production cost of XYZ Company was 3N
million. Factory overhead amounted to N1 milliondaprime cost is
N1.5 million. Other items of the cost amounted4&0I000. Calculate
the fraction of the total spent on other items.

Solution

Fact head = Xim _ 1
ac OT'yOUeT' eaa = #3171 = 3

,  _M5m 1
prlmecos = #Bm = 2
otterttem =1 (1 +1)
eritem = 3 2
2+3
=1- (T)
. 5 1
B 6 6

A500,000 1

" M3,000,000 6
Example 2: The total expenses of Ade and Olu Nigeria Limitedhe
year ended 31 December, 2004 wdsS0, 000. This consists of:

Wages and salaries = 50, 000
Selling and distributing expenses 28,000
Insurance =Nb,000

Rent =N30,000
Electricity -N 35,000
Traveling and fueling —=N85,000
Miscellaneous expenses = 9\D00

What fractional part of the total is:
(a) Rent

(b)  Insurance and electricity
(c) Wages, salaries and rent

Solution

(a) Rent = N30,000 1

N180,000 6

.. N5,000 + N35,000 _ N40,000 _ 2
(b) Insuranceandelectricity = = ==

N180,000  N180,000 9
. N50,000 + N30,000 _ N80,000 _ 4
(c) Wages, salariesandrent = = = -
N180,000 N180,000 9

SELF-ASSESSMENT EXERCISE

13
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I Change the following fractions to (i) percentagesratio (iii)
decimal:

(@) % (b)s ©) s (d) s (€)°2

. Simplify each of the following:

@ 2 +Fs—1,
(b) 35+ (Zls+ 1)
(c) 5%+ (4, 0f 3Y;5-1)

iii. Anambra, Imo and Ebonyi states decided to go intiat
venture business to produce some products at & lacgle.
Anambra provides 1/3 of the funds required forithestment. If
Imo provides 2/3 of the remaining, what proportarfraction of
the investment is provided by Ebonyi state?

3.3 Ratio

A ratio expresses the functional relationship betwdéwo or more
magnitude. It can be described as a quotient siatedlinear lay out.
For example?/, = a:b. it should be noted that only quantitiethie same
unit or of the same kind can be expressed in r&aiios are normally
reduced to lowest terms, like fractions.

Example 1

(@) What ratio o=M20 isN6?

(b)  Express 3 hours as a ratio of 3 days.
(c) What ratio of 2 hours is 45 minutes?
(d) Express 200g as a ratio of 4kg.

Solution

(@) No5:N20
=14

(b)  3hrs: 3days
3hrs: (3 x 24) hrs
3hrs: 72 hrs
1. 24

(c)  45mins: 2 hours
45mins: (2 x 60) mins
45mins: 120mins
9:24
3:8

(d)  200g: 4kg
200g: (4 x 1000)g
200g: 40009
1: 20

14
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Example 2

Johnson Construction Company uses metals to pratupeoducts. In a
year, the company purchased an alloy with whiclkedostruct a frame
for a part of a certain building. The ratio by waigkg) of zinc, tin,
copper and lead in the alloy was 1:4:3:2. if thekm@quires 840kg of
the alloy, what is the composition by weight of leaof these
constituents in the alloy?

Solution

Zinc Tin Copper : Lead
= 1 4 : 3 : 2
Totalratio=1+4+3+2=10
Therefore:  The required weight of zind/g x 840kg = 84kg
The required weight of tin %, x 840kg = 336kg
The required weight of copper’s, x 840kg = 252kg
The required weight of lead%, x 840kg = 168kg
Example 3
Oyo, Ogun and Lagos investeeBOOM,-A200mM and<4800m in a joint
venture business to produce large quantity of cdooaxports. They
agreed to share gains or loss based on the capitdtibution. If the
gains realised amounted to N1.5billion, how muabusth each receive?
Solution

Oyo Ogun : Lagos
3 2 5

Therefore, share of gain is as follows:

Oyo: %0 x N1, 500,000,000 = =H#b0O, 000,000
Ogun:?/;ox N1, 500,000,000 = =800, 000,000
Lagos?/;o x N1, 500,000,000 = =Kb0, 000,000

SELF-ASSESSMENT EXERCISE

Express:

(@) 2 weeks as aratio of 1 year

(b) 5 days as a ratio of 5 weeks

(c) 3509 as a ratio of 5kg

(d) 720 seconds as a ratio 1 hour

(e) Half a million as a ratio of 2 billion

15
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. Danladi and Sons Limited made total sales=&0N200 on a
certain market day. Of this sales figure, salebe#ns accounted
for N32, 600. What is the ratio of beans sales to tte sales?

iii. Ade, Olu and Dayo share profits in a partnershigiress in the
ratio 2:5:8. If the total profit realised 4s3d, 000,000. How much
should each of them share?

3.4 Proportion

A proportion is simply an expression of the equivalence or kiyuaf
two ratios. It is a method used to divide a giveargity in a given ratio.
Proportion techniques are useful in finding thesimig value of a given
set of ratio.

Example 1

2:3 =x:12 =10:y = 6:z. Find x, ydan
Solution: To find the value of x, y and z, theseneed to use a
complete ratio of 2:3 in order to find the miggiwralues.
2:3 = x12
3 is multiplied by 4 to get 12, the same 4 shouldtiply 2 to get x
Therefore, 2: 3=(2x 4): 12
2:3=8:12, therefore x = 8.

Likewise,
2:3=10:y
2:3=(2x5):(83x5)
2:3=10:9, therefore y = 15.

Likewise,
2:3=6:2z
2:3=(2x3):(83x3)
2:3=6:9, therefore z = 9.
Example 2

It costs a company-200 to purchase 1 gallon of fuel. Of the delivery
van of the company uses 30 gallons to travel 30Giow; much would
this company need to spend on fuel if only 100kmeiguired to be
traveled?

Solution
1 gallon cos&200
300km uses 30 gallons
Therefore, 1km used%szq0) gallons
A journey of 100km uses
(**/300 x 100) gallons

16
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=10 gallons.
Since a gallon costs200
Therefore, 10 gallons cos2R0 x 10 =M,000.

Example 3

It took 5 men 20 hours to clean up the warehouse cdrtain company.
How much time will be taken by 10 men doing the samork at the
same rate?

Solution

5 men take 20 hours to do the work
1 man takes (20 x 5) hours = 100 hours to do thek.wo
i.e. 10 men takes 20 x 5
10
= 10 hours to do the work.

Example 4

If 250 labourers are needed to clean up the facturya certain
manufacturing companies having 50 machines. Howynahourers
will be needed if additional 40 similar machines egquired?

Solution

250 labourers needed for 50 machines

i.e. ®Y:Jabour need for 1 machine

Additional 40 machines make the machine 90 in numbe
l.e. Number of labourers required to clean up 90hmes

= 250 x 90

50

5x90

450 labourers.

SELF-ASSESSMENT EXERCISE

I Obiageli Industries Ltd earne€dlR0, 000 as return on investment
of N500, 000. How much would be earned at the sameofate
return on an investment ef39, 000?

. John Coy Limited produces certain products, eachwhich
combines 12kg of lead with 15kg of copper. How mégyof
lead will this product combine with 20kg of copper?

17
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iii. Andrew and Sons is an oil servicing company. ltetako
engineers of the company 8 days to complete thecgay of an
oil drilling equipment at the rig offshore. How madays will it
take 6 engineers to complete the same work if vgrlat the
same rate?

V. For selling an item fo=BIO0 a trader make a profit of 25%. What
should the selling price be to make a profit of 30%

3.5 Percentages

Percentagegefer to a ratio that equates the second numb&@@o It is
actually the number of parts that are taken out diundred parts. For
instance, 60% (60 percent) means 60 out of a hdnair&/, o or & or
%5 or 3:5. Percentages can be easily converted aiidra decimal or
ratio.

Example 1

Convert the following to percentages
(@) s (b) ¥ OFF
Solution

(@) Y5 =5 x %, = 33.33%
(b) va = ¥4 X%, = 25%
(€)Ys = %5 x 1°%, = 40%

Example 2

Change the following decimal fractions to perceatag
(@) 0.65 (b) 0.43 (c) 1.95

Solution

(a) 0.65 = 0.65 x 100 = 65%
(b) 0.43 = 0.43 x 100 = 43%
(c) 1.95 = 1.95 x 100 = 195%

Example 3

Convert the following ratio to percentages.
@2:5 (b)3:4 (c)15:25

Solution
(@) 2: 5 =5 x 100 = 40%
(b) 3:4=,x 100 = 75%
(c) 15 : 25 =,5 x 100 = 60%

Example 4

18
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A man bought an article fe£20, 000 and sold it fo=R5,000. What is
the percentage profit?

Solution
Profit = Selling Price minus Cost price
% Profit = Profit x 100 o4
Cost Price 1

%

AR5, 000 20, 00X 100
N20, 000 1

= 25,000 x 100 o
N20, 000 1

= 25%

Example 5

The population of a country was 1.5 million in 1988d in 2008, the
population dropped to 1.2 million. What is the mmage reduction in
population?

Solution

Percentage Reduction = Reduction X 100 o
Initial Population 1 70
= (1.5-1.2) million x 100 %

1.5 million 1
= 0.3 million X 100 %
1.5 million 1

= 20%

SELF-ASSESSMENT EXERCISE

I Convert each of the following to percentage
(@)% (b)5:8 (c) 0.67 (d) 1.35 GA

. A trader bought a product at5R, 000 and sold it at30, 000.
What is the loss percentage?

iii. At independence, a country’s population was pubaimillion.
Ten years after independence, it was put at 75omilWhat is
the percentage increase in the population? Wh#iesaverage
annual increase in the population?

4.0 CONCLUSION
Fractions, ratio, decimal and percentages are dlfsithe same but

different ways of expressing one variable in thepprtion of the other.
Mathematical and quantitative analyses require dgokmowledge of

19
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fractions, ratio, percentages and proportions te bquantify variables
and draw relative proportionality among the vamgbbr magnitudes of
interest.

5.0 SUMMARY

Conversion of fractions to ratio, decimals and petages and vice
versa involves less rigorous mathematics. Day i lissiness require
proper understanding of the concepts of fractiatjor proportion,
decimal and percentages to be able to make appteprelative
compression among the variables.

6.0 TUTOR-MARKED ASSIGNMENT

1. Hasikye Flour Mill uses raw materials labelled A,aBd C. A
cost 50k per gramme, B cesiNOOO per kg and C costl, 000

per kg.
(@) Express the cost of these raw materials irsittnglest
ratio.
(b)  Express the weights in the simplest possiiier
2. (@) Change the following fractions to percentages
(i) *720 (ii) /s (iif) /1, (iv) *zs
(b)  Change the following to decimal
(i) 15: 22 (i) %4 (i) 125%  (iv) 35%

3. Jamile Industries Ltd produces body products. ybar ended
30th June 2002, it produced 25,500 bottles of Bedars. By the
year ended 30th June 2003, it produced 30,000ekotf the
product. Calculate the percentage increase in [otamiu
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UNIT3  MULTIPLES AND LOWEST COMMON
MULTIPLES (LCM)

CONTENTS
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3.2 Common Multiples
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4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
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1.0 INTRODUCTION

Counting at a particular interval such as the mlittation tables, gives
the multiples of a particular number. Therefores ipossible for two or
more numbers to have some multiples common to tfdma.lowest of
such common multiples is called tHeowest Common Multiples
(LCM).

2.0 OBJECTIVES

At the end of the unit, you should be able to:

o explain the term “multiples”
o state the multiples of some numbers and algebeans
o determine the lowest common multiples (LCM) of nemsoor

algebraic expression.
3.0 MAIN CONTENT
3.1 General Overview

Multiples are the results obtained when a constantber multiplies a
set of natural numbers.

For example: The multiples of 2 are 2, 4, 6, 8,110,

Mutiples of -4 are -4, -8, -12, -16, -20...
Multiples of 2a are 2a, 4a, 6a, 8a, 10a, 12a...

21
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SELF-ASSESSMENT EXERCISE

I What are multiples?
. State the multiples of 5
iii. State the multiples of 3b

3.2 Common Multiples

In the example above, the multiples of 2 are &,48, 10, 12, 14, 16, 18,
20, 22, 24, 26, 28... while that of 3 are 3, 6, 9, 12, 18, 21, 24...

Therefore, it is possible for two numbers to haeens multiples in

common. In the example above, the common multipiesand 3 are 6,
12,18, 24...

SELF-ASSESSMENT EXERCISE

I List the six common multiples of 5 and 7
. List four common multiples of 2a and 3a

3.3 Lowest Common Multiples (LCM)

The lowest common multiple is the lowest value aghdhe set of
common multiples. For example, the common multige® and 3 are
6, 12, 18, 24..., but the least of the common muspk 6. Therefore,
the LCM of 2 and 3 is 6.

Example 1

Find the LCM of 2, 4 and 3

Solution

Multiples of 2 are: 2, 4, 6, 8, 10, 12, 14, 16, 28, 22, 24, 26...
Multiples of 4 are: 4, 8, 12, 16, 20, 24, 28, 32, 40, 44...
Multiples of 3 are: 3, 6, 9, 12, 15, 18, 21, 24, 20, 33, 36...
Therefore, common multiples are: 12, 24...

Lowest Common Multiple (LCM) =12

Alternatively,

W NN

2,3
1,3,
1,1

RN

therefore, LCM=2x2x3
=12
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Note The prime factors are used to divide each of timabers. When
the prime numbers is not a factor of any of the banbeing considered,
the number is left unchanged and the process ea@#iaontil we get 1, 1,
1,1...

Example 2

Find the LCM of 3, 4, and 5

of3,4and5=2x2x3x5
=60

5=5x1
Therefore, LCM=2x2x3x5
=60
Example 3

Find the LCM of 4%, 2&c® and 53b°

4g8b=2x2xaxaxaxb
2dc®=2xaxaxcxcxc
5a&b’=5xaxaxaxbxb

Therefore, LCM=2x2x5xaxaxaxbxbxcxc
= 20db°c®

Note To obtain the LCM, we find the product of the mastcurring
factors of all the numbers.

Example 4

Find the LCM of 24, 36 and 60
24=2Xx2%x2x3
36=2x2%x3x3
60=2x2%x2x3x3x5

Therefore, LCM=2x2x2x3x3x5
= 360

23



ECO 153 INTRODUCTION TO QUANTITATIVE METHOD |

OR
2 24 36 60
2 12 18 30
2 6 9 15
3 3 9 15
3 1 3 5
5 1 1 5
1 1 1

Therefore, LCM=2x2x2x3x3x5
= 360

SELF-ASSESSMENT EXERCISE

I. Find the LCM of 24, 36 and 48.
i Find the LCM of 24%° 18¢ and 3620x°

4.0 CONCLUSION

Multiples are figures or expression obtained whegmagicular number
or algebraic expression are multiplied continuoushynatural numbers.
The concept of multiples enables us to know the afehumbers
common as multiples of two or more numbers. Suchroon multiples
are therefore divisible by the numbers from whible multiples are
obtained.

5.0 SUMMARY

Multiples enable us to know the interrelationshgbyisibility and
common multiples which exist between a set of nusib&he concept
of multiples and common multiples are essentiabtaining the lowest
common multiples of numbers or algebraic expression

6.0 TUTOR-MARKED ASSIGNMENT

1. Find the multiples of 6.

2. Find the common multiples of 3, 4 and 6.

3 Find the Lowest Common Multiples (LCM) of:
(a) 36, 48, 54
(b) 12aX, 18b'xy and 24xy.
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UNIT 4 HIGHEST COMMON FACTORS (HCF) AND
FACTORISATION
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1.0 INTRODUCTION

In the previous unit, we discussed the concept wifiples to common
multiples and the lowest common multiple. We idigedi multiples of a
number as to the product of the number with natwkadle numbers. For
instance, the multiples of 4, 8, 12, 16, 20, 24,28 36... Similarly, 4
is a factor of each of the multiples because 4vsithle by each of the
multiples leaving no remainder.

Factors can be defined as numbers that can divide a gnanber in
which there is no remainder in the process of aivisFor example, the
factors of 24 are the numbers that divide 24 amddeno remainder.
Therefore, the factors of 24 are 1, 2, 3, 4, 6. Band 24. It should be
noted that, 1 is ainiversal factor of every number. Therefore, the
factor of every numbers start with 1 and ends it number itself.
This implies that every number has at least twdofac(except 1, 1 has
only one factor which is 1); which are 1 and its&hen a number has
exactly two factors, such number is called a Priduenber. Example
includes 2 (its factors are 1 and 2), 3 (its faxtare 1 and 3), 5 (its
factor are 1 and 5). 4 is not a prime number bex#@usas more than 2
factors. Factors of 4 are 1, 2 and 4. Thereforg,nbt a prime factor.

2.0 OBJECTIVES
At the end of this unit, you should be able to:

o define the terms “factors” with examples
o state factors of numbers
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o obtain the common factors for a set of number

o calculate the highest common factor (HCF) for acdetumbers
and algebraic expression

o factorise algebraic expressions.

3.0 MAIN CONTENT

3.1 General Overview

Factorisation of algebraic expression requires irggetithe highest
common factors of the numbers or the algebraic esgmon first. For
instance:

20+35=5(4+7)=5(11) =55.
The factors of 20 are: 1, 2, 4, 5, 10, and 20.
The factors of 35 are: 1, 5, 7, and 35.

The common factors are 1, 5 while the highest faist®. It should be
noted, 5 is put outside the bracket while eacthefriumber is divided
by 5 to obtain the numbers in the bracket. Thig 8mple technique of
factorisation.

SELF-ASSESSMENT ASSIGNMENT

I Define the term “factor’?

. What are prime numbers?

iii. List the factors of 72

Iv. Simplify by factorisation [63 + 108].

3.2 Common Factors

Common factors are the factors common to a pair of numbers or
algebraic terms. 1 is a common to all set of nuslbert sometimes; it
may not be the only common factor except the numlz@e prime
numbers.

Example:
0] Find the common factors of 42 and 72.
(i)  Find the common factors of 24a and 16a

Solution
0] Factorsof 42 are 1, 2, 3, 6, 7, 21, and 42.
Factorsof 72 are 1, 2, 3,4, 6, 8, 9, 12, 183B4and 72.

Therefore, the common factors are 2, 3 and 6.
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(i)  The factors of 24a are: 1, 2, 3, 4, 6, 8, 12, 22aa3a, 4a, 6a, 8a,
12a and 24a
The factors of 16aare: 1, 2, 4, 8, 12, a, 2a, 4a, 8a, 16324,
4, 8¢, and 164
Therefore, the common factors of 24a and®i6e 1, 2, 4, 8, a,
2a, 4a and 8a.

SELF-ASSESSMENT EXERCISE

I. Find the common factors of 84 and 144.
i Find the common factors of 3&md 4ab.

3.3  Highest Common Factor (HCF)

Among a given set of common factors, the highestiked theHighest
Common Factor (HCF). For example in the previous example,

The Factors of 42 are 1, 2, 3, 6, 7, 21, and 42.

The Factorsof 72 are 1, 2, 3, 4, 6, 8,9, 1224836 and 72.

The common factors o 72 and 42 are 1, 2, 3, 4,9, 82, 18, 24, 36 and
72.

The common factors are 2, 3 and 6.

Therefore, the highest factor common (HCF) = 6

Example 2 Find the highest common factor of 14ab and 28bc
Solution

Factors of 14ab are 1, 2, 7, 14, a, 2a, 7a, 142h,b/b, 14b, ab, 2ab, 7ab
and 14ab.

Factors of 28bc are 1, 2, 4, 7, 14, 28, b, 2b,78b,14b, 28b, c, 2c, 4c,
7c, 14c, 28c, bc, 2bc, 4bc, 7bc, 14bc and 28bc.

Therefore, common factors are 2, 7, 14, b, 2b,nthlab.
Then, the highest common factors 14b

OR

42 =2 x 3 X7

72=2x2x2x3x3

Therefore, HCF =2 x 3 = 6.

The HCF in the above approach is obtained by figpdive products of
the common prime factors.
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Likewise,

ldab=2x7xaxb
28bc=2x2x7x8xbxc
HCF =2 x 7 x b = 14b.

Example 3 Find the HCF of 144a” and 54&¢

14480°=2x2x2x2x3x3xaxaxaxbxb
54#b=2x3x3x3xaxaxbxcxc
HCF=2x3x3xaxaxb=18a

Example 4 Find the HCF of 16%, 8b, 24bt

16€b=2x2x2x2xaxaxh
8b=2x2x2xb
24bé=2x2x2x3xbxcxc
HCF=2x2x2xb=8b.

SELF-ASSESSMENT EXERCISE

I. Find the HCF of 72, 144 and 120.
i Find the HCF of 4%, 8ab and 24bc.

3.4 Factorisation of Polynomial

Factorisation or factoring is the decompositioranfobject or a number
or a polynomial into a product of other object actbrs which when
multiplied together gives the originBhctorisation is a simplified form
of an expression by dividing through by the higlesthmon factor. For
example, factorise each of the following:

() 4a-6b
(i) 24y + 12aby
(i) 48X —16xy +12x §

Solution

0] 4a - 6b = 2(a - 3b)
The HCF of 4a and 6b is 2, then, we put the 2datbracket and

divide each of the components by the HCF.

ie. 4a—6b=2[47“—%

= 2[2a — 3b]
. 2 _ 24a?y 12aby
(i)  24a’y + 12aby = 12ay[12ay my]
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24 xaxaxy 12 xaxbxy

= 12
@ 12 xaxy + 12 xaxy

= 12ay[2a + b].
(i)  48¢ — 16¢y + 12 = 4 [1% — 4y + 3]

SELF-ASSESSMENT EXERCISE

Factorise: (a) 4% 12xz
(b) 25ab-15ab + 35a%

4.0 CONCLUSION

The concept of factors of numbers and algebraiaessgon is very
useful in mathematics not only in the process ofdasation but also in
reducing algebraic terms to the lowest terms. Toese further

algebraic exercise requires good knowledge of fesgtbon. Such areas
include solving of quadratic expression and sirmdtaus linear
equations.

5.0 SUMMARY

Factors of a number enable us to know the prodefctee numbers or
expression. It equally enables us to express thdugt of the prime
number that makes up the number. For instancez1214 2 x 2 x 2 X 3
x 3 = 2 x 3. It should be noted that only the prime factoraafumber
can be used to express the products of the nurvmre importantly,

factors need to be obtained first before propetofé&ation exercises
could be carried out. Only the highest common facoused for the
process of factorisation and not just any commatofa. If any factor is
used, the expression in the bracket will still aetdrisable.

e.g. 20xy-—12xy
= 2xy (10x — 6)
= 2xy [2(5x — 3)]
= 4xy (5x -3).

The first factor used, is not the HCF, hence th@ression in the bracket
is not in its lowest term. With the use of the ghcommon factor
(HCF), i.e. 4xy, the expression in the bracket canbe further

factorised.

6.0 TUTOR-MARKED ASSIGNMENT
1. Factorise the following completely

(@) 45Xy — 30abx
(b)  72abx + 42abx — 54x
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2. Find the HCF of
(@) 120xy and 150axy
(b) 144,120 and 72

7.0 REFERENCES/FURTHER READING
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1.0 INTRODUCTION

In mathematicsjndices are the little numbers that show how many
times one must multiply a number by itself. Thuiseg the expression
4 4 is called thebasewhile 3 is called thepower or theindex (the
plural is called indices).

Logarithm (log) of a number is another number that is use@present
it such as in this in this equation®:9 100, 10 is called thieasewhile 2
is the power (just like indices). In the case @fdothm, the power i.e. 2
is called thdog.

Note that the base of &g can be any positive number or any
unspecified number represented by a letter.

Surd is a mathematical way of expressing number insthglest form

of square roots. Perfect square (numbers that bquare roots e.g. 9,
16, 25, 100, 144) cannot be expressed in surd fetowever, square
roots of non-perfect square numbers are expressedrd form to give
room for addition, subtraction, multiplication adiision.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

o solve some problems involving indices
o simplify problems involving logarithms
o simplify problems involving addition, subtractiomultiplication

and division of surds.
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3.0 MAIN CONTENT
3.1 General Overview

In Unit Four, you learnt that numbers can be exggésas the product of
their prime factor. Sometimes, this product couddldng or elongated.
For instance, 288 can be expressed as the proflistpyime factor as:
288 =2x2x2x2x2x3x 3. Hence, in a comgaom or indices
form, 288 can be expressed dx&’. This concise and compact form of
expressing product of numbers or mathematical espas is known
Indices.

The origin of logarithms can be traced back to therks of
MichealStifel in 1544. Logarithms were however ipdedently
invented by John Napir in 1614 and JostBurgi, wineented the anti-
logarithm in 1620. These two men motivated hopesiofplifying and
speeding up laborious calculations in astronomy atiter natural
sciences. After discovery, logarithm greatly redltee time required
for multiplication, division and computation of tsoof numbers. The
perfection of pocket calculator desk calculatorsl amini electronic
computers in the middle of 20th century has remdidagarithms
virtually obsolete.

SELF-ASSESSMENT EXERCISE

I What are Indices?

. Express 720 as the product of its prime factoiadex form.

iii. Trace the origin of logarithm and its relevance tomay’'s
mathematics.

3.2 Indices
The application of indices involves the usage ohsgroperties, which
apply to any base. These properties are calll$ofindices Using “a”

as a general base, the following rules of indicad:h

Rule 1: dxd=d""
eg.2x2=2"=2o0r32.

Rule 2: g+d=4d""
eg.3+F=32=For27.

Rule 3: @"=d"
e.g. (3)*=22x4=2
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Rule 4: &= Yo
e.g. (12572 = (3/125)2 = 5 = 25.

Note Y125 require for the number that must be multipliedtsglf three
times to give 125.

1

Rule 5: d" = —
a
2_ 1 _ 1
eg.4" = 3 —116. 1 1
2/5 _ - -1 2
e.g. (32)- - 322/5 - (5\/§)2 (2)2 4

Rule 6: d=1
eg.4=1,@2n’=1

Rule 7: dxy"=(ay)"
e.g. 4x F=(4x 3y
= (12)* = 144.
Examples 1
Evaluate the following
Qi 9% (i) (x-3)° i)y L= (v) 32°

a?b3

)  (2¢) 3xz)%(vi) (0.001)"*  (vii)

L (2a%%)@ ) . 3
(viii) % )32 () ¥/ 2
Solution
() g-3/2 - L _ 1 _ 1 _1

932 (O)E (3 27
(i)  (x—3)° =1because(n)® = 1 wheren =
anynumberoranyalgebraicexpression.
a®b3 axaxxbxbxb

(i) L = ST gp
a2b3 — a2—1b3—1 — abz
ab
(iv) (32)°% = (32)% = (32)%° = (3/32)*
= (2)* =16
(v)  (2x%y) (3x2)* = (2x?y)(3x2)(3xz)
= (2x%y)(9x?z?)
— 18X2 + ZyZZ
= 18x*yz?

or
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i)  (0.001)3 = (L)% = =21

i) (

200)‘3/2 1
72

3/2

-w -& -&

B (3)3 27
~\5/ "~ 125°
(2a®b?)(a=2b)
(2ab)—2
(2a3b?)(a"?b)
1
(2ab)?

= (2a3b?)(a™?b) + 2ab)?
(2ab)?

(viii)

= (2a3b?)(a ?b)x

= (2a3~2b%+1)(4a2b?)
= (2ab?®)(4a?b?)
_ gglt2p3+2
= 8a3b°.
1 1 1

-2/5 _ — —
32 G2y

(ix)

(x) = x

Example 2

Solve for x in each of the following:
(@ 33)=27

(b) (0.125Y*'=16

(© =

d @&)+23)-3=0

(e) 2¥V=8 F V==

27
) 27*=+/3
Solution

(@ 3(3%) = 27
Dividebothsidesby 3

(3322 (2?2

MODULE 1
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3(3%) 27

3 3
3*=9
3X = 32
x =2
(b) (0.125)**1 =16

125 x+1
(1000) =16
1 x+1
(g =16
(2—3)x+1 — 24-
2—3x—3 — 24
—3x—3=4
—3x=4+3
—3x = 7,dividebothby — 3

~

x:

(c) 3*=

|2 [~

3=
3* = 3~
x= —4

d (%2 +23B¥-3=0
Let3*=p~PP+2p—-3=0
By factorisationp? + 3p —p—3 =0
p(p+3)— 1(p+3)=10
p-Dp@P+3)=0
(p—1)=0o0r(p+3)=0

4

P=1or—-3
Recall3* =p
therefore,3* =
3X = 30
x =
() 2**Y=8 ... 0]
32%7Y = % ............... (ii)
Fromequation(i)2**Y = 23; x + y = 3
Fromequation(ii)3?*™Y = 373;2x —y = -3
x+y=3
2x —y= -3
Usingeliminationmethod
x+y=3
2x —y= -3
x+2x =34+ (-3)
3x=3-3
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3x=0
0 0
*=3
f 27*=+3
(33)x — 31/2
33x — 31/2

1
3x = E; dividebothsidesby 3

_1.3
x—z. ,
11
x—2x3,
1
x—6.

SELF-ASSESSMENT EXERCISE

I Simplify each of the following
(@) x*xx1®
(b)  x%xxbxx¢
() x3xy3xz3
3
A ¥/,

(e) (x1/2 Xx1/3) - x2/3
. Evaluate the followings without using calculator

b 2 2
(a) 27 2/3 (b) (3:12)a£22C) (C) 281/2 X 71/2
@ 8% )
1 Simplify and solve for x
(@ &'=g

1

(b)  (0.125)*'= ”
(c) (0.5)=(0.25)" *
@ 5=

(e) 27=3%-=64""

3.3 Logarithms

Just like in indices, simplification of logarithmsvolves some basic
rules. Some of the rules are:

0] Log(a+b)=loga+logb
e.g.log6=1log(2x3)=log2+log3

(i) Log (‘;‘) =loga-logb
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e.g. log G) =log 12 —log 3

(i) Log(a)"=mloga
e.g. log 2 = 3log 2

(iv) Logd=1

e.g. log 100= 1, log 10000= 1
(v) log,"x :%loga X

e.g.log, V2 :%loglo 2
(vi) logga=1

e.g.log; 81

=log,3*

=4log;3=4x1=4

Note: If a logarithm is given without a base, iassumed to be a natural
log i.e. in base 10.

Example 1

Simplify without using tables:

(@) Logs27 (b)% (c) Log 81 — Log 9

(d) Log 16 (e) Log, 4 (f) Logs 27 + 2Log 9 - Log
54

Solution

(@) logs 27 = log;33 =3log;3=3x1=3
(b) logz27 _ logs3® _ 3logs3

= T =
logs3 logs32

—;log33
=3 = =3x2=6
. 2

(c) log81 —1log9 =log (8—91) =log9
(d) log, 16 = log,2* = 4log,2 =4x1=4
(€) logegsd = loges 64 = §l0g64 64 = gx 1= §

(f)  logs; 27+ 2logs 9 —log; 54 = logs; 27 + log;9° — log; 54
27X81)

54

= logs 27 + logz 81 — logs 54 = log3<

= logs 27 = log,33
=3log;3=3x1=3

Example 2

Given that log 3 =0.4771 and log2 = 0.3010
Find (a)log 6 (b)log 16  (c) log 18
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Solution

(@ Log6=log(3x2)=1log3+log?2
=0.4771 + 0.3010
=0.7781
(b) Logl6é=log(2x2x2x2)=log2+log2+I|8gtlog 2
=0.3010 + 0.3010 + 0.3010 + 0.3010
=1.2040
(c) Logl8=log(2x3x3)=log2+log3+log3
=0.3010 + 0.4771 + 0.4771
=0.3010 + 0.9542
=1.2552

Example 3

Given that if log x = b, x = & Find the value of x in each of the
following:

(@ Logc9=2 (b)Logox=4 (© Log8—11 =X
Solution

(@ logy9=2
9 = x2
32 = x?
x=3
(b)  logyox =4
x = 10*
x=10x10x10x 10 = 10000

1
(©) logs==x

1_3x
81

1 X
¥_3
374 = 3%

SELF-ASSESSMENT EXERCISE

1. Simplify each of the following:
(a) %10g4 8 +log, 32 -log, 2
(b) “og 2 +log5-—log 8
(c) logs12.5 +logs 2
(d) logsV125
(e) logs/81
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2. Given that log 12 = 1.0792 and log 24 = 1.3802dFin

0] Log 6 (i) log72
3. Find x in each of the following

(@ logy32=5

(b) logy3=4

(c) log,64=x
3.4 Surds

With the exception of perfect squares, square rodtsiumbers are
expressed in their simplest surd forms e.g.

V75 = v/25x3 = V25xV3 = 5V3
V48 = V16 x3 = V16xV3 =43
V72 = V36 x2 = V36xV2 = 6V2
V24 = V4x6 = VaxV6 = 2v/6

Note: To express the root of a number in the simplesd $orm, it is
important to find two products of the number, ofievbich is expected
to be a perfect square.

Surds can be added together, multiply one anoshatyacted from one
another or even divide one another. Below are solstrated
examples.

1.  Simplify: (@) 3/12 - 4/75+ V48
(bY200 - 2v72+>V/98

2. Simplify: (a)\/é

423
(b) 2++/3

\V27xv/50
O

Solution

1. (a) 3/12-4/75+/48
=3v3x4— 4V25x3+ V/16x3
= 3x2V3— 4x5V3+ 43
=6v3— 20V3+ 43
=63 + 43— 2043
=10+3 - 20V3
= —10+3

Note: It should be that each of the roots is expressdtia product of
their common square root.
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(b) V200 - ~V72+2+/98
= V100 x —%\/36X2+%\/49x2

1 3
=1O\/§—§x6\/§+1x7\/§
21
=10\/§— 3\/§+T\/§
21
=7\/§+T\/§

1 1 49
= 7V2 + SZ\E = 121\/507*01" Tﬁ

9 V9 3 3 V7 3
2. (a)\ﬁ N AN AN AN AN
Note—= = [= —7] i.e. multiplying both numerator and denominatgr b
== _7xL7 . plying

the denominator. This process is callationalising the denominator.

4-2v3 _ 4-2¢3_2-3
(b)2+\/§_ 243 23
_ 4(2) - 43— (2V3)2 + 2V3(¥3)
T 2(2) - 2(V3) + 2(V3) - (WB)(W3)
_ 8 — 43— 4V3+ 2x3
© 4-2V3+23-3
_8-8V3+6
- 4-3
_ 8+6-8V3
 4-3
= 14-8V3

Note: To rationalise the denominator in this case, wétipiy both the
numerator and denominator by the denominator bangé the sign
between the number and the square root.

V27x+/50 _ V9 x 3xV25x2

© NS oxs
B 3v/3x 5v2
36
_15V6
36
~-5
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SELF-ASSESSMENT EXERCISE

Evaluate the following in their simplest surd form:

@) % (b) 1—76 (CW48 — 3V75 + V12
2)° 32

@ =5 ©;775

4.0 CONCLUSION

Simplification of numbers in indices, logarithmsdasurds requires strict
compliance to some set of rules. Once these rulesadhered to, it
becomes easy to write expanded products in indem feimplify
logarithm and express roots in their simplest $arahs.

5.0 SUMMARY

Indices, logarithm and surds are very importankstod simplification in
guantitative analyses. They are equally importanathematical
techniques necessary to simplify some seeminglficdif problems.
Indices for instance, is used in our daily lives vas often make
decisions that have to do with economic variablest changes in time
and places e.g. the analysis of price indices.

6.0 TUTOR-MARKED ASSIGNMENT

1. Change the following logarithm to their equivalenponential
forms:
@ log,8=3
(b)  logse6 =72
() logyy=r

(d) log16 2 = 1/4

(e) log,y=>5x
(Hint: if log,x = b, the exponential form is that xa2).

2. Simplify the following:
() logs 81 (i) log3§ (i) log: 81 (iv)log, 4
3
(v) logxx3/2

3. Simplify each of the following without using caletbr
(a) 127x 75"
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) G/
(c) log, 32-log, 4
log 35
(d =2
ogV5
(e) 3/50-5/32+4/8
25x3p~3/2
(f) 36x5h~8¢c6
144 _
@ G2
(h)  (0.027%7
0) (2v5)2%x 52
(2v5)3
. 2 -3
0) 4+2
4. Solve for x in each of the following
(@ log27=1log 8
(b) log81=4
© V3G39=g
(d) 2*+Y =83y =27
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UNIT 1 EQUATIONS, FUNCTIONS AND CHANGE OF
SUBJECT OFFORMULAE
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5.0 Summary
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1.0 INTRODUCTION

Most mathematical problems involve writing and sodvequations. The
use of letters and numbers are very important itabéshing

mathematical relationship. In the course of dohg,tan equation which
requires two sides: left hand side and the rigimdhside, is required.
The two sides are made equal with an equal sign Ke) example:

Simple Interest (SI) —P’iggT

Where Sl is simple interest, P = principal, R =eraind T = time.

Equation enables us to provide a link or relatigmsietween or among
variables. It shows how one variable (dependentbbr) is related to

other set(s) of variable(s), known as independariabsles. In the

example of simple interest cited, the simple irgenis the dependent
variable while principal rate and time are indepand/ariable.
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20 OBJECTIVES

At the end of this unit, you should be able to:

o explain the concept of equation and its relevanaeathematics

o make a clear distinction between equations anditumse

o make a particular variable in an equation or refathe subject of
the relation.

3.0 MAINCONTENT

3.1 General Overview

In solving day to day problems in mathematics, sit @ssential to
condense the problem into a functional relationhwihe use of
equations An equation is a mathematical expression that tells us the
equality of one side to the other. An equation neguthat one side of
mathematical expression equals the other. What snake equation
different from a mathematical expression is theuado” sign (=). For
instance: x + 2y is a mathematical expression but &y = 7 is a
mathematical equation. This implies that an equahas three main
features namely the right hand side (RHS), thehaftd side (LHS) and
the “equal to” sign (=) that breaks the sides imto.

SELF-ASSESSMENT EXERCISE

I What is an equation? How is it different from a heahatical
expression?

. Of what relevance are equations in solving day ty d
mathematical problem?

iii. What are the components of an equation?

3.2 Equationsand Functions

Equations and functions are closely related comscefyhequation
establishes a mathematical relationship betweenatvdomore variables
with the use of equality sign showing the equivaéeror equality
between one side and the oth&rfunction on the other hand expresses
guantitative or qualitative relationship betweenaonong variables. A
function may be stated explicitly in terms of egoiator may be stated
with the use of some other signs of relationshgp ©d = 20 — 4p. This
is both an equation as well as a function establigshfunctional
relationship between quantity demanded and pricveyver, it could
also be stated in the functional form of Qd = f(P).
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This implies that all equations are functions bat all functions are
equations. An equation tells us in a clear termnidaire of relationship
between one variable and the other variable(splduhction may not be
explicit enough. The example above Qd = f(P) isidadly a function

and not an equation because it does not state ccately the

guantitative relationship in terms of magnitude afetction between
the dependent variable (Qd) and the independenablar (P). The
equation above, Qd = 20 — 4P shows that interogiship between
guantity demanded (Qd) and the price (P) in termsbath the

magnitude and direction. Another important disimct between an
equation and a function is that for an equatiorheafcthe values of
independent variable should give a correspondirigevaf dependent
variable, this is not compulsory for a function.

3.3 Functions

A function is a relationship or expression involyirone or more
variables. A function is used in showing the fuowtl relationship
between two or more variables which has to do wigpendent and
independent variables. A function can be expliod anplicit.

An explicit functionis a function in which the dependent variable can
be written explicitly. The following are expliciuhctions:

y=x*-3, f(x) =/+7 and y = log 2x

An implicit functionis a function in which the dependent variable i no
isolated on one side of the equation. Also, it fsirection in which the
dependent variable has not been given explicitlytenrms of the
independent variable. An example of implicit functiequation is given
asX+xy-y=1, 3%8xy—5y4a=0

SELF-ASSESSMENT EXERCISE

I “Not all functions are equations”. Discuss.
. Distinguish between dependent and independentblasian an
equation or function.

3.4 Changeof Subject of Formulae

In any mathematical relation or function, there @réeast two variables.
One of the variables is thelependentvariable on which other
variable(s) i.e. independent variables depend.eixample, the volume

of a cone,V = énrzh, where V (volume) is the dependent variable
because the value of V depends on the value afdius) and the height
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(h) of cone.wis a constant (approximateE;L). Therefore r and h are
independent variable.

The relationship which is established between opragnvariable is
bilateral i.e. one variable can be obtained givenihformation required
of all other variables. For instance, the radius @bne can be obtained
given the volume and the height of the cone. Thiguires that the
radius (r) be made the independent variable or nlaglesubject of the
relation.

In the process of making any variable the subjéctlation, a number
of diverse mathematical exercises are requirethsare that the variable
to be made the subject of relation is taken froenrtght hand side of the
equation to the left hand side of the equatiois #lso required that the
variable to be made the subject of relation is dinéy variable that

remains on the left hand side.

Example

For each of the following equations, make x thgesxttlof the relation:
@ a=b1-x)

(b) avx—1=b>bT

© =

bx a+x

_ [e
@ R= o

(e s=2(x-9)

X 2
f v= ganh
K b

@) - ==

x+1 (x+1) -

Solution

@ a=b1-x)
Stepl: Openthebrackettomaketheequationlinearequation.
a=b—bx

Stepll: Takethecomponentofxtothelefthandsideand 'ato therighthandside.
bx =b —a.

(Note: thesignsof"bx"andhatof "a" changesaswemovethemacrosstheequalitysign)
bx =b —a)

Step I11: Divide both sides by b to ensure that only x reaan the left

hand side as the dependent variable.
bx _ b-a
b

b
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b-a b b
xX=—or-—a=1-—-
b b a

(b) avx+1=D>bT

Step |: Square all the variables to remove the squarefroot x.
a’?(vVx + 1) = (bT)?
a’(x +1) = b?T?

Step 11: open the bracket to make the equation linear witboacket
a’x + a? = b2T*?

Step I11: Takea? to the other side
a’x = b?’T? — a?

Step 1V: Divide both sides by? to have only x left on the left hand
side
a’x  b*T?—a’

a? a?
bT? q?
T
b2T?
X = e, -1
a b
© ;5=
b—x a+x

Step I: Cross multiply to make the fractional equation ptetely linear
a(a+x) = b(b—x)

Step 1l1: Open up the brackets to make the equation linadrout
brackets
a? + ax = b%? — bx

Step 111: Collect like terms by bringing variables that haveo the left
hand side.
ax + bx = b% — a2

Step 1V: Divide both sides by (a + b) to leave only x oe taft hand
side
x(a+b) _ b?-a?
(a+b)  (a+b)
b2_a2
" (a+b)

(d) R = ax—P

Q+bx
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Step |: Square both sides to remove the square root gigmsthe RHS

RZ _ ax—P
o Q+bx
RZ  ax-P

1 Q+bx

Step I1: Cross multiply to make the equation linear.
R2(Q+bx) =ax—P

Step I11: Open the brackets
R2Q + R?bx = ax — P

Step 1V: Collect like terms by separating components af &rie side
R?Qbx — ax = —P + R?Q

Step V: Factor out X
x(R?b —a) = R?Q—P

Step VI: Divide both side bR?b — a; to leave x on LHS.
x(R?b—a) _ R2Q-P
R2b—a  R2%b-a

__ R2Q-P
" R2%b-a
wd d
@ s=%(x-3)
Step I: Rewrite the equation properly to enable you do esom

mathematical exercise
S_wd (z _ 9)
1 x \1 2

Step I1: Find the LCM and simplify

w_d ( 2x—d )

Xd lcmzz

w 2X—

T( 2 )

wd(2x—d)

2X

RlLnkr kv

Step 111: Cross multiply
25x = wd(2x —d)

Step IV: Open the bracket and make the equation linearowith
brackets
2Sx = 2wdx — wd?

Step V: Collect like terms by bringing all components dbxthe LHS
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2Sx — 2wdx = —wd?

Step VI: Factorise LHS
2x(S — wd) = —wd?
Step VII: Divide both sides by 2(S — wd) to make only x remean the

LHS
2x(S—wd) _ -wd?
2(S-wd)  2(S-wd)
_ —wd?
T 2(S-wd)

mx2h

M V=:Imxh
v_
1 3

Step I: Cross multiply to make the equation linear
3V = mx?h
nix?h = 3v (Notea = bisthesameasb = a)

Step |1: Divide both sidesth to makex? left in the LHS

mx*h _ 3v

Th Tth
2 _ 3V
Tth

Step I11: Find the square root of both sides to makeeduced to x

= [

Tth
__3v

~ wh

K b 1

@ ==

X+1 X+1 - X

Step |: Find the LCM and multiply throughout by LCM

K _ b _ i , theLCMisx(x + 1)

1
xﬁl X+1 ; b )

— [x(x+ 1)] — ;[X(X +1)] = ;X(X +1)
kx —bx=x+1

Step 11: Collect like terms by bringing the components abxhe LHS
kx —bx=1

Step I11: Factorise out ‘X’
x(k—=b—-1)=1

Step 1V: Divide both sides by (k — b — 1) to leave onlyrxtbe LHS
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x(k—=b-1) 1
(k=b—1)  k-b-1
1
X =
k—-b—1

SELF-ASSESSMENT EXERCISE

Make x the subject of the relation in each of thiéofving:

I. = 1VaZ —x2
2

. a,/x +y =bM

xh

Ii. prose

40 CONCLUSION

Equations and functions are very essential in l®ssneconomics and
mathematics to solve some day to day problems.tkunad relationship

among variables enables us to establish interdepeedamong the
variables by identifying the direction and magnéuaf the relationship.
Equation and function are usually written in twdes [left hand side
(LHS) and right hand side (RHS)]. The two sidessaparated by equal
to sign. The component of the LHS is the dependanable or subject
of the relation. Some techniques are involved ikingaany variable in

the RHS, the subject of the relation.

5.0 SUMMARY

The principle of change of subject of relation pd@s us with the
intuition that any variable in a stated equatioruldobe made the
dependent variable. This is important because tagale in an
equation can be obtained given the value of othaables.

6.0 TUTOR-MARKED ASSIGNMENT

Make x the subject of the relation in each of thiéofving equations:

1. T=%+kx

2. M= |&ET
Qx—T
3. D=ix2nx
360
4. A=x+{1+1r)x
5. p=2*
N
6. E=xm-F
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1
z

_|_

\l
R =
RSk
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1.0 INTRODUCTION

A linear equation is the simplest form of equatitins an equation that
has a highest power of 1 and when graphed on & gleale, it produces
a straight line graph. A typical linear equatiors ltlae form of y = mx +
c, where:

y = dependent variable

m = slope of the graph

c = intercept of the graph

x = independent variable.

Most often than none, because of its simplicityedir equations are used
in economics and business to establish functioektionship among
variables. Examples include relationship betweeantty demanded
and price e.g. Qd = 40 — 3p relationship betweems@mption and
disposable income e.g. C =40 + 0.6Yd, etc.

20 OBJECTIVES

At the end of this unit, you should be able to:

o explain the components of a linear equation
o solve linear equations
o solve simultaneous linear equations.
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3.0 MAINCONTENT

3.1 General Overview

Most relationship in economics and business argesspd in single
linear terms, not only for simplicity purpose butsa for easy
assignment in terms of the magnitude and directbrihe variables
concerned. A linear equation is a mathematicaéstant which shows
that two algebraic terms or expressions are edued. algebraic terms
should have the highest power of terms equal Epdexample:

(@)2x +9 =27
(b)x+4=5-3x
()9 =4—2q
(d)2x+2y=1

In examples a, b and ¢ above, the unknown in ehttecequations ig.
x has the highest power of 1 in each case. In exafa)leve have a
linear equation with two unknowns. In equation (@) and (c), the
unknown can easily be obtained by collecting lierts and dividing by
the coefficient of the unknown. In the case of egln{d), there are two
unknowns in a single linear equation. The valuenamkns cannot be
obtained in (d) unless another similar equatiorprgvided, thereby,
making the two equations a pair of simultaneousdirequation.

SELF-ASSESSMENT EXERCISE

I Explain the term “linear equation”? How is it difémt from other
forms of equations?

. Why is linear equations commonly used in estabiighi
relationship between or among variables?

3.2 Solving Linear Equation

In solving a linear equation to obtain the valugh® unknown — three
major steps are required:

a) collect like terms

b) add/subtract the like terms to/from the one another

C) divide throughout by the coefficient of the unknown

Example: Solve for the unknown in each of the following atjons:

I. 20 -3y =17
il. 20— 8x =2+x
ii. 25 — 5x = 5x

V. 6x+9 =63—3x
V. 2x+19—-5x=x—-5
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Solution

. 20 + 3y =17
Collecting like terms
20 —17 = 3y

3=3yor 3y=3
Divide through by 3 (the co-efficient of y)

3y _3
3 3
y=1

Note: To confirm the correctness of the value obtaingoy can
substitute the value back to the equation and $ether the LHS equals
the RHS. If it does not, then the solution obtainsdwrong. For

example:
20—3y =17
Substitutingy =1
20 —3(1) =17
20-3=17

17 = 17. Hence,y = 1 is absolutely correct.

20—8x=2+x
Collecting like terms
20—2=x+8x

18 = 9x
Divide both sides by 9
9x _ 18
9 9
x = 2.
25 —5x = 5x
Collecting like terms,
25 =5x 4 5x

25 =10xor 10x =25
Dividing both sides by 10

10x _ 25
10 10
25 5 1
X=—=-0r2-.
10 2 2

6x +9 =63 —3x
Collecting like terms
6x+3x=63—-9

9x = 54

Divide both sides by 9

9x 54

9 9
xX=6

55



ECO 153 INTRODUCTION TO QUANTITATIVE METHOD |

V. 2x+19—-5x=x-5
Collect like terms
2x —5x—x=15-19
—4x = 24
Divide both sides by -4

—4x _ -24

-4 -4
X=6

SELF-ASSESSMENT EXERCISE

I Solve for x in each of the following equations:
@ 42=7x-14
(b) 18 —-2x =4x—12
(c) 5x+4+17=2x+41
(d 2x+5=13
() 2@2x+9)=30{4x-10)

. Given that the quantity demand of orarfgé = 40 — 5P
(@) What quantity of orange is demanded if price-&?N
(b) At what price will 25 units of oranges demanded?

Iii. Given the quantity demand and quantity suppliggsas —20 +
3P and Qd = 220 — 5P. Determine the equilibrium price for the
market (Hint: equate and @ and solve for P i.e-20 + 3P =
220 — 5P.

3.3 SimultaneousLinear Equation

A simultaneous linear equation is a set of linear equations in which the
numbers of the equations equal the number of unknolhe two
commonest mathematical approaches of solving sametius equation
are:

I Elimination method

. Substitution method

Elimination Method: This involves multiplying the coefficient of the
unknown by some constant values so as to make fotiee aunknowns
have the same coefficient and therefore elimindéading only one
unknown that could be solved using simple linearagign technique.

Example 1
2x +5y =2

x—2y =10
Solution2x +5y =2 ...l x1
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9y = —18
Divide both sides by 9
9y 18

9 9
y=-2

From equation (ii)
x—2y =10
x—2(=2)=10
x+4=10
x=10—4=6

Example 2
a+b—c=0 .o 0]
3a—2b=4c=11 .................. (i)
5a—=b—c=0 .coiiiiiii (i)
From (i) and (ii)
a+b—c=0 .o, X 3
3a—2b=4c=11 .................. X1

3a+3b—3c=0
3a—2b=4c =11
3b —(—=2b) —3c—(4c) =0—-11

5b—7c=—=11...ccccceiiiiiiiiiiinnn. (iv)
From (ii) and (iii)
3a—2b=4c=11.................. X5
5a—b—c=0.......ccoiiiiin. X 3

_15a — 10b + 20c = 55

15a—3b—3c =0
—10b — (+3b) + 20c — (—3¢) =55-0
10b — 3b + 20c + 3¢ = 55

7b+23c =55 . i, (V)
Solving (iv) and (v) simultaneously

5b—=7c=-=11.........ccevninn. X -7
—7b4+23c =55, X5

—35b+49¢c =77

MODULE 2
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—35b + 115¢ = 275
49c¢ — 115¢ =77 — 275
—66c = —198
—198

c=——

—66

From equation (iv)5b — 7c¢ = —11
5b—7(3) = —11

5h—21=—11
5h=—11+ 21
5h = 10
h=2=2

5

From equation (i) a+b—c =0

a+2—-—3=0
a—1=0
a=1

Substitution Method: Substitution method requires writing one of the
unknown of the equation in terms of the unknown.e Téquation
obtained is therefore substituted to the other egua

€02x —4y =—4 ..ot 0]
3x+2y =18 ..o (i)
From equation (ix = —4 + 4y
= (iii)

2
Substitute equation (iii) into equation (ii)
3=+ 2y =18
—-12+12y 2y 18

1 1

2

Multiply through by 2
—12+ 12y + 4y = 36
12y + 4y = 36 + 12
16y = 48

48
Y=1¢= 3
From equation (i) 2x — 4y = —4
2x —4Q3) = -4
2x —12 = —4
2x = —4+12
2x =8

_8 =4
x—zx—

58



ECO 153 MODULE 2

SELF-ASSESSMENT EXERCISE

4.0

Solve the following pairs of simultaneous equatiosing
elimination method:
@ 2x-y=28
3x+y=17
(b) a-b+c=2
2a—2b+c=3
4a—-3b+2c=7

Use substituting method to solve for p and q if:

2p-3g=1

3p+29=21
The equilibrium conditions of two markets, buttedanargarine,
where B and R, are the prices of butter and margarine
respectively, are given as:
8R, — 3R, =7 and —-R+ 7R, = 19. Find the prices of butter and
margarine.

CONCLUSION

Linear equation may have one unknown or more tham unknown.
When a linear equation has only one unknown, it isimple linear
equation and it can be solved by collecting likenie and dividing by
the coefficient of the unknown after simplificatiowhen it has more
than one unknowns, for instance, two equationshefdame type and
number of unknown for the unknowns to be solvedy A the two
techniques of solving simultaneous equation (elatiom or substitution
method) could be used to solve a pair of a simattas linear equation.

5.0

SUMMARY

The procedures for solving simple linear equatiom a&imultaneous
linear equation should be able to produce answestfsh that when
substituted back to the equation, give the samwemnat both the right
hand side and left hand side of the equation. Thia quick way of
testing for the correctness of the answer(s) obthin

6.0

1.

TUTOR-MARKED ASSIGNMENT

Solve for x in each of the following equation:
a) 10x + 60 =10+ 5(3 — x)

b) 3(2x-5=9

c) 21— (6x+7)=8(3-2x)
d 43-3(7—x)=4-3x
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2. Solve for x and y in each of the following equation
I 3x +4y =12
9% + 2y = -9
. 2x —3y =10
x—3y =8
18 3x+y =10
3x —2y =-=2

Iv. 2x—3y =6
x—2y=5
3. 8 Choco and 3 pens cos28B while 5 Choco and 2 pens cost
N184,
(@) Find the cost of a Choco
(b)  Find the cost of a pen.

[Hint: let Choco be x and pen be y i.e. equatios 8x + 3y = 288]

7.0 REFERENCESFURTHER READING

Murray, L. (1987). Progress in Mathematics. Stanley Thornes
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Usman, A. S. (2005)Business Mathematics. Lagos: Apex Books
Limited.
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1.0 INTRODUCTION

In Unit 2 of this module, we defined a linear egoatas an equation
which has its highest power as 1 e.g. 3x + 12, B, ®tc. it is possible
for an equation to have its highest power as 2 sisch — 4x + 5 =0, &
= 25, ¥ + x =5 etc. These are callefiadratic equations. It is an
equation as a result of the equal sign, if it isttemn without equal to
sign, such as+ 4x — 5, X — 16, X —x, it is calledquadratic
expression.

2.0 OBJECTIVES
At the end of this unit, you should be able to:

identify quadratic equation and expression

factorise quadratic expressions

solve for the unknown in a quadratic equation

identify perfect squares and make equations pestpeires.

3.0 MAINCONTENT

3.1 General Overview

Quadratic equations can be solved using differgopra@aches or
methods. Common among these methods are factonsatmpleting
the square, formula method and the graphical metRedall that, in
solving a linear equation, a single answer is ole@i In solving a
guadratic equation, two different answers are okthi The general
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form of a quadratic expressionys= ax? + bx + ¢ while the general
form of a quadratic equationjs= ax?*+bx+c =0

SELF-ASSESSMENT EXERCISE

Distinguish clearly between quadratic equations aqdadratic
expressions.

3.2 Factorisation

A quadratic expression of the form = ax? +bx + ¢ can be
factorised following the following steps.

Step |: Multiply a by ¢ (ac)

Step I1: Find two products of “ac” such that when the prdduare
added to it gives “b”.

Step 111: Replace b with the two products obtained in stegbbove.

Step 1V: Break the expression obtained in step Il int® tparts and
factorise each of the two parts.

Example

Factorise each of the following quadratic exprassio
l. x2+5x+6

1. 3x2—7x—6

.  2y?—11y+5

V. x?-36

l. x2+5x+6

Note: The co-efficient ok = 1 and the value of ¢ = 6.

Therefore, two products of 6 that add up to 5 @anrd +2
Replacing 5 with the products, we have

x2+3x+2x+6
Factorising, we have

(x?2+3x)+ (2x +6)

x(x+3)+2(x+3)

Common to the two sides is (x+3), this can be f@std out as
(x+3)(x+2)
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I. 3x2—7x—6

N /o

—-18+4+2x—<9=-18
-9 +2—-9=-7
3x2—-9x +2x— 6
3x(x —3) +2(x —3)
(x—3)(3x+2)

"L

10 — 10x/1 = —10
~10+ (-1) = —

Therefore2y? — 10y — 1y + 5
2y(y —=5) - 1(y = 5)
v—-50Cy-1)

Note: when it seems that no factor is common beatwie terms, 1
(universal factor) is used to factorise the expogss

V. x%2-36
This can better be written as
x% 4+ 0x + 36
N/
36—-6+6=0
6\+6 —6x+6=-36

Thereforex? + 6x — 6x — 36
x(x+6)—6(x+6)
(x+6)(x—6)

It should be noted that factorisation can be useddive quadratic
expression. For example, use factorisation to sdhe following
guadratic equations.

@ y2-2y—35=0
(b) 3x2+10x—8=0
() 5t2+21t—20=0
(d) x2—169 =0

) 3x*2—75=0

) m*+6m+9=0
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(@ y*—-2y—-35=0
y2—7y+5y—35=0
yy—7)+5=0
y-7Dly+5 =0
by-7=0 y=7
or
y+5 =0 y=-5
Therefore,y = 7or — 5

(b) 3x2+10-8=0
3x24+12x—2x—-8=0
3x(x+4)—-2(X+4)=0
Bx—-2)(x+4)=0
3x—2=0 orx+4=0
3x=2 orx=0-—4

_2 = —4
X—BOTX—
_2 4
x—30r

() 5t2+21t—20=0
5t2+25t—4t—20=0
(5t% +25t) — (4t —20) =0
5t¢(t+5)—4(t+5)=0
(5t—4)(t+5)=0
5t—4=0 ort+5=0
5t=0+4 ort+5=0
5t=4 ort=0-5
t—sort—

t—4 5
=gor

d x2-169=0
x> =0+ 169
x? =169
x = V169

x =413
x =13 0r — 13

By factorisingx? — 0x — 169 = 0
x> —13x+13x—169=0
x(x—13)+13(x—13) =0
(x+13)(x—13) =0
x+13=0 orx—13 =0
x=0—-13 orx=0+4+13
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x=-13 orx =13
x =-—130r 13

() 3x2-75=0
Divide through by 3
x> —=25=0
x> +0x—25=0
x> +5x—5x—25=0
x(x+5)—-5x+5)=0
(x+5)(x—-5)=0
x+5=0 orx—5=0
x=-5 orx=5
x=-50r5

) m*+6m+9=0
m?>+3m+3m+9=0
mim+3)+3(m+3)=0
(m+3)(m+3)=0
m+3=0 orm+3=0
m=0—-—3 orm=0-3
m=-3 orm= -3
m = —3 (twice)

SELF-ASSESSMENT EXERCISE

I Factorise the following quadratic expressions:
(@)3x?> —6x+9
(b)5p% + 12p — 9
. Solve for x in each of the following by using facsation

method.
(@)5x*+12x+7=0
(b) 6x% = 96

©) x*—121 =0
(d)x>?—x—-2=0
(e)x*—2x+15=0

3.3 Completing the Square Method
Given a general quadratic equation aé+abx + ¢ = 0, the following
steps are followed to solve the equation usingctimapleting the square

method.

Step I: Divide throughout by the coefficient of ke. a.
x% + Sx + 2 =0
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Step I1: Take ‘c’ to the RHS.
5 b o
e (a)x = Ta
Step 111: Find % coefficient of x, square it and add itbtmth sides i.e.
1_by, b
Gx2) =)

24 () x+ ()7 = —c + ()’

Step 1V: Complete the squares

b2 _ _c, by
(x+2a) o a+(2a)
+b , C+b2
(x Za) T a  4a?
+b 2_—4ac+b2
(x Za) B 4q?

b\, _ b?-4ac
(x t Za) T 4q2

To obtain x, find the square root of both sides

’ by, _ ’b2—4ac
(x+2a) o 4q2

b b%Z-4ac
X+—=

2a 4a?

-b . VbZ2-4ac
x=—=

2a 2a
= —-b+Vb2- 4ac

2a

It should be denoted that completing square methadten applicable
when the quadratic equation cannot be factorisgd e.
3x2+ 6x—8=0

This expression is not factorisable because thexena factors of —24
that add up to +6. Therefore, we can be use comgléhe squares to
solve as follows:

3x2+ 6x—8=0
Divide through by 3.

x% 4+ 2x — g =0
Take constant to the other side
8
24 2x ==
X X 3

Find %2 coefficient of x, square it and add it tahosides (i.e(%xZ)2 =

(1)?
x?+ 2x+ (12 =2+ (1)2
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Complete the squares
(x+ 1)2 = g +%

(x+ 1)2 ==

11
(x+ 1)2 =?

Find the square root of both sides

x+ 1=\/17—1
3
x=—1i\/E
3

x*=—-1++3.670r — 1 —+3.67
SELF-ASSESSMENT EXERCISE

Use completing square to find the value of x inheaicthe following
i 5x2+ 12x—7=0
. 4x2 — 7x+9=0

3.4 FormulaMethod

The formula method is obtained from the completihg squares
method. From the final answer obtained in the cetnpd the squares
method,

—b+Vb2—4ac

2a
The formula method is applicable in solving anynioof quadratic
equation, whether the equation is factorisableobr n

Example:  Given that3x% + 6x — 8 = 0, use the formula method to
obtain the value of x.

Solution

-6 +./6%—4(3)(-8)
2x3

—6 +Vv36 + 96

6
-6 +v132

6
x= —-+
6
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Note: b? — 4ac is calledDiscriminant (D), if D = 0 orb? = 4ac - the
guadratic equation has two equal answers.

If b2 > 4ac or D > 0, we have two distinct answers; and

If b% < 4ac or D <0, we have complex number as answers.

SELF-ASSESSMENT EXERCISE

Use formula method to solve the unknown in eactthef following
equations.

I 5x2— 12x—9=0

. 3m2—4m+2=0

3.5 Perfect Square

A perfect square is a quadratic expression that has the same tiem a
factorisation. A quadratic equation is said topeefect square when it
has two equal answers or roots. This implies th#t— 4ac =

0 orb? = 4ac

Examples include:
x>+ 4x+4=0
x4+ 2x+2x+ 4
x(x+2)+ 2(x+2)
(x+2)(x+2)

Example 1: Find the value of K for which each of the followito be a
perfect square:

(@) 12x%?— 6x+K

(b) 2x*+ 8x+K

Example 2: Find the quadratic equation whose roots are:

(@ -1land4

(b) 3and?2

(c) -3twice
Solution

(@) 12x? —6x+K
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b? = 4ac
(—6)? = 4(12)K
36 = 48K
36 3
48 4
12x% — 6x + Zis a perfect square.
48x? — 24x + 3 is a perfect square
Check:48x% — 12x — 12x + 3
= 12x(4x—1) —3(4x—1)
= (4x —1)(12x — 3)
= (4x —1)(4x —1)Note:12x —3 =4x —1

(b) 2x*+8x+K

b? = 4ac
(8)* = 4(2)K
64 = 8K
K=2=38

8
Therefore2x? + 8x + 8 = 0 is a perfect square.
ChecRx? + 4x + 4x + 8
2x(x+2)+4(x+ 2)
2x+4)(x+2)
(x+2)(x+2)

Example 2

(@ (x+1)(x—4) =0 Note: there is a change in the signs of
the roots.
x(x+1)—4(x+1)=0
x2+x—4x—4=0
x2—3x—4=0

(b) x=3)(x—-2)=0
x(x—2)—-3(x—2)=0
x> —=2x—3x+6=0
x>—5x+6=0

() x+3)(x+3)=0
x(x+3)+(x+3)=0
x>+3x+3x+9=0
x>+6x+9=0
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SELF-ASSESSMENT EXERCISE

I Find the value of K for each of the following to beperfect
square.
(@) 4x*—-8x+K
(b) x*+4x+K
. Check whether each of the following equations iSgqu¢ squares
or not.
(Hint: use B = 4ac)
(@) 3x?—-12x+6
(b) 2x?>+8x+8
() 2x*—-8x+16
iii. Find the quadratic equation whose roots are:

i - % and g
(i) 4and -3
(i) 2 twice

40 CONCLUSION

Quadratic equation can be simply solved using f&zbon method.
When the equation is not factorisable, complethgy 2quare method or
formula method is used.

5.0 SUMMARY

Quadratic equations are non-linear equation in ke highest power
of the terms is 2. When quadratic expressionsaut®fised, two distinct

or different terms are obtained. Likewise when adyatic equation is
solved, two different or distinct answers are aiedi depending on the
value of theDiscriminant (D). When the roots or answer are the same,
the expression or equation becomes a perfect square

6.0 TUTOR-MARKED ASSIGNMENT

1. Factorise the following quadratic expressions:
(@) p®—5pq—6q*
(b)  4t*—12t+5
2. Solve for x in each of the following using fact@ati®n method.
(@) 3x2—-23x—8=0
(b) x2—-8x-9=0
3. The following equations are not factorisable, usg method of
your choice to solve for x:
(i) 3x2+9x—8=0
(i) 5x*24+14x+6=0
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7.0

Find the quadratic equation whose roots are:

(@ -4twice

(b) -land?

(c) +3and-6

Find the value of K required to make each of thiéo¥ang a
perfect square.

() 4x?—-12x+K

(i) 5x*>—14x+K

(i) 3x*+6x+K
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UNIT4 SIMULTANEOUS LINEAR AND QUADRATIC
EQUATIONS

CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1 General Overview
3.2 Simultaneous Linear and QuadratigdfiQns
4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
7.0 References/Further Reading

1.0 INTRODUCTION

In Units two and three of this module, we discusBedar equations
linear simultaneous equation and quadratic equatidre discussed the
approaches of solving two linear simultaneous equst(substitution

and elimination method). Sometimes, there could sbaultaneous

equation comprising of two equations; one linead ahe other

guadratic. These equations are solved simultangobgl using a

combination of substitution method and factorigatitechniques.

Examples of such pairs of simultaneous equation are

x2+vy2=70; x+y=8
x+y=7x*+2x*-3=y

It should be noted that, in each of the examplesi@bove, at least two
values are obtained for each of the unknowns (xyand

2.0 OBJECTIVE
At the end of this unit, you should be able to:

o solve pairs of simultaneous linear equation and drpte
equations.
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3.0 MAINCONTENT

3.1 General Overview

Linear equations and quadratic equations have rdite traits or
characteristics. Yet, they could be solved sim@tarsly. The tendency
of the quadratic component to give two roots or tamswers will
generate two answers/roots to each of the unknowept in few cases
of repeated roots.

In most cases, we factorise the quadratic equatimbtain the roots of
the equation which are substituted to the otheatgpl. In some cases,
we write one of the unknowns in a linear equatiod aubstitute it into
the quadratic equation. Whichever the approach @yegl multiple
values of each of the unknowns are most likelyadHhe result.

SELF-ASSESSMENT EXERCISE

Explain how a linear and a quadratic equation cobtl solved
simultaneously.

3.2 Simultaneous Linear and Quadratic Equation

Solve for x and vy if:
@x—y=4
4y?2 +5y—51=0
(b)x+y =10
xy =21
©)2x—y=6
x%*+y?=41

Solution
@) x—=y=4 i, (1)
4y2 4+ 5y —=51=0 ...ccovvvirinnanannnn, (ii)
From (ii),4y? + 5y — 51 =0
4y? + 17y — 12y —=51=0
y(4y +17) —3(4y +17) = 0
(y—-3)@4y+17)=0
y—3=0;, y=3
17
or 4y+17=0; 4y =-17,; y=—T
From equation (i)x —y = 4
x=4+y
Ify=3, x=4+3=7

[y = 17 _4+< 17)
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=4-52= —12or -2
3 3
=[7 3] E _z
x,y - [ ) [ 3 ) 3
b)) x4+y=10..cccciiiiiiiiiiiinn. (1)
Xy =21 i (i)
From (1),x =10 =y «coviiiiiiiiiii e (i)
Substitute equation (iii) into equation (ii)
(10 -y)y =21
10y —y2 =21

—y%2 4+ 10y — 21 =0,
multiply through by — 1
y2—10y+21=0
y2—7y—=3y+21=0
yy—-7)-3(y-7)=0
y-3)y-7=0
y—3=0, y=3
ory—7=0, y=7
From equation (iii), x =10 —y
Ify=3, x=10-3=7
Ify=7, x=10—-7 =3
x,y =[(3,7)(7,3)]

(C) 2X =P =6 o, (1)
X2+ Y2 =41 (i)
From (i),2x =6 =y ceoeveiiiiiiie e, (iii)

Substitute equation (iii) into equation (ii)
x?+ (2x — 6)? =41
x>+ (2x—6)(2x —6) = 41
x4+ 2x(2x —6) —6(2x — 6) = 41
x% 4+ 4x? —12x — 12x + 36 = 41
x?+4x2 —24x+36—41=0
5x2—24x—-5=0
5x2—25x+x—-5=0
5x(x —=5)+1(x—5)=0
Gx+1)(x—=5)=0
5+1=0 orx—5=0
5x=—-1 orx=5
X = —gorx =45
From equation (iii))2x —6 =y

1 1
Ifx==;, y=2(-)-6

y=—-c-
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Ifx=+45 y=2x—-6
y=2(05)-6
y=10—-6=4

32

Ly =60 (-3,-Z)

5

40 CONCLUSION

Simultaneous linear and quadratic equation inwhgetting the
solution to two unknowns in two different formsexfuation — one linear
equation and the other quadratic equation. Ther@aitisuch equation
gives room for obtaining multiple answers.

50 SUMMARY
Although linear and quadratic equation has diffefeatures, the use of

substitution and factorisation provide means ofviegl the pair of
simultaneous equation simultaneously.

6.0 TUTOR-MARKED ASSIGNMENT

Solve for x and y in each of the following:
1. x?—y2=12

x—2y=3
2. 3x2—xy=0
2y —5x=1

7.0 REFERENCESFURTHER READING

Murray, L. (1987).Progress in Mathematics. Lagos: Stanley Thomas
Publishers Limited.

Usman, A. S. (2005)Business Mathematics. Lagos: Apex Books
Limited.
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UNIT 5 INEQUALITIES
CONTENTS

1.0 Introduction
2.00bjectives
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5.0 Summary
6.0 Tutor-Marked Assignment
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1.0 INTRODUCTION

The first four Units of this module discussed vasdorms of equations.
All equations are characterised with “equal to’nsighich affirms that
one side of the equation equals to the other. Somasf one side of an
equation may not be equal to the other. In that,case side may be less
or greater than the other. All these constitute ¢bacept known as
Inequalities. The basic signs in inequalities are:

Less than

<

= Greater than

< Less than or equal to

> Greater than or equal to

2.0 OBJECTIVES
At the end of this unit, you should be able to:

define the word “inequalities”

solve inequality problems

present inequality problems in line graphs

solve for inequality problems involving range ofues.

3.0 MAINCONTENT

3.1 General Overview
An inequality compares two unequal or unbalancegdressions or

guantities. For example; 3 is not equal to & (@), 3 is less than 8 (3 <
8), 4 is greater than 1 (4 > 1), etc. the inequaiign remains unchanged
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when the same term is added or subtracted from baths. For
example; 8 > 3
..8+2>3+2ie.10>5
8-1>3-1ie.7>2

The inequality sign also remain unchanged when shene term
(positive umber) is multiplies by both sides orided by both side e.g.
7>4
7x4>4x4ie. 28>16

24 <30
24 +2<30+2;12<15
However, the inequality sign changes as a when &id#s of inequality
is divided by equal negative constant or multipliey a constant
negative value. For instance,
7<10
7x-2>10x-2
-14 > -20
It should be noted that the sign changes as atresuaiultiplying both
sides by a constant negative number.
Also, consider: 10 > 4
But +10 > +4
2 =2
-5<-2

SELF-ASSESMENT EXERCISE

I What is an inequality?
. Under what conditions will the signs of inequabktighange?

3.2 Solving Inequality Problems

Solution to inequality problems resembles thatimédr equations. The

procedures involved are similar. They are:

a. Collect the like terms.

b. Divide both sides by the co-efficient of the unkmowerms. The
only difference is that equations has equal to ssigis the
balancing symbol while inequality has inequalityrs.

Example

Find the values of x that satisfy the following duelities, hence,
present the solution in a line graph.

a. x—4<3-—x

b. x+3<3x—-5

C. 3x—4=>4
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d. x<%x+3

Solution
a. x—4<3-—-x
Collecting like terms
x+x<3+4
2x <7
Divide throuh by 2

x<zorx<3l
2 2

A
——0

ﬂgl
2
b. x+3<3x-5
Collect like terms
x—3x<-5-3
—2x < —8

Dividebothsidesby — 2

2x 8
s =

2 -2

—0
v

04

C. x—5<2x+1
x—2x<1+5
—x<6
Dividebothsidesby — 1
-X 6
g
x> —6
X

d. 3x—4>4
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3x=4+4
3x =8
Divide both sides by 3
3x 8
33
>8 >22
Xz, X223
° X >
l]zz
3

Note: For greater than or equal t8)( the line graph node is shaded.

e. x<%x+3
1

—-x<3
X=X

! <3

> X

Multiply both sides by 2
X X2 <3X2

x<6
X

]

06

v

SELF-ASSESSMENT EXERCISE

Solve each of the following inequality problems gmdsent the solution
on a line graph.

I. 5x—1>4
ii. 4(2 —x) < 3(3—2x)
iii. 4(x —3) <5

V. 4x —2=23x—-1
V. x<§x+4
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3.3 Rangeof Valuesof Inequalities

Example 1

Solve the inequalities:
11 —x| <3

Solution: The above inequality is equivalent to:

—-3<1—-x<3
i.e.—3<1-—xand 1-x<3
—3—-1<-—xand —x<3-1
—4<—x—-—x<2
—x = —4 x=-—2
x<4
Thisimpliesthatx = —2 andthesamexislessthan 4
x=>-2, x<4
l.ee—2=2x<4

- T

Example 2

_20 4

If 2x — 6 < 8 < 2x + 4. Find the range of values of x

2x —6<8 and 8<2x+4

2x <8+6 8—4<2x
2x <14 4 < 2x
Divide through by 2 Divide both sides by 2
2x 14 4 2x
—_— S —_— < —_
2 22 2
x<7 x <2

Combining the solutiorg Wwave:

2<x<7

.

027

SELF-ASSESSMENT EXERCISE

I Solve for the following:

(@)
(b)

[x +1] <6
|4 —3x| <2

. Fid the range of values of x that satisfy the fwilogs:

(@)
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() -5<3x—-14<0
() 3<11-x<11
d 6<4x—2<12

Iii. Find he largest possible value of x that satiséyfthllowings:
@ x+7<13
(b) 3x—-7<6

\Y2 Find the smallest possible of x that satisfy thefaings:
@ x+6>4
(b) 2>214-x

40 CONCLUSION

Inequalities involve the use of signs to compare tmequal expression
or numbers. Solutions to inequality problems oradigun follow similar
approach with the linear equation. An inequalitpression having more
than one inequality sign is bound to have more tranrange of value.

50 SUMMARY

The use of signs in mathematics is meant to comibh&renagnitude of
one expression or quantity with another. Mathensigk use both
equality and inequality signs to compare and cebhtvalues so as to be
able to arrive at a conclusion.

6.0 TUTOR-MARKED ASSIGNMENT

1. Assume x is a whole number and x is an integer.edoh of the
following list, the set of value of x.
@ 4<x<7
(b) -5<x<1
(c) 5<x+49
(d 6x>4
e) -9<x<4

2. Find the range of values of x that satisfy eaictine following:
(@ —-1<4x+15<23
() 0<15-x<10
(c) 12x—-3|<5
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MODULE 3 SET THEORY

Unit 1 Meaning and Classification of Sets

Unit 2 Set Notations and Terminologies

Unit 3 Laws of Sets Operation

Unit 4 Venn Diagrams

Unit 5 Application of Sets to Managerial and Ecomo Problems

UNIT1 MEANING AND CLASSIFICATION OF SETS
CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1 General Overview
3.2 Definition and Representation ofsSet
3.3 Classification and Properties ofsSet
4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
7.0 References/Further Reading

1.0 INTRODUCTION

Mathematics just like any other analytical sciertas a way of
classifying information or data into classes orup® This is usually
done to present the information in compact fornwadl as to identify
various component of each unit or group. This igliapble in everyday
activities. Some modern shops are divided intoed#ft units or
sections while in offices there are different dépants, units, division,
etc. the collection or aggregate of objects in di@dar class is what is
technically called ‘Set’ in mathematics. Therefove can have set of
alphabets in English language, set of studentsciass or classes, set of
days in a week, set of odd numbers, set of pedgciares, set of
students offering, a course set of workers in d#fé units of an
organisation, set of accountants etc.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

o define the term “Sets”
o outline and explain the various representatiorets s
o list the various classification of sets
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o state the basic properties of sets.

3.0 MAIN CONTENT

3.1 General Overview

Generally, mathematicians call any-well definedsss “a set” and by
well-defined we mean that we must be able to dedefmitely whether

any object does or does not belong to that setsd lobjects may be a
group of (distinct) numbers, variables, parametesamething else that
has properties or identification and distinctiorai others. Thus all the
students enrolled in a particular economics couese be considered a
set, just as the positive integers (1, 2, 3...) camnfa set. Animate,

inanimate, tangible as well as intangible obje@s be conceptualised
to form a set.

SELF-ASSESSMENT EXERCISE

I Why do mathematicians classify objects into sets?
. Outline five different set of objects and give axample of a
member in each set.

3.2 Definition and Representation of Sets

A setis any well-defined aggregate or collection ofealt$ that are all
different which a member of a group becomes eitherfollowing a
particular rule or by simple imposition. The obgethich belong to a
set are called its elements or members of theAsetet is normally
denoted by capital letters while the elements apresented by small
letters.
For example:
A= {a/b,cdef}
X= {2,4,6,8,10...}
Therefore, we say that'd, cCA, 2€X, 6€X, bEX, 4€A. This implied
that a is an element of A, c is an element of A& @n element of X, 6 is

an element of X, but b is not an element of X regitis 4 an element of
A.

The number of elements contained in a set is siroglied thenumber
of elements(n). For instance, in the previous example n(A because
there are six elements in A. However, the numbeelefments in X is
not defined.
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There are two major ways of representing sets namel
0] Roster method
(i)  Descriptive method.

Roster methodis the one in which each element is listed in aciesed
bracket. It is sometimes called tabulation metltocmple: B= {x, y, z}
which means the elements of B are x, y and z. ©bter method states
categorically all the elements in a set.

The descriptive methodor the set builder rotation is the use of signs to
specify the elements in a set. It is a method inckviset listings are
governed by particular rules indicating the ranfelements contained
in a set. For example:

H={h:3<h <10}
P={x:x=0,1,2,3,...15}

The set H has its elements as 3, 4, 5, 6, 7, 8asidce h> 3 and the
same h < 10. Likewise, Set P has its elements 4s4) 3, 4, 5, 6, 7, 8,
9,10, 11, 12, 13, 14 and 15. The three dots irti@ycontinuation of the
already existing pattern.

SELF-ASSESSMENT EXERCISE

I List the elements of the following sets:
() Notes denominations in the Nigeria’s currency
(i) Banks in Nigeria
(i) Even numbers less than 13
(iv) Prime numbers less than 20
(v) Multiples of 4 less than 15
(vi) Alphabets in English Language
(vii) Multiples of 5
(viii) Months in a year
(ix) Days in a week
(x) Prime factors of 120.

. Find out the number of elements in each of the seited 1(i-x)
above.
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3.3 Classification and Properties of Sets

Sets are generally classified into two namely:
0] Finite Set
(i)  Infinite Set

This classification is premised around the numbkelements a set
contains. A set ifinite when it has a definite number of elements. For
example, J = {x/2 < x <5} J is a set of real numsbgreater than 2 but
less than 5 so J = {3}. Another example is S =324}. Finite setsare
always denumerable (i.e. countable). This impliest their elements
can be counted one by one in a sequential ordegenGhat K = {even
numbers between 2 and 16}, K is another examplanaé set since its
elements are countable i.e. K ={2, 4, 6, 8, 1Q,11® 16}.

An infinite set is the one in which the number of elemenisdsfinite.
Such sets do not have last element in their ranbevatues or
membership. Infinite sets are non-denumerable their elements are
uncountable). Examples include:

N = {Natural numbers}
K = {Multiples of 4}
| = {X/x is a positive integer}

In each of the sets N, K and | above, the elemehsgts in each group
Is uncountable, therefore each set is said to defimte.

Properties of set refer to the qualities that alisshave in common.
These properties are:

0] The collection of object must be well definélhis implies that
there is no ambiguity about a set.

(i)  The order in which objects are arranged iretis immaterial. For
example:
A ={a, b, c, d}, B ={b, c, a, d}, the same numb# identical
elements, although the order of the arrangemerierdif The
order of the arrangement is insignificant as mukha sets have
the some elements, they are said to be the same.

(i)  The object in a set must be distinct. Thispimas that, no object
can appear more than once. For instance:
A = {Musa, Emeka, Tina, Emeka} is wrong because tlué
duplication of Emeka. Rather, A = {Musa, Emeka,dffin
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SELF-ASSESSMENT EXERCISE

For each of the sets, which elements are listequiestion 1 of self-
assessment exercise above? Justify whether theydafiaite or
indefinite.

4.0 CONCLUSION

Set theory is an important component of mathemahiasdescribes and
analyses the classification of objects into groopsdivision for the
purpose of carrying out some descriptive and qtativie analyses on
the interrelationship of the membership of the grouset as well as the
relationship with the elements of other groupsets.s

5.0 SUMMARY

Set is broadly defined as the collection of dateas. Objects refer to
items that can be quantified as well as those ¢ghahot be quantified.
However the collection of the items must be welirded and distinct.
The order in which the objects are arranged in déeis practically
immaterial.

Sets can be represented with the use of Rosterocheth descriptive
method (set builder). While the Roster method pressdhe vivid

elements that a set contains the descriptive me#idmghts the use of
signs to describe the range of values containedeasents of a set.

Sets are generally classified into two: Finitessaatd Infinite sets. Finite
sets contain a finite or definite number of elersenhile infinite sets
contain indefinite or infinite number of elements.

More terminologies and notations used, in set dmers are discussed
in the next unit.

6.0 TUTOR-MARKED ASSIGNMENT

1. List the elements of the following sets.

A {continents in the world}

B {state capitals in Nigeria}

C {natural numbers greater than 10}

D {x:-6<x<6}

E {courses in Nigerian University}

State whether each of the sets above is debniiedefinite.

Find out, where possible, the number of el@me each of sets
listed in (1) above.

wn
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1.0 INTRODUCTION

Similar to other aspects of mathematics, some teiogies are peculiar
to set theory. These terminologies and their sigptations are the basic
and conventional languages used in set theory.cbhemonest among
those are Universal sets, Subset, Proper subséi, oNIEmpty set,
Union of sets, Intersection of sets, and Complemeintset etc. These
terms along with other notations enable us to é&statvisual and
mathematical relationship between sets.

2.0 OBJECTIVES
At the end of this unit, you should be able to:

) identify set notations and what they mean
o solve some problems involving sets notations arditelogies.

3.0 MAIN CONTENT

3.1 General Overview

When two sets are compared with each other, sepessible kinds of
relationship may be observed. If two sefsad S are given asS= {2,
7,a,fland $={2, a, 7, f}. S and $ are said to be equal i.e.;($ ).
Whenever the elements are different, the two setsat equal.

Another kind of relationship is that one set mayabsubset of another
set. IfS={1,3,5,7,9and T = {3, 7}, theni¥ a subset of S, because
every element of T is also known as element of S.

At the other extreme, thesmallest possible subset of S is a set that
contains no element at all such a set is calledhtifieset, or empty set
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donated by the symbol or { }. The null set is uregthere is only one
such set in the whole world and it is considerec a&sibset of any set
that can be conceived.

When two sets have no element in common at allf\Wloesets are said
to be Disjoint. When they have element in comman ¢lement they
have in common is known as the intersection ofstis.

The combination of elements of two sets withouket#n of common
elements is called the union the sets. The complemmiea set on the
other hand are the set of element found in the ersal set (a set
containing every other sets defined) but not foumdhe set whose
complement is being sought.

SELF-ASSESSMENT EXERCISE

With appropriate illustration and examples, de®aeh of the following
terminologies in sets operation:

(@) Subset

(b)  Union of sets

(c) Intersection of sets

(d) Empty or Null set

(e) Complement of a set.

3.2 Set Notations and Terminologies
(@) Universal Sets

Universal setis the set of all objects of interest to an inigegbr or
researcher. It is usually denoted jowr £. It is the totality of elements
present in two or more sets. For example U = {aliturers of all
university in Nigeria}. U here is a set with larggmber of elements
which is obtained as a result of the combinatioradérge number of
smaller sets i.e. sets of lectures in each of tigefan University.

Example: Given that:

A {positive integers less than 10}

B {factors of 12}

C {even numbers less than 13}
Provided that the sets A, B and C form a univessél find the elements
of the Universal set.

Solution: A={1,2,3,4,5,6,7, 8,9}
B={1,2,3,4,6,12, 12}
C={2,4,6,8, 10, 12}
u={1,2,3,4,5/6,7,8,9, 10, 12}.
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Note: u is obtained by combining all elements in all thegssgiven,
without repetition of any element.

(b)  Union of Sets

The union of setsis a new set formed through the combination of
elements in two or more sets. To take the uniondats A and B mean
to form a new set containing those elements (arig thiwse elements)
belonging to A or to B, or to both A and B. The amiset is symbolised
by AUB (read: A union B).

Example 1 IfA={3,5, 7}, B={2, 3, 4,8}
Then Find AUB.

Solution AUB ={2, 3,4,5, 7, 8}

Note: This example illustrates the case in which twe getand B are
neither equal nor disjoint and in which neitheaisubset of the other.

(c) Intersection of Sets

The intersection of setss a new set formed from elements common to
the sets. It is the set of elements common to twmore sets, or the
elements that are common to two or more sets. fteesection of two
sets A and B is a new set which contains thoseezi&r(and only those
elements) belonging to both A and B. The intersecset is symbolised
by AnB (read; A intersection B).

Example: Given that:
A {prime number less than 20}
B {even numbers less than 15}
C {Multiples of 4 less than 15}
Find AnB, BnC, AnC

Solution
A={2,3,5, 7,11, 13,17, 19}
B={2,4,6,8, 10. 12, 14}
C={4,8, 12}
0] AnB = {2}

(i) BnC={4,8, 12}
@) AnC = {} or @ -Empty set: That is, no element is
common to sets A and C.
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(d)  Subset and Proper Subset

A set X is said to be a subset of another set Yidtkel by XCY) if and

if only each element of X is an element of Y, forample, a set of
students offering Economics is a subsets of stsdentolled in the

faculty of social science while the students in soeial sciences are
subset of the entire students enrolled in the Usitxe

IfS={1,3,5,7,9and T ={3,7}, then T is alsset of S, because every
element of T is also an element of S. Strictly vem cay that T is a
proper subset of S, for T does not contain evesgnehts in S. Therefore
every set is a subset of itself but not a propdrssuof itself. Also,
empty set is not a proper subset of any set. Thies that two equal
sets are subset of one another and not a propsetsofbone another.

Example: Given that A={2,3,5,7,11,13,17, 19}
B={2,4,6,8, 10, 12, 14}
C={4,8, 12}
(@) Is B is proper subset of A? Why?
(b) Is C a proper subset of B? Why?
(c) List some proper subsets of B.
(d) List all proper subsets of C.

Solution

(@) B is not a proper subset of A because not all elésnef B are
found in A.

(b) C is a proper subset of B because all elements afeGound in
B, with B containing some other elements outsideelements of
B.

(c) The proper subsets of B are {4}, {8}, {12}, {4, 8}4, 12}, and
so on. It can be shown that there are over 100eprspbsets of
B.

(d) The proper subsets of C are {4}, {8}, {12}, {4, 8]J4, 12}, {8,
12}, {4, 8, 12}. Note { } - empty set is not a prepsubset of any
set. The proper subsets of C is exhaustive i.ecarvelist all the
subsets of C.

(e)  Null or Empty Set: A null set is a set that consano element. It
should be noted that, an empty set has no elemarg.implies
that, if A is an empty set n(A) = 0. Empty setysbolised as { }
or @ or and not {O} or {&}. It is wrong to connompty set as
{O} because if we do, it implies that the set hasséement which
Is Zero. Similarly if A = {@}, A is not an empty sewhat this
connotes is that A has one element (i.e. n(A ) which is @.
Therefore an empty set is either represent as{@.or
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Example: A = {positive odd numbers}
B = {positive even numbers}

Find AnB
Solution
A={1,3,57,9 11, 13...}
B={2, 46,8, 10, 12, 14...}

.. AnB = {} or @. This implies that there is no elent common
to sets A and B. In other words the intersectiorsets A and B
gives an empty set.

(e) Complement of Sets

All the elements of the universal set which are meimbers of a set A
form the set calledomplementof A, denoted by Aor A' for instance
If por£={1, 2, 3, 4,5, 6}
A={1,2, 4,5}
Then, £=A'= {3, 6}

() Difference of Sets

The difference between two sets is technical called relative
complement For instance, given the sets of A and B, thetikaa
complement of A and B denoted by A — B implies éiements which
belong to A but does not belong to B.

On the other han@bsolute complementa set refers to elements found
in the universal set but not in the set whose cempht is being sought.
Given sets A, B and C forming the universal getthe absolute
complement of A, Aor A' are elements ip but not in A.
Example: Given thatu ={1, 2, 3,4 ... 12}
A={1,3,5,7, 10}
B={1,4,6,9, 10}
Cc={2,8,9, 10,11, 12}
Required: - Find
(i) B
(i) A!
(i) C*
(iv) B—A
(v) A-C

Solution
() BCorB

(i) A'={2, ;1,
(i) ct={1, 3,

{2,3,5,7, 8,11, 12}
6,8,9,11, 12}
4,5,6,7)

)
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(iv) B—A={4, 6, 9}. B-A Implies elements in B butnio A.
(v) A-C =11, 3,5, 7}. A—C Implies elements in A bobt in
C.
Combine Examples:
1. Given that; A = {prime numbers less than 20}
B = {x1: 0 < xx15}
C ={Even numbers less than 20}
Find: (a)u
(b) A'nC!
(c) n[(AnB)'UCY]

2. Given thatn ={...-5, -4, -3,-2,-1,0, 1, 2, 3...}
X ={p: p< 9}
Y={q:-15<q<12}
Z={r.r>0}

(@) Listthe elements of X, Y and Z

(b)  Find (XUY)'nz

Solution
1. A={2,3,5/711,13,17,19}
B={1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 18}
C={2,4,6,8,10, 12, 14, 16, 18}
(@ p=AUBUC={1,2 3,4,56,7,8,9, 10, 11, 12,14,
15, 16, 18,19}
(b) A'={1,4,66,8,09,10,12, 14, 15, 16, 18}
c'={1,3,5,7,9, 11, 13, 15, 17, 19}
.. A'nC'={1, 9, 15}
(c) AnB={2, 3,57 11, 13}
(AnB)'={1, 4, 6, 8, 10, 12, 14, 15, 16, 17, 18, 19}
c'={1,3,5,7,09, 11, 13, 15, 17, 19}
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.. (AnB)'UC' = {1, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19}

Hence, n[(AnB)UC] = 18 i.e. there are 18 elements
(AnB)*UC*

n={..-5-4,-3,-2,-1,0,1,2,3,4,5..}
X ={9, 10, 11, 12, 13, 14, 15, 16...}

Y ={-14, -13, -12, -11, -10, -9, -8, -7, -6, -8, -3, -2, -1, 0, 1, 2,
3,4,5,6,7,8,9, 10, 11}.

(XUY) = {-14, -13, -12, -11 ...}
(XUY) '={... -16, -15}

Zz={1,2,3,4..} .zZ'={...-16,-15,-14 ...0}

L (Xuy)tnZt={... -16, -15}
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SELF-ASSESSMENT EXERCISE

Given the following:

Universal set = {1, 2, 3...10}
A={1,23,4,5, 6}
B={4,5,6,7,8}

Find:

(@) AUB
(b) AnB
c) B

Given the sets:;$={2, 4,6}, S={7,26} s ={4, 2, 6}and $=
{2, 4}, which of the following statements is/aree

@ S=5
(b) S CS
c) 45
(d B5E€S

(e) SC§

If A ={all multiples of 3 less than 20}
B = {all multiples of 6 less than 20}
(a) List the elements of A
(b) List the element of B
(c) Listthe element of AUB
(d) List the elements of AnB.

4.0 CONCLUSION

Set notations are terminologies that are very disgdem set theory. They
enable us to establish the relationship among kaments of a set as
well as the interactions between one set and therst

5.0 SUMMARY

Set notations are the signs and symbols used te drationship and

conclusion among the elements of a set as welleasigns and symbols
used to establish interrelationship between thenef#s of one set and
the elements of the other.

Terminologies used in set theory include subsets @oper subsets,
universal sets, empty sets intersection of two orersets, union of two
or more sets, complement of a sets difference of sets, etc. These
terminologies are peculiar languages, which ardusikely used in set
theory as defined in the content of this unit.
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6.0 TUTOR-MARKED ASSIGNMENT

1. Write the following in set notation:
(@) The set of all real numbers greater than 27
(b) The set of all real numbers greater than 8 buttless 43.

2. Enumerate all the subsets of the set {a, bHoOWw many subsets
are there altogether?

3. IfE={1,23,4,5,86,7 8}

A={1,2 4,8}
B={1,3,5 7}
C={2,4,6,8}
List the elements of:

(i) A!

(i) B!

(i) C'UA*

(iv) AnB

(v) B'nC!

4, Given thaty ={-5, -4, -3,-2,-1,0, 1, 2, 3...}
P={x:-8<X<8}

R={y:y<12}
Required
@ P
(b) R
(c) PR
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1.0 INTRODUCTION

Like every other mathematical principles or thearéhe set theory is
guided by some laws. These laws are meant to edtabkrtain
identities that may result from the use of varisasnotations. The laws
have been put to test using various sets and etsraad they have been
validated over time.

2.0 OBJECTIVES
At the end of this unit, you should be able to:

) outline the basic laws in set operations
° use some sets to confirm each of the laws.

3.0 MAIN CONTENT

3.1 General Overview

Set notations exhibit certain relationship inteatieinship. This
relationship results into some conventional setperties and laws.
Among these laws are Idempotent law/property, cotatue
law/property, associative law/property, identityoperty, complement
property and De Morgan’s law.

3.2 Laws of Set Operations

(a) Idempotent Properties: This property states that the union and
intersection of the same set gives the set.
AUA = A
AnA = A
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(b)

(€)

98

For example, giventhat A={1, 2, 3,4, 5, 6,}
B={1,2,5,7, 10}
AUA={1,2,3,4,5,6}U{1, 2, 3,4,5, 6}
={1,2,3,4,5,6}=A
Likewise, BnB={1, 2,5, 7,10} n {1, 2,5, 7, 10}
BnB={1,2,5,7,10}=B

Commutative Properties: The commutative law states that AnB
= BnA and AUB = BUA. This implies that the order thfe set
does not matter in their union or intersection.
For example:

IfA={1,2,3,4,5, 6} and

B={3,4,5,7, 10}

Then,

AnB = {3, 4, 5}
Likewise, BnA = {3, 4, 5}
Hence, AnB = BnA ={3, 4, 5}

Similarly,

AUB = BUA

A={1,2,3,4,5, 6}, B={3,4,5,7, 10}

..AUB={1,2,3,4,5,6, 7,10} and
BUA={1,2,3,4,5,6,7, 10}

Hence, AUB = BUA and AnB = BnA

Associative PropertiesThis state that AU (BUC) = (AUB) UC
and An(BnC) = (AnB)nC

For example, let A ={1
B={24,6,8,
Then, BUC ={2, 3, 4, 6, 8, 9, 10}
AU (BUC) ={1, 2,3,4,5,6}U {2, 3,8, 8, 9, 10}
={1,2,3,4,5,6,8,9
Likewise,
AUB ={1, 2, 3,4, 5, 6, 8, 10}
C={3,6,9, 10}
. (AUB)UC ={1, 2,3,4,5,6, 8,9, 10}
.. AU (BUC) = (AUB) UC

In the same manner,
An(BnC) = (AnB)nC

A={1,2,3,4,5,6}
BnC = {6, 10}

.. An(BnC) = {6}
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AnB = {2, 4, 6}
C={3,6,9, 10}
.. (AnB) nC = {6}
Hence, (AnB) n C = {6} = An (BnC) = {6}

(d) Distributive Law: This property states that
AU(BUC) = (AUB) n (AUC) and An(BUC) = (AUB) U (AnL
From the example above
A={1,2,3,4,5,6}
B=1{2,4,6,8, 10}
C={3,6,9, 10}
AnC = {6, 10
A={1,2,3,4,5,6}
~AU(BNnC) ={1, 2, 3, 4, 5, 6, 10)

But AUB={l,2, 3, 4,5,6,8, 10}
AUC ={1, 2, 3, 4,5, 6,9, 10}
(AUB)N(AUC) = {1, 2, 3, 4, 5, 6, 10}

Hence,

AU(BnC) = (AUB) n (AUC) ={1, 2, 3,4, 5, 6, 10}
Likewise, we can proof that

An(BUC) = (AnB)U(ANC)

BUC ={2, 3,6, 8, 9, 10}

A={1,23,4N5,6}

An(BUC) = {2, 3, 6}

AnC = {3}, (AnB) = {2, 6}

.. (AnB)U(ANC) = {2, 3, 6}
Hence, An(BUC) = (AnC)U(ANnC) = {2, 3, 6}

(e) Identity Properties: This states that the union or intersection of
a given set with respect to an empty set givesdéhdack.
For instance, AUZ = A, And = A
IfA={1,23,4,56} J={}
AU ={1,2,3,4,5 6}=A
An@ ={1, 2, 3,4,5, 6} =

Similarly, the union of a given set with respecttie universal
set gives the universal set while the intersectbra given set
with respect to the universal set , gives the sekl.e. AUl =
and Anp = A

E.g.ifA={1,2,3,4,5}

n={1,2,3,4..10}

Then AU ={1, 2, 3...10} =p.
Anp={1,2,3,4,5n{1,23,4,5,6,7,8, 9,10
SAnp={1,2,3,4,5}=A
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(f)

(9
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Complement Properties:
This states that

AUA' =

AnAl Q or { } or empty set
(Ah*

n= o

For example,
A={1, 2, 3, 4, 5}
={1,2,3,4,5,6,7,8,9, 10}
~A'={6,7,8,9, 10}
~AnA'={1,2,3,4,5}U{6,7,8,9, 10} ={}
AUA'={1,2,3,4,5}U{1,2,3,4,5,6,7,8,9, 10}
7 1

={1,2,3,4,5,6,7,8,9, 10}
A'=1{6,7,8,9, 10}
L (AHY'={1,2,3,4,5)=A
u:{1,234,5 6,7,8,9, 10}
u'={} or @ (Empty set)

De Morgan’s Law

This states that (AUB)E A'nB' and that (AnB}= A'UB*

For examplep ={1, 2, 3 ...10}
A={1,2 3 4,5,6}
B={4,6,7, 8}

Then

AUB={1, 2,3,4,5,6, 7, 8

(AUB)! = {9, 10}

A'={7,8,9, 10}, B={1, 2, 3,5, 9, 10}

A'nB' = {9, 10}

Hence (AUBY = A'nB!

Similarly (AnB) = A'UB!

From the example above
AnB = {4, 6}

(AnB)'={1, 2, 3,5, 7, 8,9, 10}
A'={7,8,9, 10}, B={1, 2, 3,5,9, 10}
A'UB'=1{1,2,3,4,5,6,7,8,9.10}

Hence (AnB) = AUB*
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SELF-ASSESSMENT EXERCISE

4.0

Which of the following statement(s) is/are valid?
(@) AUA=A

(b) AnA=A

(c) AU =A

(d AUp=U

(e) An@ =0

H Anp=A

(g) The complement of Ais A (i.e. (A)'=A)
(h) (BnC)=B'nC'

() AU(BUC) = An(BnC)

() An (BUC) = (AnB)U(ANC)

MODULE 3

Given A={4,5, 6}, B={3, 4, 6, 7} and C ={2,,&}, verify:

(a) Associative law
(b) Distributive law
(c) De Morgan’s law

CONCLUSION

Rules and laws in set theory are designed to sherrelationship
between/among the set notations. Some of the rateproperties
highlighted above have been proved and validatedgusome sets
information.

5.0

SUMMARY

This unit focused on the basic law in set operatiespecially those that
have to do with union, intersection and complemeaftset. The laws
allows for clear understanding about the interrehship among the
major set notations (union, complement and intéisec

6.0

1.

TUTOR-MARKED ASSIGNMENT

Verify De Morgan’s law using the sets below:
n={1,2,3,4..16}
A={1,2,3,4,5,6,7,8,9}

B={8,9, 10, 11, 12}

Given that A={0, 1, 2, 3}; B={5, 6, 7}

Verify whether each of the following is true ofda
(@ A'nB'=(AUB)!

(b A'nB'=¢
(c) AU(BNC) = (AUB) n (AUC)
(d (BY)' =B.
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3. Verify De Morgan’s law using the sets below
n={1, 2, 3,4...16}
A={1,23...9}
B={8,9, 10, 11, 12}
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1.0 INTRODUCTION

The use of diagram to represent information is @roon phenomenon
in Mathematics and other allied sciences. You mhbate been
conversant with the tree diagram in probabilitytdgsam, pie charts, bar
charts, in statistics and so on. Diagrams in forinfigures, charts,
graphs and free hand sketches are illustratives togdd in mathematics
to establish vivid relationship among variablesniérest. Set theory is
not excluded in this category. Information in setsalso provided in
diagrams called the Venn diagram.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

) explain the relevance of Venn diagram to set theory

o solve problems in set theory using Venn diagram

o solve word-problems involving set theory with theewf Venn
diagrams.

3.0 MAIN CONTENT

3.1 General Overview

Venn diagrams consist of oval shapes representing independemt an
interrelated sets drawn in a rectangular spacectwihepresents the
universal set. It is meant to establish relatiomshnd connections
between different set units as well as the intati@hship between the
sets and universal set.

The diagram showing this relationship (Venn diagraras invented by
an English mathematician known as John Venn (1&28) He used
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ovals to represent sets, and the ovals overlappdtkeisets had any
elements in common. Thus, the relationship betwéemnd B is
illustrated as:

If there is no element common to A and B, the Vediagram appears
thus:

However, if A contains every element in B, thatiproper subset of B,
the Venn diagram appears as follow.
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SELF-ASSESSMENT EXERCISE

I What are Venn diagram? What is its relevance ttheetry?
. Draw a Venn diagram illustration the relationshgivieen sets X
and Y if:
0] Some elements are common to X and Y
(i)  No elementis commonto X and Y
(i) Y contains every element in X.

3.2 Simple Set Problems involving Venn Diagrams

The use of Venn diagram is applicable to all protdenvolving sets
operations. However it is very important to comneeits application to
simple set problems involving the use of numbersindicate the
elements or membership of a set.

Example 1

If A = {Prime factors of 30}
B = {Prime factors of 70}
C = {the prime factors of 42}
(a) Listthe elements of A, Band C
(b) Show their relationship in a Venn diagram

Solution
@ A={2, 3,5}
B={2,5, 7}
C={2,3,7}
(b)
A B

It should be noted that ‘2’ is a common elemerdltdghe three sets so it
takes the centre stage i.e. a point of interseatioA, B and C ‘5’ is
common to only A and C. The only number commonets 8 and C is
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7. Having considered the sets common to two or reetg, we observe

sets are left in each of the three sets to occu@y independent spaces.
Hence, the spaces were left vacant. It should bB&saoted that the

universal set is not given, so there is no elenmmd outside the three
oval shapes representing sets A, B and C.

Example 2

Given the universal set as {1, 2, 3,4 ...10}
A={2, 34,5, 6}
B={1,2,57, 9}
Cc={1,3,5,9, 10}

Required:

(@) Present the information using Venn diagram.

(b)  On different Venn diagrams shade the region whatlsfy
the following
(i) AnBnC
(i) B!
(i) (BUC)!
(iv) AUBUC
(v) (AnBnC)

(c) Use the diagram in (b) above to list the eletmeof
sets obtained from b (i)-(v) above.

Solution

Note: ‘8" is an element of the universal set but notsprd in any
of sets A, B and C. So, it is written outside theee oval shapes
representing sets A, B, C.
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b. (i) AnBnC

Note: The shaded area represents the region of inteyseauftA, B
and C i.e. elements common to the three sets.

(i) BY

Note: B' is represented by the elements found outside $et Bl
the areas set B are shaded.
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(i) (BUC)*

Note: (BUC)' implies the area outside the enclosure of B and C.
So, all the spaces outside (BUC) are shaded.

(iv) AUBUC

Note: (AUBUC) is the totality of elements in sets A, BdaC.
Hence, all the set spaces are shaded.
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(v)

C

(AnBnCY

Note: (AnBnC)' implies the area outside (AnBnC). Hence the
entire space is shaded with the exception of (AnNBnC

0] AnBnC = {5}

(i) B'={3,4,6,8,10}

(i) (BUC)'={4, 6, 8}

(iv) AUBUC={1,2,3,4,5,6,7,9, 10}
(v) (AnBnC)={1,2,3,4,6,7,9, 10}

SELF-ASSESSMENT EXERCISE

Given that
A = {all prime numbers between 10 and 30}
B = {all even numbers between 9 and 29}
C = {all multiples of 3 between 10 and 29}
Required: (a) List the elements of each set and dravenn
diagram showing the relationship among the sets.
(b) In separate Venn diagrams, show the regi@t th
satisfy each of
0] AU(BNnC)
(i)  (AnB)UC
(c) Listthe elements of b(i) and b(ii) above
(d Is AU(BNnC) = (AnB)UC? What do you think is
responsible for this?
If P and Q are sets, using a Venn diagram, shasl¢ottowing
relationship on different diagrams

(@) PnQ
(b) PUQ
(c)

@ <
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4.0 CONCLUSION

Representation of sets and their elements witlusieeof diagram (Venn
diagram), is not only meant to show the interactamong the elements
or among the sets, it is also an alternative wayat¥ing problems

involving set notations. This is illustrated in Exale 2 of this unit.

5.0 SUMMARY

This unit exposes us to the origin of Venn diagraine, relevance of
Venn diagram in set theory and analyses as welthas practical
application of using Venn diagram in presentingraats of sets and
their interrelationship as well as using the sanmgram to solve
problems involving set notations.

6.0 TUTOR-MARRED ASSIGNMENT

1. Draw Venn diagrams illustrating that (AUB) UCAY (BUC),
assuming the sets have some elements in common.

2. If A = {all multiples of 3 less than 20}

B = {all multiples of 4 less than 21}

List the elements in AUB, AnB and use separateriéiagrams
to confirm the answers for AUB, and AnB respectel

3. Study the Venn diagrams below carefully and evaut the set
notation that satisfies the shaded portion.
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(€) (d)

4.  Giventhat U={1,2,3...15)

A = {factors of 12}
B = {Multiples of 3}
C = {Prime numbers}
Required: Obtain the elements of A, B and C, hence prefaat
information using Venn diagrams.
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UNIT 5 APPLICATION OF SETS (VENN DIAGRAM)
TO MANAGERIAL AND ECONOMIC
PROBLEMS

CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1 General Overview
3.2 Solving Practical Problems using Wé&iagrams
4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
7.0 References/Further Reading

1.0 INTRODUCTION

The use of Venn diagram is not limited to simplemeblems in which
element of a set have already being identifiets &qually applicable to
real-life problems in which the numbers of elemeraking up a group
or set is identified.

2.0 OBJECTIVE
At the end of this unit, you should be able to:

o apply Venn diagram to solve day to day problem iving two
or three sets.

3.0 MAIN CONTENT

3.1 General Overview

In our day to day activities, we are confrontedhwitategorisation of
people or objects in different classes or divisionthe course of doing
this, there may be overlapping of one element appg# two or more
sets. For instance, students in a class may be tab$peak English
language or French fluently. Among these set adestts, some may be
able to speak the two languages and some may radtlbeéo speak any
of them fluently. In the course of analysing thigere may be a need to
introduce Venn diagram.

Another example is the elective courses taken hgestts in higher

institutions. For example, if course A, B and C arade available as
elective courses. Some students may offer oneeofdhirses; some offer
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combination of two courses while some may offerttiree courses. It is
equally possible for some students not to offer a@nghe three courses.
To be able to carry out mathematical analyses erdistribution of the

students that offer courses and combination of segyrthe use of
appropriate Venn diagram may be required.

3.2 Solving Practical Problems using Venn Diagram
Example 1

A survey in a class shows that 15 of the pupily miacket, 11 play
tennis and 6 play both cricket and tennis. How mpgils are there in

the class, if everyone play at least one of thesees?

Solution
L=

C = {15} = {11}

n(C) = 15; No of Pupils that play Cricket
n(T) = 11; No of Pupils that play Tennis.

Note: If 6 pupils play both games, recall that, the fpre part of the

entire pupil that play cricket so the remaining ibwio play cricket and

not tennis equals to 15-6 = 9. Likewise for Tenrssme of the 11

students are already part of the 6 pupils that path games. Therefore
those who play tennis alone equals to 11-6 = 5.

Since everybody play at least one ek¢ghgames, it implies that there
are no pupils that play neither of the two games.
.. Number of students in the class = 6 + 9 + 5 pdils
.. x=n(CUT) =20

Example 2
A survey conducted for 50 members of staff in agaarsation shows

that 30 of them have degree while 35 possess Dgldi8 of the
employees possess neither of the certificates.
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Required

(a) How many have Degree but not Diploma
(b) How many have both Degree and Diploma

Solution

u =50

D = {30} d = {35}

“D” represents the employees who have Degree
“d” represents the employees who have Diploma

X" represents the employees that have both degndediploma
u = Universal set or set of all employees
.x=n(Dnd)
30 -x+x+35-x=50
30+35-x=50

65 —x =50
65 — 50 + X
x=15

The Venn diagram can now be redrawn as thus:

u=>50

D = {30} d = {35}

Note: 15 + 15 + 20

n =250
(@) No of employees that have Degree but not Diplen30 — x = 30
—-15=15
(b)

No of employees that have both Degree and Dipla =15
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Example 3

Given that n (X) = 24, n(Y) = 28, n(XUY) = 40, n(O¥)* = 5. Use
Venn diagram to find

0] n(xXnY)
(i) n(xh
(i)  nXnY)*!
(iv) n
Solution
X{24} Y{28}

Note:n(XnY) =24 —x + x + 28 —x =40

52-x=40
52 -40=x
x=12

The Venn diagram can now be redrawn as

X{24} Y{28)}

From the Venn diagram
) n(XnY)=12
(i) nx)=16+5=21

Note: n(X') represents values outside the oval shape of. X6.and 5.
(i) n(XnY)'=12+16+5=33
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Note: n(XnY)* represents the values outside the intersectiotiafd Y.
These values are 12, 5, and 16.
(iv) p=12+12+16+5=45

Note: p is the totality of all the values in the Venn dig.

Example 4

In a school of 140 pupils, 60 have beans for bstkind 90 have
bread. How many students have both beans and foebadeakfast if 10

pupils took neither beans nor bread?

© =140

B{60} b{90}

n(B) = no of pupils that take beans = 60
n(b) = no of pupils that take bread = 90
x = no of pupils that have both beans and breabreakfast.

60 —-x+x+90-10=140

160 — x = 140
160 — 140 = x
20 =X
x =20

The Venn diagram is redrawn as follows:

i =140

B{60} b{90}
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Note: 10 + 40 + 20 + 70 = 140
40+ 20 =60
20+ 70 =90

.. 20 pupils have both beans and bread for breakfas
Example 5
In a class of 60 students, 30 speak English Largdiagntly while 25
speak French language fluently. If 5 students geals both languages,
how many cannot speak either of the languages? iHamy speak only

one language?

Solution

X

n(E) = No of student that speak English languageriily = 30

n(F) = No of student that speak French Languagmftly = 25

n(EnF) = no of student that can speak both Eng¢lestguage and
French =5

x = No of students who cannot speak any of the Laggs

LX+25+5+20=60

X + 50 =60
X =60-50
x=10

Therefore, those who speak only one language argetlwho speak
French only and those who
speak English only.
=(30-5) +(25-5)
=25+20
=45
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Example 6

A newspaper agent sells three papers, the Timedtimeh and the
Nations. 70 customers by the Times, 60 the Pundlb@rthe Nations. If
17 customers buy both Times and Punch, 15 buy Pandrihe Nations
and 16 the Nation and the Times. How many custoimeve the agent if
3 customers buy all the papers?

Solution
n=x

T{70} P{60}

N{50}

N(T) = no of customers that buy the Times
n(P) = no of customers that buy the Punch
n (N) = no of customers that buy the Nation.
.. Those who buy only times =70 — [14 + 3 + 13]
=70-[30] =40
Those who buy only Punch =60 —[14 + 3 + 12]
=60 —[29]
=31
Those who buy the Nation only =50 — [13 + 3 + 12]
=50-[16 + 12]
=50-28
=22
.. The total number of customers
=40+14+31+12+22+13+3
= 135 Customers.
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Example 7

Of the 112 students from college of Education, Xadr both
Accountancy and Sociology, 70 read Accountancyamidogy but not
French, 27 read Sociology but not Accountancy anEh, 53 read
Sociology or French but not Accountancy, 19 readnEh but not
Accountancy or Sociology and 8 read Accountancy Rmhch but not
Sociology. Assume that each student reads at deesof these courses.
How many of the students read:

0] All three courses?
(i)  Only one course?
(i) Only two courses?

F

n(A) = no of students who read Accountancy
n(S) = no of students who read Sociology
n(F) = no of students who read French
n = no of students who read Accountancy, Socioklgy French
i.e. those who read all the three courses.
n(AUS) = 70
La+19-x+27=70
a—-x+46=70
a=70-46 +x
a=24+X ..., (1)
n(SUF) =53
b+19 + 27 =53
b+ 46 =53
b=53-46=7
Since n(AUSUF) = 112
,a—-19-x+8+x+19+b+27=112
a—-19-x+8+x+19+7+27 =112
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a+80=112.... (i)

But from equation (i)
a=24+x
Substitute (i) into (ii)
24 +x+80=112
X+ 104 =112
x=112-104
X=8
.a=24+8=32

Then, the Venn diagram is drawn as thus:

F

() Those who did all the three courses = 8
(i) Those who did one course = 32 + 27 +19 =76
(i) Those who did two courses =8+ 7 + 11 = 26

Example 8

In a class of 35 students, 20 speak Hausa, 16 dgbakand 18 speak
Yoruba. If 8 speak Hausa and Yoruba, 7 speak Handalgbo and 6
speak Yoruba and Igho. How many speak all the tlareguages?

u =35
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Those who speak Hausa only = 20 — [8 — X + x—~txb
=20 —[14 — X]
=6 +X

Those who speak Igboonly =16 —[6 —x + X + ] — X
=16 - [13—-x] =3 + X

Those who speak Yoruba only = 18 — [8 — x + X=X}
=18-[15-%x] =3 +x

LJHUYUI=50
6+x+8—x+x+6—x+34+x+7—x+3+x
=35
33+x=235
x=35—-33=2

.. 2 Student speak all the three languages.

The Venn diagram can be drawn as thus: -
p{35}

H{20} Y{18}

1{16)}

SELF-ASSESSMENT EXERCISE

Explain briefly how Venn diagram could be used ¢tdve day to day
problems involving set of objects.

4.0 CONCLUSION
The use of Venn diagram is not only a compact wiagresenting set

information, it is also an alter nature approachsoiving practical
problems involving sets.

5.0 SUMMARY

This unit examined the roles of Venn diagram irvisg) practical words
interrelationship among elements of a set andisedsuniversal set can
best be illustrated with the use of Venn diagrams.
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6.0 TUTOR-MARKED ASSIGNMENT

1. A survey was carried out to find out whether geoprefer
chocolate P or chocolate Q of two chocolates tlaewasted. 55
people tasted the chocolate and the Venn diagrdawb&hows
the information obtained.

p Q

How many liked:

(@) Chocolate P?

(b) Both chocolates

(c) Chocolate Q but not P?

2. 40 pupils were asked which of the televisiongpaon A and B
they watched but night: 15 watched both progranwatched
neither of the programs. If the total of the pupiat watch

program A;
(@) How many pupils watched program A but did not watch
program B?
(b) What was the total number of pupils who watched
program B?
3. The Venn diagram shows the number of toward@ssorvey who

could speak English, set N, French set F and GergedIt:
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(@)
(b)

MODULE 3

How many tourists altogether were questionedthe
survey?

How many tourists could speak the followingdaages?
0] English and German

(i)  Only German

(i)  Neither English, French or German

4. In a survey to determine the most popular hateBauchi,
Nigeria; some businessmen who come to Bauchi fragueere
interviewed and the following results obtained:<0d they stay
in Zaranda 60 Hotel, 75 in Awala and Sogiji Hoté&l4, patronise
Zandara and Sogiji. All least interviewed have paised at least
one or the three hotels. If 40 of these businessparonised
Awala hotel only:

(a)
(b)
(©)
5. (@)
(b)

()

How many of them patronise all the three hotels?
How many businessmen were interviewed altogether
How many patronise Sogiji Hotel only?

Given that n(X) = 17, n(Y) = 13 and n (Xn¥)5. Use
Venn diagram to find n(Xn¥) If u = 40.

If n(X) = 19, n(X) = 20 and n(XUY) = 39. Use ¥e
diagram to find n(XnY).

If n(Y) = 10, n(XUY) = 26 and n(XnY) = 5. Useevin
diagram to find n(X).
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MODULE 4 SEQUENCE AND SERIES

Unit 1 Meaning and Types of Sequence and Series
Unit 2 Arithmetic Progression (AP)

Unit 3 Geometric Progression (GP)

Unit 4 Application of Series and Sequencesdoremics,

Business and Finance

UNIT 1 MEANING AND TYPES OF SEQUENCE AND
SERIES

CONTENTS
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3.1  General Overview
3.2  Definition and Types of Sequence and Serie
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1.0 INTRODUCTION

In the first module of this book, you were introdddo the real number
system. You will observe that integers are setegative and positive
whole numbers including zero (0) as a neutral numleset of integer
may be written following a particular order e.g.

@ 1, 2, 3, 4, D e e,

) -1 -2 -3 -4 -5 -6 -7 ..

(c) 2, 4, 6, 8, 10, 12 i

(dy 1, 4, 9, 16, 25, 36...ccceeiinnnnn.

() -10, -20, -30, -40, -50, -60, -70................

) 2, 4, 8, 16, 32, 64, 128 ......cccciiiinnnnn

You observe that each of these set of number Isaswin peculiar
pattern or order of construction. For example,

(@) Is a set of positive integer (increasing by a ueitadding (1) one
to the previous)

(b) Is a set of negative integers (reducing by a ueitsubtracting (1)
from the previous
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(c) Is a set of positive even numbers (obtained by icoats
addition of 2)

(d) Is set of squares of numbers i.e. perfect squares

(e) Is obtained by subtracting 10 from the subsequetbfsnumbers

)] Is obtained by multiply the subsequent term by 2

These set of numbers are written based on a spealg and they are
collectively known assequence. It should be noted that sequence can
also be a set of fractions, decimals or even igdiCEhe essential
requirement for a set of number to form a sequénteat there must be

a defined pattern or rule(s) in forming the sehwibers or terms.

20 OBJECTIVES

At the end of this unit, you should be able to:

o define the term “sequence” and “series”

o identify the basis types of sequence series

o solve problem involving arithmetic progression agelometric
progression

o apply the basic principles of sequence and semessdive

practical question relating to sequence and series
3.0 MAIN CONTENT

3.1 General overview

Every magnitude (figure) has the tendency to irsgealecrease, be
multiplied or remain constant over time. The abildof a positive

number to increase is subject to be added to angibstive number

(except 1).

Similarly, a positive number decrease when it islead to another
negative number or a positive number is taken fioor divided by a
positive number (except 1). A number remains theesd multiplied by
1, divided by 1 or added to zero or zero subtrafrtad it.

A sequence is formed when a set of number is isorgaor decreasing
by a constant value as the term of the sequeneebeang formed. For

example:

a. -2,-4,-6,-8,-10, ...
b. 4, 8,10, 11, 15,17, 19, ....
C. 10, 20, 30, 40, 50, 60, ......
d. 2,6,8,54,162, ..............
e. 90, 80, 75, 65, 50, 40, .....
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It should be noted that only sets of numbers in (@) and (d) form
sequence of number because the pattern of theadecr increase is
uniform over time. Although set of increases butlmwa constant value,
so also the set of numbers in (e). Therefore satiofbers in (a), (c) and
(d) form a sequence, while those in (b) and (enalo

SELF-ASSESMENT EXERCISE

For each of the following set of number, state \waeit is a sequence or
not.

i 10,9,8, 7 .cvvvenen...
i 8,9,11,14,18,23............
i. 0,-2,-4,-6,-8............

iv. 144,72,36,18............

V. Yiaa Y11 hoos Vet Vogevnnenenns

3.2 Definition and Types of Sequence and Series

A sequence or progression of numbers is a set of number arranged in
some order or rules with a constant pattern of ¢noov decline in the
set of figures which will guide us to determine sgsive terms from
their predecessors. Example of see include:

2,4,6,8,10, ..............

2,-1,-4,-7,-10, ......cce..

1,2,4,8,16,32, ..cceen......

It could be observed that in the first sequenceh eaiccessive term is
greater than its predecessor by 2. In the secomplesee each
successive term is smaller than its predecess@ Wwhile in the third
sequences each successive term is twice its prestece

A series is obtained when the terms of the sequence areected by
positive or negative signs e.g.

2+4+6+8+10...

2+ (-1) + (-4) + (-7) + (-10)...

144 - 72 — 36 -18 ....

A series in which successive terms have a comnféereint or common
ratio known as progressive.

These are two major types of progressive namely:

I Arithmetic progression

. Geometric progression

A sequence or progression of numbers where terme ltanstant
difference is arithmetic sequence or progressive.
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The sum of the terms is calledithmetic series. This implies that if a
sequence of the term (set of numbers) is suchthieadifferent between
any terms and the one immediately preceding itasrestant, such terms
are said to form arithmetic progression. Examplégshe arithmetic
progression are:

5,8,11, 14...

a,a+d,a+2d,a+3d...
a-2d,a-d,d,a+td,a+2d....

An arithmetic progression is therefore describedaagrogression or
series formed by continuous addition or subtraciaofonstant value
called the tommon difference’ (d). In the example above, the common
different of 5, 8, 11, 14..is 3 ,thatof 3,-1,-5,-9 ,is — 4, the

common different of—2, _73 % 1, 1% .......... IS 1% while that of at a —

2d, a-d, a, a+d... isd. The common differencetmnbtained as thus:
T,-Ti=Ts—To=T4—Ts  Ton—(Th—1)

Where T = second term, 3= third term, T = first term, T, = fourth

term, T, = nth term and T is the term that preceded thid term.

If, in a sequence of terms, each term is a congstautiple of the
preceding the terms are said to begmometric progression. In a
geometric progression (or sequence), there is armnratio between
each term and the previous term. The sum of then ter such
progression is known as geometric series. A geaenptogression has
the same ratio of all consecutive terms. It cam dle defined as a
sequence which is formed by a continuous multiglcaor division by
a constant value known as a common ratio (r). ddmemon ratio (r) is

LLL T

n

gvenashh- _Ts_ Toiwhere T,T,, Ts, Ty, and T, ; are as
defined under the geometric progression.

Examples of geometric progression (GP) are:
3,6,12,24 .....

In the first example successive terms obtained hytiplying to
6

preceding term by 2 (the common rateSis= 2). In the second example,
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1

the successive terms are obtained by multiply teequling term by2
4 1

or by dividing the preceding term by 2 (the commnatio is 8 2 ). In

ar ar?

the third example, common ratioa:_ ar =y

It should be noted that a special sequence or @ssgm is obtained by
certain manipulation that is not uniform. Succesderms are obtained
by reasoning and following the trend or patternh® sequence. Such
sequences are not generated by a specific forfaxEmple includes:

1, 4, 9, 16, 25............
1 2 3 4 5

121 10C 81 64,49,
89 1,14,18,23 ..coooooo....

The first sequence is a set of perfect squarsageare of numbers. You
will observe that the differences between eacthefsuiccessive terms is
not constant (the first is 3, then 5, then 7, t8¢rout the difference

themselves form an arithmetic progression. The regtaxample is a

sequence obtained by fraction of increasing whaelmler numerators

and decreasing perfect square denominator. Althoottper terms in the

sequence can be generated but by general reasdifiagast example

under the special sequence is obtained by an siagedifference. The

difference between 8 and 9 is 1 that of 9 and 12, snd so on. Hence,
the differences, not the term form the AP of 13,24, 5..........

SELF-ASSESSMENT EXERCISE

I Distinguish clearly between arithmetic progressaod geometric
progression. Give example of each.

. In what ways is special sequence different frontharetic
progression and geometric progression?

40 CONCLUSION
Progression or sequence are not just sets of siageabr decreasing
numbers but a set of numbers formed following angef rule. This

makes it difference from special sequence which farened by
manipulations obtainable from the trend or pattdrthe existing terms.
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5.0 SUMMARY

Sequence can broadly be classified into two; aetiitnprogressions
(formed by continuous addition or subtraction afcenmon difference)
and the geometric progression (formed by a contisunultiplication or
division by a common difference). At the extreme dhe special
sequences which are generated by aptitude reasoning

6.0 TUTOR-MARKED ASSIGNMENT

For each of the following progression,
1. Identity the type of sequence

2. State the common difference or the common ratiat {§ AP or
GP)
3. Generate the next four terms of the sequence:
0] 1,2,3,4,5 ...
(i) 1,4,9,16,25 ..............
(i) 8,9,11,14,18,23 .............
(iv), 6,4,2,0,-2.............
(V) 144,72,36,18 .................
(vi) 2,4,8,16,32................

(vii) %44, %2], %OC, %1 .......................
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1.0 INTRODUCTION

In the preceding unit, you have learnt about twgomigpes of sequence
namely, arithmetic progression (AP) and the geadmgtrogression
(GP). You are aware that arithmetic progressioms generated by a
continuous addition of a common difference and that pattern can
continue over a set of terms. Some mathematicaldta can be used to
generate large numbers of terms. Manual generaticguch terms by
following the rules may be time consuming and feeafhen some terms
such as 50th terms, 100th term, etc. are to bergtak More so, sum of
terms no matter how large the number of termsas,be obtained using
some mathematical formula. The formula generatireggterm is called
then'™ term formula while the one generating the sum is the sum of the
arithmetic progression to th& term.

20 OBJECTIVES

At the end of this unit, you should be able to:

o generate the'htern of the progression
o generate the sum of a given arithmetic progression
o obtain the common difference or the first term of AP given

some sets of information.
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3.0 MAINCONTENT
3.1 n™Term of Arithmetic Progression

The " term of an arithmetic progression (AP) is the reathtical
formula used to generate any term in a given aetiomprogression.
Assuming the first term of an AP is given as ‘a’dathe common
difference is given as ‘d’. Then th& term of an AP is mathematically
given as:

T.=a+ (n- 1)d, whereis the nth term.

For instance,
Mterm=T,=a+(4-1d=a+3d
18" term = Tg=a + (18 -1)d = a + 17d, and so on.

Examples
1. Find 12¥ term of the AP given as 5, 8, 11....

Solution

T,=a+ (n-1)d

a=Tf'term=5

d = common difference =, F T,=8-5=3
T127 =a+t (127'1) 3

T127: 5= (126) 3

T127: 5+ 378

T127: 383

2. How many term has the arithmetic progressionl8,14, 17, ...,
380

Solution
Note: T.=a+ (n-1)d
The question requires the position of 380 in ththaretic progression
l.e. the value of n, given that ¥ 380,a=8andd=11-8=3
380=8+(n-1)3
380=8+3n-3

380-8+3=3n
372+ 3=3n
375
n= 3 =125

Therefore the AP has 125 terms.
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3. Insert 6 arithmetic terms between -3 and 18.

Solution

Letthe AP be -3,4a,c,d, e, f, g, 18

l.e.b, c, d, e, f, and g are the terms to be isdert
Tn=a+ (n-1)d
18=-3+ (8 -1)d

Note: 18 now becomes thé"8erm and the difference is not yet known.
Opening the brackets, we have 18 =-3 + 7d
18+3=7d
21=17d
21

E
3

d

d

Since the difference =3 and a = -3
b=2ndterm=a+d=-3+(-3)=0
c=3rdterm=a+2d=-3+2(3)=3
d=4thterm=a+3d=-3+3(3)=6
e=5thterm=a+4d=-3+4(3)=9
f=6thterm=a+5d=-3+5(3) =12
g=7thterm=a+6d=-3+6(3)=15

Hence, the terms inserted are b, c, d, e, f, antligh are 0, 3, 6, 9, 12,
15,
Then the AP becomes: 0, 3, 6, 9, 12, 15, 18.

4, The 21 term of an AP is 50,000, if the first term is 2000 Find
the common difference.

Solution
T,=a+(n-1)d
50000 = 20,000 + (21 - 1)d
50,000 = 20,000 + 20d
50,000 — 20,000 = 20d
30 000 = 20d
d = 30,000= 1500
20

5. The fifth and eighth term of an AP are 9 andr@3pectively.
Find
(@ The common difference;
(b)  The first term;
(c)  The nth term; and
(e)  The 21term.
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Solution
Tn=a+(n-1)d
Ts=a+(b-1)d

9=-a+4d------ (i)
Likewise, i=a + (8-1)d
27 =a+7d -------- (i)
Solving (i) and (i) simultaneously,
-a+4d=9........ ()
a+7d=27.......... (i), subtracting (i) from (ii)
7d-4d=27-9
3d =18
d :18/3
d=6

.. Common difference = 6
From equation (i) 9 =a + 4d
9=a+4(6)
9=a+24
9-24=a
a=-15

The AP is -15,(-15+6), (-15+6 +6), (-15+6 + 6)...........
=-15,-9,-3, 3,9, 15, 21, 27
The " term if the AP, F=a + (n — 1)d
=-15+(-1)d
-15+(n—-1)6
-15+6n-6
=-21 +6n.
o 2lstterm=T,=a+ (21 - 1)d
71=-15 + (20)d
J,=- 15 + 20(6)
7. = -15 +120
=105

SELF-ASSESSMENT EXERCISE

. Find the 18 term of the following AP

@ 1,4,7.....
(b) 2,2/, 3......
(c) 10,8,6........

il The 4" term of an AP is 13 and the second term is 3 firel
common different and the first term

iii. The 4" and the ¥ term of an arithmetic sequence are 6 and 15

respectively. Find the'hterm of the sequence
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iv.  The 9" term of an arithmetic sequence is 12 and tH&t&#m is
28. Find the % term.
V. If 3, X, y, 18 are in AP. Find x and y

3.2 Sum of an Arithmetic Progression

Term in an arithmetic progression can be addedthegeaising either of
the formula below.

E{a+|}

S, =2 where a = first term anld= Last term n = nth term. i.e. the
number of terms to be added .
OR
Na+ (n-1d! _ _
S= 2 where a = first term d = common different and n =

nth term.

The two formulae are proved the same as thus:
Recall, AP is in the form:
a, a+d, a+2d...........

Therefore, their sums become
at(@+d)+@+2d)+.............. 0]

Recall that the nth term = a + (n — 1)d, call this
Writing the series from backward we have
l+(-d)+(-2d) ... ooennen, (i)

Each term of series in (i) added to the correspunderm of series in
(ii) gives (a + I). There are n terms and so tha sain(a + [).This is the

En(a+|)
sum of two equal series and so the sum of eaéh is
Recall that = 2+ (n-1)d

1n(a+|) :ln{a+ a+(n-1)d}
2 2
:%n{2a+(n—1)d}
n
or—i2a+ (n—-1d
And so 2{ /
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Example

1. Find the sum of 28 term of the arithmetic pesgion 3 + 10 + 17

Solution
N2a+ (n-1)d}
a=3,d=7,n=28, ,§2
2—28{2><3+ 8- 17}

58:=14{6+ 27(7)}=14{199} = 2730

2. An arithmetic sequence has first term as 3 #r&d common
difference of 2. How many terms are needed to nsake equal
to 99?

Solution

n
—2a+(n-1)d
Recall: § = 2{ }
S, =99, n =unknown,a=3,d=2

_%n{2x3+ (n-1)2}

%n{6+ 2n - 2}

99 = , Cross multiply
198 = {6+2n—2}

198 = n{4+ Zn}

198 = 4n + 2f

.. 2rf+ 4n — 198 = 0 (divide through by 2)
n’+2n-99 =0

Using factorisation method,

n’+11n —9n — 99 =0

n(n +11) -9 (n +11) =0

(n-9(n+11)=0

nN-9=0 n=9%o0orn+11=0,n=-11
Therefore 9 terms are needed to make sum equél to 9

3. Find the sum of the AP given as: 1'h3 6 + ....... + 101
Solution
a=1

d = 3/,-1=2", 0r 2.5 nth term =101
~n"term=a+ (n - 1)d
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101=1+(n-1)2.5
101=1+25n-25
101 -1 +2.5=2.5n
102.5 =2.5n
N =102.5
2.5
n=41
: The AP has 41 terms
N2a+ (n-1d!
: Sum of AP =Sn 2

4?1{2>a+ (41- 125}

s41 =
541 = 20,52+ 40x25}

- 20.5102

= 2091

4. The first and the last term of an AP are 5 400 respectively.
Find the sum of the AP, if the AP has 20 terms.

Solution
S :g{a+l}

S, = 2—20 {5+100}

S0 =10 1103 = 1050.

SELF-ASSESMENT EXERCISE
I Find the sum of the first 14 term of the AP. 3+ 8 + 11 + 14

i.  The 7" term of an arithmetic sequence is 12 and tH&tédm is -
3. Find the sum of the first three terms.

iii. The second term of an arithmetic sequence is 15tmgdum of
40" term is 3560. Find the sum of the first 41 terms.

\Y2 How many term of the series2 + 5+ 8 + 11+...... aredee for
the sum to exceed 2007

V. Find the sum of the 18 term of the serids 2 3*/,+5+....

Vi. Find the sum of the AP given as 30........ 720 if theme 50 term
in the AP.
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40 CONCLUSION

Series are obtained when term of a sequence areciau with positive
or negative signse.g. 2+4+6+8+ 10, 2-41—7-10.0r2 + (-1) +
(-4) +(-7) + (-10)....... Sometimes the term may bensmonerous that
mental summing up of the term may be extremelyialiff. In such

circumstance the formula for finding the sum otharietic progression
(AP) is applied.

50 SUMMARY

Sum of arithmetic can be obtained using two apgreaaepending on
the nature of arithmetic progression.

Na+ (n-1d}

The sum of AP = $=2 , when the common difference can
be obtained, however, when only the first term #mel last terms are
Nasi)

given the sum of the AP is given as=5? :
Two formulas have been proved to be the same.

6.0 TUTOR-MARKED ASSIGNMENT

1. An arithmetic sequence has its first term aan@ the common
difference 3 the sum of th&term is 77. Finch.
2. The first term of an arithmetic sequence i@ the sum of the

first 20 terms is 445. Find the common difference
3. The third term of an Arithmetic Progressioiand the 16 term
is 47. Find the first term and the common diffeef this AP.
The 14 term of an AP is -15 and the common differencesis
Find the first term and write the first six terms.
If -5, p, g, 16 are in AP. Find p and g.
Findn, given that 697 is the nth term of the AP.4, 14., 1.
How many terms have the series 1,4, 7 ....... (8y?—
The sum of the8and ¢' term of an AP is 6 and their product is
Find the sum of the first fifteen term of tlemaence.
Giventhat3+7 + 11 + 15 +.... is an AP find
a. the K term;
b.  the 1{ term (T;1); and
C. the sum of the first 120 natural numbersstie by 6.

B

© 00N,
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1.0 INTRODUCTION

In the last unit, you learnt about arithmetic pesgion which is a
sequence of numbers generated by continuous additisubtraction of
a constant number called common difference. Se@seace of two

main types namely arithmetic progression and gegenptogression.

Geometric progression unlike the arithmetic progias are sequence
of numbers generated by continuous multiplicationdwvision by a

constant value called the common ratio. Some madheah formula can

be used to generate large volume of term of gearnptogression.

Geometric progression have the tendency to genexratemely large or
small numbers such that it could be extremely tdskind time

consuming to obtain terms like 'B6rm, 108 term, etc.

More importantly, sum of geometric progression,nmatter the quantity
of the term being considered can be easily obtaingld the use of
mathematic formulas depending on size of the commaio the

formulas generating the terms in the geometric i@sgjon is called the
n™ term of the GP while the one used to compute time sf the GP is
the sum of GP to the nth term.

20 OBJECTIVES

At the end of this unit, you should be able to:

o generate the'hterm of geometric progression
o generate the sum of any given geometric progression
o obtain the common ratio or the first term of a @Rvided some

adequate information are given.

139



ECO 153 INTRODUCTION TO QUANTITATIVE METHOD |

3.0 MAINCONTENT

3.1 n™Term of Geometric Progression

The A" term of a geometric progression (GP) is the matttieal
formula used to generate any term in a given geamenptogression.
Assuming the first term of a GP is ‘a’ and the coomnmatio is ‘r’ then
the nth term of a GP =.F af"*, where T, is the nth term e.g. 6th term =
Te=afl=ar

12th term =T, = at**= a*!, and so on.

Example

1. Given a series as follow
2+ 4+ 8+ 16 + .... Find the value of the 20thmteof the
sequence.

Solution
The sequence is a GP because the proceeding tdveing multiplied
by a constant value.

To generate the subsequent terms.

T.=ar?
L 4
TZO:af"l’ r="1= 2
Typ=2 (Zfo_l
—ol. 919 _ 20
2. Insert four geometric terms between 2 and 486.

Solution
Let the GP be: 2, w, X, y, z. 486.
Therefore 486 becomes th8 @&rm.
Lo Tg= afn-l
T6: arﬁ-l
486 = at
486 = 21
Divide both sides by 2
243 =7
r=%/243=3
W=2Xr=2x3=6
X=6Xr=6x3=18
y=18xr=18 x 3 =54
z=54xr=54xr=162.

Therefore, the four terms inserted in the GP af8654, and 162.
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1.  The & and 9" term of a GP are 96 and 768 respectively. Find
I The common ratio;

ii. The first term; and

Ii. The nth term.

Solution
Te=af*: 96 =ar......... (i)
T.=ar! :768=af..... (i)
Solving (i) and (i) simultaneously:
ar=96 ............ (i)
aP=768............ (ii), dividing (i) by (i)
ar8 768
ar5 96
"§f5=8
=8
r=8
r :% =2
From equation (i), 8296
a(2y=96
a(32) =96
32a =96
Dividing both side by 32
32a 96
32 32
a=3
The " term = af*= 3(2)"*

SELF-ASSESMENT EXERCISE

I Insert 2 geometric terms between 7 and 189

i.  If the 3% and the B term of and GP are 18 and 486 respectively.
Find the common ratio, the first term and thel6timt

ii.  Find the § term of the GP:
40, 20, 10 ...

iv.  The third term of a geometric sequence is 36 aaditkth term is
121.5. Find the first four terms of the sence

V. The second term of a geometric progression is 6 thadfifth
term is 162. Find the third term

Vi. Find the sixth term of the following GPs
(@ 3,6,12....
(b) -4,2,-1..
4
(c) 3, Z,A

vii.  Find the 48 term of the GP 2, 14, 98....
viii.  Find n given that 1024 is the nth term of the GB,4,6....
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IX. If 5, X, y, 40 are in GP. Find x and y
X. Find the geometric mean of 35 and 140 (hint gedmetean of x

andy :M.
3.2 Sum of Geometric Progression

Suppose S denotes the sum of n terms of the GPseMist isa and

common ratio =r, then S = a + ar + ar ar + .... + af? + ar?
.............. 1)
Multiplying both sides by.
R=ar+ar+ar+....... +aft+al .. (2)
Subtracting (ii) form (i)
S—rs=a-4r

S@-n=a@-Y)
a(l—r“)
1-r | this is applicable when r < 1 (both numerator and

denominator of the fraction are positive and tkishie most convenient
form of S. if however, r > 1

S=

Then S =a (¥l
r-1
Note: The sum of GP to infinity is given as

g - 2

1-r this is more applicable whenr < 1
Examples
1. Find the sum of eight terms of the GP 2, 6, 18....
Solution
S=a(f-1)a=2,r=,=3
&:21%1:38-1:6560

2. Find the sum of infinity of series: 2 + (-1\#2) + (-1/4) + (1/8)

Solution
:t—1:-1/2
ty
_ a
Sum of GP to infinity =~ 1-r
2 = 2 =2+1%=273,
1-(-%) 1+%

=2 X2/3 = 4/3
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3. Given the G.P: 144, 72, 36, 18 ........ Find the safnthe first
eight terms
Solution
T, 3 72 1

5=0=™ (_ T, 144 2
1-r '
$=144 (1 1))

14,
S = 1441 1 p50

I
S5 = 144 (z59)

1/2
Sy = 144 x 255 2
56 1
S = 2295
8

SELF-ASSESSMENT EXERCISE

4.0

Find the sum of the first nine terms of the Georoalr
Progression below:

a. 5+10+20+40+

b. 2+4+8+16+.....

Find the sum of the first 10 terms of the series2l+ 4 + 8 +.....
How many terms of the series are needed for thetsuexceed
20007?

The first term of a geometric sequence is 64, &eddommon
ratio is -1/4. Find the sum of the first five terms

Find the sum to infinity of the following series:-

a. 2+1+% +Yy +......

b. 3— 1+ =Yg+ ...

CONCLUSION

The A" term of a geometric progressions and the sum ofngéric
progressions enable us to generate any term in asG#ell as find the
sum of GP with ease.

5.0

SUMMARY

The nth term of a GP is given as

T, = af, while the sum of a GP is given as
S,=a(l - wherer <1
1-r

orS=a ("-1)wherer>1
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r-1
However, the sum of GP to infinity is given asS a wherer<1
1-r

6.0 TUTOR-MARKED ASSIGNMENT

1. The third term of a geometric progression,iarid the fifth term
is 20. Find the possible values of the second term.
2. The third term of a geometric progression6safid the sixth term

Is 121.5. Find the common difference and the fesn
3. Find the value of the @erm and the sum to th& &rm for the
sequence: 2, 4, 8, 16, 32....
4. The § and the 8 term of an arithmetic progression is 9 and 27
respectively. Find
a. The common difference
b. The first term
C. The AP
d.  The sum of the AP to the ®@rm
Find four geometric terms between 2 and 486
If the 3rd and 6th term of a GP are 18 and 48pectively. Find
the GP the 10th term and the sum of the firstéems.
7. Find the T, and $ for each of the following sequence
(@ -3,6,-12
(b) -2,-4,8
8. Find the value of n given that -49 is the tettm of the AP: 11, 8,
5...
9. Find the sum of the first 50 odd numbers
10.  Find the Rterm of the GP: x, 2xy, 4%y

oo
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1.0 INTRODUCTION

The purpose of studying mathematical techniques umciples of
mathematics in economics and related disciplinesoisonly to know
them but to apply them solve some problems relatlmmgeconomics
business and finance. You will recall that, afteudging the basic
principles and laws in set theory, we concludeddipec by applying the
principles and law to day to day problems.

In a similar manner, the basic formulae and prilesipearnt in sequence
and series are not meant to solve mathematical guahtitative
problems only, we should be able to adopt thesds tao solving
practical problems especially those that have towith economics,
business and finances. It is only when this is ddinat we can really
appreciate the mathematical formulae.

20 OBJECTIVES

At the end of this unit, you should be able to:

o apply basic principles and formulae of arithmetiogression to
solve day to day economics and business relatdalgms
o solve practical problems in economics and businessg the

basic principles and formulae of geometric progogss

145



ECO 153 INTRODUCTION TO QUANTITATIVE METHOD |

3.0 MAINCONTENT

3.1 Application of Arithmetic Progression to Economics,
Business and Finance

The use of i term and the sum of arithmetic progression is iapple
in solving practical problem which include savingspncome
accumulation, future projection, etc.

Example

1. Mr. Johnson is an employee of engineering fikins initial
annual salary is=RD, 000. If his salary increases byi,N500

annually, required:

(@) Construct the trend of his annual salary fe hext six
years;

(b)  What will be his annual salary in ten yeaiset?

(¢) In how many years’ time will his salary &0 000?

(d)  If he spends 30 years in service before meenat, what is
the cumulative salary he received for the periecérved
the company?

Solution
(@)  The first term = a =RD, 000
The difference = d =N 500
Therefore the trend is as follows:-
Year | 1 2 3 4 5 6
a a+d a+2d a+3d a+4d a + 5d
Salary| N20,000| N20,000 | N20,000| N 20.000| N20,000| N
+N + + N|+ 20,000
1,500 N3,000 | 4,500 N6,000 | + N
= = =N24,500 =N 7,500 =
N21,500| N23,000 26,000 | N
27,500
(b) T,=a+(n-1)d
Ti0=#20,000 + (10-1) 1,500
=420, 000 + 9-N\1,500)
=N 20,000 +N 3, 500
=N 33,500.
In ten years’ time his salary will Be38, 500 per annum,
(¢ T,=a+(n-1)d
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50,000 = 20,000 + (n -1) 1,500
50,000 = 20,000 + (1500n -1500)
50,000 = 20,000 + 1500n -1500
50,000 - 20,000 + 1500 = 1,500n
31,500 = 1500n

31500
n = 150(
n =21 years

Therefore, this salary will be #50,000 in 21yearset

@ 31:2{2a+(n+1)d}

3—20 {2x 20,000+ (30— 1)150¢

S0 =
S,,=15{40000+ 29x1,500
o= 1540000+ 43500

S, = 15183500
o=N1, 252,500
Therefore if he spent 30 years in service his catiud or total salary
earned isd4, 252,500

2. Business entities earn a profit efliN in the first year of
operation=N2m in the second year of operatien3h in the third
year of operation. How much altogether in the f&6tyears of
operation?

a=N1lm
d=N2m-1m=3m-2m=1m

g{2a+(n—1)d}

2—20{2x1+(20—1)x1}

Syo= 102+ (19x 1)}
SZO: {2+19}

SZO = 10{2]}
S0=210

In the first 20 years of operation, the busined#yeaarns a cumulative
profit of N210m
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SELF-ASSESSMENT EXERCISE

3.2

Aminat starts a job at an annual salary-®0R, 000. Every year
she receives a pay rise of 50,000. What is thd &teount she
has earned in 8 years?

Chiamaka started a job saved® 000 in her first year. For each
year, she was able to savdN 000 more than in the pronoun
year. How many years will it take her to save altotN600,0007?

A man saves=IN000 in the first month and increases the savings
by N200 each month. What amount does he save by the
fourteenth month?

Application of Geometrical Progression to Economics,
Business and Finances

The " term of a geometric progression and the sum ofngéic series
is found applicable to a number of areas in econsmiinance and
business. Among the common application of GP anepomind interest,
present value, growth rate estimations etc.

Examples

1.

A student borrows 600 at 7% interest compouratetually. He
pays off the loan at end of 3 years. How much d@egay?

Solution

7% of-N600 =42

2nd term of the GP48600 +-M42 =642
Hence the GP is 600 + 642+....

a =600

042107

¢ = 60C

At the end of the "8 year the GP will have 4 terms;

2.

148

4" term = at

600 (1.073

= 600 (1.2250)

=N735 .. He pays back=R35

Olawale saved N30, 000 in the first yeamafiew job. In each
subsequent year, he saved 10% more than in theopseyear.

a. How much in total had he saved in 5 years?
b. How many years did he take to save a total afentisan
N330, 000?
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Solution

a. a = =N80,000
10

—=1
=1 +10C
30000(L.1" —1)
s = 11-1
= 300000 (11— 1)
Pi =5
300000 (1.1-1) = 300000 (1.611-1)

=300000 x 0.611
=4N183, 300

~30000(L1-1) + 0.1

If he saved a total e£380, 000 after n years.
330, 000 = 300 000 (1"% 1)
Divide both sides by 300,000.
330000 300000
300000 300000 (1 17_ 1)
1.1=11-1
1.1+1=11
21=1.1
Taking the logarithm of both sides
Log2.1=nlog 1.1

log 2.1
n = logll

=7.8

.. We need a whole number of years hence after Byba has saved
more thand830, 000.

3.

A man deposit 10,000 at 8% per annum. Find ah@pound
amount at the end of 10 yearsif (i) Interest isompound
annually

(i)  Quarterly
(i)  Monthly

Solution

P =10,000 =a

S=a(l+rj
Si0= 10,000 [1 + 8%f

= 10,000 [1 + 0.08]
= 10,000 [2.159]
=MP1, 589

149



ECO 153 INTRODUCTION TO QUANTITATIVE METHOD |

. P =10,000
L=8o6— 20

4
n =10 x 4 = 40 quarters

Note: There are four quarters in a year, so the inteegstis divided by
4 and the number terms (n) is multiple by 4:
SFa(l+r)
Sy = 10,000 (1 + 2%)
= 10,000 (1+0.05§
=10.000 (1.02
= 10,000 (2.208)
=N22,080.

iii. P =10,000=a

8 064

—%=067M0= =0.0067
12 10C

n=12x10=120

Note: There are twelve months in a year, so the inteedstis divided
by 12, charged one a period of 10 years, whichgisivalent to 120
months.

S120 = 10,000 [1+ 0.0067]
= 10,000 [0.06%7°
=10.000 [2.228]
=AP2, 280

3. Find the present value ef42 receivable in 5 years if the money
is worth 12% per annum compounded quarterly.

Solution

p n
PV ] p[L+r]
n =5 X4 =20 quarters
PV =722[1+0.12{
=722 [1.12f
= 722 [0.5536]
=000
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4. The population census in 1960 was 95 million. Teary later the
census gave a total population of 115million. Fthé annual
growth rate.

Solution

Baseyeart=0angR 95, & =1
Then $=95=pP&9) =p
After ten years
Sio= 115 = PE=p&?
So= 115 = 95&"
115 = 95&"
Divide both sides by 95
115 95er™
95 95
1.21=¢&"

Finding the exponential log of both sides

In1.21 =10r
0.191 = 10r
0.191

r= 1C
r=0.019 =1.9%
The annual growth rate is 1.9%

SELF-ASSESSEMENT EXERCISE

Bolarinwa starts a job at an annual salary of NSI). At the
end of each year, his salary increases by 15%.

a. Find his salary during his fourth year in the.jo

b. What is the total amount earned in 5 years?

C. After how many years will he have earned a tafl
N800, 000?

Suppose a dropped ball re-bountigof the height when it falls.
How far has it travelled when it reaches the tothef8” bounce?
Find the compound amount and interestot\NDOO for 3 years
at 8% per annum compounded.

0] Annually
(i)  Quarterly
(i) Monthly.

Find the present value ef 0,000 receivable 5 years from now
if money is worth 10% per annum

The population of Nigeria in 1997 was estimated @@ million
people. The population is expected to grow at 362%ry year.
What is the expected population of Nigeria in teary2015?
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40 CONCLUSION

Basically, both arithmetic progression (AP) and tlggeometric
progression (GP) have diverse application to ecanobusiness and
financial problems. For instance AP is found reigveb income and
savings accumulation projection and forecastinglevi@GP is more
relevant to compound interest, present value aisabysd the growth
rates.

50 SUMMARY

Just like many other concept in mathematics, sempiand series are of
great relevance in solving practical problems. Tke ' term of AP
and GP as well as their summation or series ar&luge estimating
future value of sequential and practical orienteobfems. Most often
problems relating to interest, compounding areleasinthesised into
either arithmetic or geometric progression to ble &b provide solution
to them. It is important to note that no sequenam be arithmetic
progression and at the same time be a geometmrgesion. Hence, the
foremost step to know whether the sequence isnagitic progression or
geometric progression after this, it is importaot know what the
guestion is interested in testing, while some qaestare interested in
forecasting future values some are essentially Seduon getting the
sum of the sequence. The use of appropriate formauléherefore
important in solving practical questions involvisgguence

6.0 TUTOR-MARKED ASSIGNMENT

1. An employee started on an annual salary-biNevery year, he
received a constant pay rise. After six years, dsedarned a total
of 8, 250,000. What was the constant pay rise?

2. A contractor for a construction job specifies pgnébr delay of
completion beyond a certain date as follev:5N000 for the first
day-N16, 000 for the second day etc. How much does-a @8y
delay in completion cost the contractor if the pgni@r each day
iIsN1000 more than the previous day?

3. If a person were offered a job4RN0 the first day~800 the

second day-600 the third day etc each day wage being double

that for the preceding days, how much would heiveckat the
end of 7" days?

4. Find the compound amount and the compound intenest20,
000 for 5 years at 10% per annum compounded (ipani)
quarterly (iif) monthly.

5. The total enrolment at a state polytechnic is etqueto grow at
the rate of 10% each year. If the initial enrolmentl20,000
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students, what is the expected number of studemtdled at the
end of the 5 year?
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MODULE 5 POLYNOMIAL AND BINOMIAL

THEOREMS
Unit 1 Meaning and Scopé’ofynomials
Unit 2 Remainders’ and Fastbheorem
Unit 3 Partial Fractions
Unit 4 Binomial Expansions
Unit 5 Factorials, Permutatand Combination

UNIT 1 MEANING AND SCOPE OF POLYNOMIALS
CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1 General Overview
3.2  Algebra of Polynomial
4.0 Conclusion
5.0 Summary
6.0  Tutor-Marked Assignment
7.0 References/Further Reading

1.0 INTRODUCTION

You recall that in Module 2, you were introducedw® major types of
equations — linear equations and quadratic equatirlinear equation
is described as a mathematical equation whose s$tighever of the
unknown is 1 while a quadratic equation is the tha has the highest

power of the unknown as 2. For exam@e,— 2 and4x? — 3x +§ are

linear expression and quadratic equation respdgtivieo make them
equations, there is need to put the ‘equal to’ s&gg. 3x — 2 =

0 or 4x? — 3x + % = 0. These types of equations are examples of

polynomials. A polynomial in x consists of positivgeger power of X,
multiplied by constants and added. These constamts called
coefficients.

20 OBJECTIVES

At the end of this unit, you should be able to:

o define the term “polynomial’ with examples

o identify the functions/equations that are polyndmiand those
that are not

o carry out basic algebra of polynomials.
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3.0 MAINCONTENT
3.1 General Overview

A polynomial is a mathematical expression or equation comyisin
the sums or difference of terms, each term beipgoduct of constant
and non-negative or zero power of variable. Formgla: Given an
expression such &3, x is called avariable because it can assume any
number of given value, and 5 is referred to as dbefficient of x.
expression consisting simply of a real number oa ob-efficient times
one or more variables raised to the power of atipesnteger are called
Monomials Monomials can be added or subtracted to form
polynomials. Each of the monomials comprising opa@ynomial is
called aTerm. Terms that have the same variables and exporeats
called Like-Terms Examples of polynomials are® —5x% + 7,2 —

3x—%x4,nx5+2x3—%x. Not all mathematical expressions are
polynomials. Mathematical expressions that do naweh all the
properties of polynomial such asinx,\/E,ler—xx,logx are not
polynomials.

Every polynomial is expected to have a degree. dbgree of a
polynomial is the highest power of x. All linear pegssions like
3x —2,4x + 3, etc. are in degree 1 because the highest powéreof

variable is 1. Quadratic expression suchta$ — 3x +§ has degree 2

while each ofx® + 4x? — 3x + 1 and1 — 3x + 4x? + x> has a highest
power of 3 and hence the degree is 3.

It should be noted that if the degree of a polyraing n, the number of
terms is almost + 1. For example, the polynomial given xS+
4x>—-3x+1, is of degree 3 and has3+1=4
terms(x3, 4x%, —3x and + 1). There may be fewer thgm + 1) terms
if some of the coefficients are zero. For examplee polynomial
3x* — 5x% — 7 is of degree 4 but has only three terms. Thigig, —
5x% — 7 can also be written &x* — 0x3 + 5x% + 0x — 7.

We often write a polynomial as p(x) and p(x) camegally be written
as:
p(x) = a,t" + a,_t" 1 +--+at+a, where a, a,_,,a, a
are constant of a variable, sometimes called itsffioient. A
constant function is actually a “degenerate” case of what are
known aspolynomial functions. The word polynomial means
“multi term” and a polynomial function of a singlariable x has
ageneral forny = a,, + a;x + a,x? + -+ + a,x™.
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SELF-ASSESSMENT EXERCISE

I Define each of the following with appropriate exdesp
Polynomials
Monomials
Coefficients
Degree of polynomials
Terms
: Like terms
. Which of the followings are polynomials?
x2—=2x+7
6 —x3
x3+2vJx—3
sin(x3 — 2x?)
vx +3
mx? + ix —\2
iii. For each of the expression in question 2 above trat
polynomials, write down the degree.
\2 State the degree of each of the following polyndsnia
a. y=4x3—-5x*+x-5
b y =5x3+x>—2x2+8
C. y=5x*+3x3+1
d. F(x) = 10x* — 25x3 — 3x%2 — x7 + 24
e y = f(x) =x3+3x%—2x

T a0T e

~® o0 op

3.2 Algebraof Polynomial

Addition and Subtraction of a Polynomials: Addition subtraction of
terms in two or more polynomials require the sungron subtraction of
their like terms. Recall that, from your knowledgé indices, two
powers x are like terms if the indices are the sarhe like terms can be
added or subtracted.

Example 1

1. Letf(x) =x>+3x—1 and g(x)=2x3+x%+ 7, Find
f(x) + g(x).

Solution
f(x)=x*+3x—-1
gx) =2x3+x%2+7

To do the addition effectively, there is a neeg@ay attention to the like

and unlike terms. There are wé terms in f(x), and no x term in g(x).
You are expected to leave blank spaces or writecdsandOx.
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0x34+x>+3x—-1
+

2x3 + x>+ 0x+7
2x3 +2x24+3x+6

Example 2

Simplify

a. (7x3 4+ 5x% — 8x) + (11x3 — 9x? + 2x)

b. (24x —17y) + (6x + 52)

c. (4x3—6x%+9)— (5x%—4x3+3x—18)

Solution

a. (7x3 4+ 5x% — 8x) + (11x3 — 9x? + 2x)
Collect like terms
7x3 + 11x3 4+ 5x2 — 9x2 — 8x + 2x
=18x3 — 4x? — 6x

b. (24x —17y) + (6x + 5z)
Collecting like terms
24x + 6x — 17y + 5z
30x — 17y + 5z

c. (4x®—6x*+9)— (5x% —4x3 +3x—18)
Opening the brackets;
4x3 — 6x% +9 — 5x% + 4x3 — 3x + 18
Collecting like terms,
4x3 4 4x3 — 6x®> —5x> +3x+9 + 18
=8x3 —11x%2 — 3x + 27

Example 3

Given thatf(x) = 5x3 —3x?+x+ 7
gx) =6x?+5x—4
h(x) =8x3 +5x —2
Required
a. £(3) + g(~4)
b. f(x) + 2g(x) — 3h(x); atx =2

Solution
a. f(x)=5x3—-3x2+4x+7
F(3) =5(3)3—3(3)2+4(3) +7
=527)—309)+43)+7
=135—-27+12+7
=127

9(—=4) = 6(—4)* + 5(=4) — 4
= 6(16) + (—20) — 4
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96 —20—-4 =72
Hence,f(3) + g(—4) = 127 + 72 = 199

b. f(x)+2g(x) —3h(x) =5x3—3x>+4x+ 7+
2[6x2 + 5x — 4] — 3[8x3 + 5x — 2]
=5x3—3x24+4x+ 7+ 12x% + 10x — 8 — 24x3 — 15«x
+6
=5x3 —24x3 —3x?2 +12x*> +4x +10x — 15x + 7 — 8
+6
=—19x3+9x2 —x+5

S fx) +2g(x) —3h(x);at x =2
Then, substitute x = 2
=—-19(2)2+9(2)>-(2)+5
=-19(8)+(9x4)—2+5
=—-152+4+36—-10=—-126

Multiplication of Polynomials: Unlike in addition and subtraction of
polynomials, like and unlike terms can be multigliey multiplying
both the coefficients and variables. When therestegne or more
mathematical expression (linear, quadratic or otlss®), a proper
expansion of terms may be require.

Examples

1. Simply each of the following
a. (5x)(13y?)
b. 2x3y)(17y*z?)
c. (6x+ 7y)(4x +9y)
d. 2x+3y)(8x —5y—7z2)
2. Given that f(x) =x?+3x—1 and g(x) = 2x3 +x? +
7.find f(x) x g(x)
3. 1If
f(x) = (x—6)and g(x) =
x+ 6. find {[g(x)]% f(x)},at x = 2.

Solution
la) (5x)(13y?) = (5x13)x.y? = 65xy?
b) (2x3y)(17y*z2) = (2x17)x3.y.y*.2z% = 34x3y52?
c) (6x + 7y)(4x + 9y)
6x(4x + 9y) + 7y(4x + 9y)
= 24x? 4+ 54xy + 28xy + 63y?
= 24x? + 82xy + 63y?
d (@2x+3y)(8x—5y—72)
2x(8x — 5y —7z) + 3y(8x — 5y — 72)
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= 16x% — 10xy + 14xz + 24xy — 15y% — 21yz
Collecting the like tesm

= 16x% — 10xy + 24xy + 14xz — 15y% — 21yz

= 16x?% + 14xy + 14xz — 15y% — 21yz

2. f(x)=x*+3x—-1
gx) =2x3+x%2+7
fx) x  g)
=%+ 3x—-1)2x3+x%+7)
Expanding
x2Q2x3+x2+7)+3x(2x3+x2+7)—1Q2x3+x2+7)
2x° + x* + 6x* +3x3 +21x —2x3 —x%2 -7
Collecting like terms
2x° + x* +6x* +3x3 —2x3 + 7x2 —x?2 +21x— 7
=2x°+7x*+x3+6x2+21x—7

3. [g@))P=gk). gix)
=((x+6)(x+6)
=x(x+6)+6(x+6)
=x%+4+6x+6x + 36
=x2+4+12x + 36

Lo g))F L f(x) = (k2 + 12x + 36)(x — 6)
=x%(x—6) + 12x(x — 6) + 36(x — 6)
=x3 —6x%+12x% — 72x + 36x — 216
= x3 + 6x% — 36x — 216
[g(x)]?.f(x);at x = —2
= (=2)% + 6(—=2) — 36(=2) — 216
= —224+96 = —128

SELF-ASSESSMENT EXERCISE

i Let f(x) =2x*+3x+1 and g(x)=3x-2, find the
following;
a) f(x)+g)
b) f(x) —g(x)
c) f(x).g(x)
i. Givenf(x) = x? + 4x — 5; find f(2) — f(=3).
ii. Letm(x)=x*?-—x+1andn(x)=x%>+x+3
Find (i) m(x) + n(x)
@iy mx) —n(x)

(i) m).nkx),atx =4
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40 CONCLUSION

Polynomials are set of mathematical expressiongemrin the form of
sums or differences of monomials. A collection adrmamials joined by
addition or subtraction signs gives a long chaineqguation called
polynomials Polynomials can be added or subtracted from ow¢har

by collecting like terms. Multiplication of polyndais involves

multiplication of the coefficient and variables expansion of one or
more expression.

50 SUMMARY

Polynomials are essential in economics, businedsfiaances because
sometimes functions are given in higher degree.eStumctions may be
of degree four or more. To handle such functiogpad understanding
of polynomials above that of linear equation anddratic expressions
are required. The just concluded unit introduceds yo the basic
components of polynomials as well as some elemgnédgebraic
operation (addition, subtraction and multiplicajiosubsequent units
shall focus on some advanced areas such as remathé®rem, factor
theorem, partial fraction, binomial expansion aoas.

6.0 TUTOR-MARKED ASSIGNMENT

1. Let p(x)=x*>—-3x—1andq(x)=2x—3. Find the
following:
a. p(X) + a(x)
b.  p(x)—a(x)
c. p(X).a
2. Given thaff (x) = x3 + 1 and (x) = x* — 1. Find f(x). g(x) at x
=-3.
Givenf (x) = 2x3 — 5x% + 8x — 20. Find f(5) and f(-4).
If h(x) = 13x% + 35x and p(x) = 4x% + 17x — 49.
Find ()  h(x) + p(x)
(i) 3h(x) + [p(X)F-
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1.0 INTRODUCTION

In Unit 1, you learnt about the meaning and scopeobynomials as
well as the basic algebra in polynomials i.e. addjtsubtraction and
multiplication. It is equally possible to divide @npolynomial by
another.

Suppose we want to divide one polynonigk) by another polynomial
D(x), where the degree dd(x) is less than the degree Bf{x). The
process is similar to long division of numbers. feheill be a quotient
Q(x), the result of the division and they may also lberaaindeiR(x).

Therefore P(x) + D(x) = Q(x) + %

The degree of the remaind@(x) is less than the degree B{x). if not,
we cannot continue the division. In particularDi¢x) is linear of the
form ax + b, then P(x) is constant. In other wordB(x) = D(x) +
R(x).

20 OBJECTIVES

At the end of this unit, you should be able to:

o perform operation of division between two propelypomials

o obtain the remainder and quotient when a polynodiiaties the
other

o show that a polynomial is a factor of the othenot.
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3.0 MAINCONTENT

3.1 Remainder Theorem

Suppose we want to find the remainder when a paolyaloP(x) is
divided by another polynomial Q(x). There are twppm@aches of
obtaining the remainder, namely;

(i) Long Division

(i) Remainder Theorem

(1) Long Division

Example 1
Find the quotient and remainder when:
a. x3 —2x% + 4x — 7 is divided byx — 3
b. 3x*+ 2x3 —x + 7 is divided byx? — 3

Solution
a. Set out the division as:
X3 | R—2@+4x-7

The highest power of is 2. Divide this byx, givesx®. Write this above
the bar and multiply it by the quotiet -3). Alternatively, think of
what you will use to multiply to givesx® i.e. you multiplyx by x* to
give X°.

X2

x-3| _ X—2X +4x -7
X = 3%
XZ

Note:-2¢ — (-3%X) =-2¢ + 3x =X

Now bring down the next term in the polynomial #&, to continue the
process

X2+ X
x-3| _ X—2X+4x-7
X = 3%
4+ 4Ax
X- 3x
3
Note:4x — (-3x)=4x + 3x=7xX
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Now bring down the -7 and repeat.
X+ x+7
x-d _R—28+4x-7
X =3%
X+ 4
X*- 3X
x—-7

x—-21

14

Note:-7 — (-21)=-7 + 21=14

The degree of 14 is less than the degree of thgnati divisor. We
cannot divide any further. Therefore, whén- 2¥ + 4x — 7is divided
by (x - 3), the quotient ix*+ x + 7 and the remainder 4.

b. 3x%2+x+9
x2—3| 3+ —x+7
3% — 9¥
X+ —X+7
x°— 0¥ — 6x
9%+ 5x+7
9 + 0x — 27
5x + 34

Note: the polynomial has no coefficient f&f so it is taken to b@x i.e.

0 — (-9X) = 9%

The degree of5x + 34)is less than the degreex3f— 3 so the division
stops. Therefore, wheBx* + 2 — x + 7 is divided byx* — 3 the
quotient is3x¢ + 2x + 9 and the remainder Bx + 34

(i)  Remainder Theorem

Suppose, we want to find the remainder when a pohyal P(x) is
divided by a linear expressigr — a) the method of the long division is
long and it is liable to error. The remainder tleorprovides a quicker
way to find the remainder, it should be noted tha Remainder
Theorem becomes more appropriate when the divasrahdegree of 1.
When a divisor has a higher degree, remainder ¢imeanay become
more cumbersome.
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Example 2
Find the remainder whert — 2X +4x — 7is divided by(x — 3)
Solution

Equate the divisor to zero

(x—3)=0
x=0+3
x =3

Substitute the value of x into the polynomial
x3 —2x%+4x—7
(3)—2(3)2+4(3) -7
27 -18+12-7

9+5 = 14

The remainder is 14.

Note: The remainder obtained here is the same as thaimder
obtained when using a long division method (for shene question). It
should also be noted that, the remainder theoramoody be used to
obtain the remainder and not the quotient.

SELF-ASSESSMENT EXERCISE

I In each of the following divisions, find the quatteand the
remainder.
a. (x® +5x%+4x —17) + (x — 14)
b. x*4+x3+x2+x+1) = (x2+1)
C. (Bx3+5x2—3x—1)+ (2x+1)
d. (x*+2x34+7) = (x*+2)
. Use the Remainder Theorem to find the remainder:
a. (x> —8x%2—4x+5)+~ (x —2)
b. (x* —4x3 4+ 2x*+3x+2) + (x —3)
C. Qx3+4x>—6x+ 1)+ (x+3)

3.2 Factor Theorem
A special case of the Remainder Theorem is wi@) = 0. In this case,
the remainder is zero (0) and hence the div{gor a)divides exactly

into P(x). Hence(x — a)is a factor ofP(x). Therefore(x — a)is a factor
of P(x)if and only ifP(a) = 0.
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Example 3
Show thai(x + 3)is a factor o’ — 3¥ +7x +75.

Solution
(x—a)=x+3
x—a=0ie.x+3=0
x=0-3
X=-3
Substituting x = -3 into the polynomial,
P(=3) = (=3)3 —=3(=3)*+ 7(=3) + 75
= —27—-(3x9)—21+75
= —27—-27—-21+75
=-754+75=0
SinceP(-3) = 0, then(x + 3)is a factor of — 3¥ +7x +75.

Example 4

Let P(x) =x3 + x* +ax + b, (x — 2)is a factor ofP(x) and the remainder
whenP(x)is divided by(x — 3)is 11. Find the value @ andb.

Solution

Using Factor Theorenfx — 2)= 0,x =2
P(2)=0
P(x)=x+x?+ax + b
0=022+@)?2*+a@)+b
0=8+4+2a+b
.. 2a+b=-8-4

2a+b=—-12 ...cccoiiiiii (1)
For the other divisor(x — 3)
Xx—3=0x=3

P(3) = 11 (Note: Here there is a remainder wlifer- 3)
dividesP(x), soP(3)is set to 11 and not zero.

11=03)2+@B)2*+aB)+b

11=27+9+3a+b

11=36+3a+0b

3a+b=11-36

3a+b=-25....cccciiiiiin (i)
Solving (i) and (i) simultaneously;

2a+b=—-12 ..ot (i)

3a+b==-25 . (i)
Using elimination method

2a+b=—12 ... 0]

3a+b==-25 .. (i)

Subtracting equation (ii) from (i)
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2a —3a =—-12 — (-25)
—a=-12+4+25

—a =13

Multiply both sides by -1
a=-13

From equation (i)
2a+b=-12
2(-13)+b =—-12
—26+b=-12
b=-12+26

b =14
a=—-13and b = 14

Example 5

Let P(x) =x2 + x* — 10x + 8 Show tha(x—2) is a factor oP(x). Hence,
factoriseP(x). Solve the equatioR(x) = 0.

Solution
x-2)=0
X=2
P(2)=23 +22-10(2) + 8
=8+4-20+8
=0

Hence, by factor theorer(x — 2)is a factor oP(x).
Now, find the quotient wheR(x) is divided by(x — 2)

X +3x—4
X —2 | _)§<+x;—10x+8
-2
_ 3%-10x+38
3X = 6x
-4x + 8
-4Xx + 8

Note: The remainder is 0, confirming that— 2)is a factor ofP(x).
ThereforeP(x) =2 + x* — 10x + 8= (x — 2) (X + 3x — 4)
(x* + 3x — 4)can be factorised as thus:
X +4x — X — 4
XX+4)—-1(x+4F=(x—-1) (x + 4)
Therefore, all the factors of the polynomial &e- 2) (x + 4) and(x —
1).
O+ X2 —10x+8=(x—1) (X +4) (x—1)
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If (x—2) (x +4)and(x — 1)are each factor d?(x), P(x) = 0.
x—2=0
X=2
or
XxX+4=0
X=-4
or
x—1=0
x=1

Example 6
Factorise completely’ — 6X + 11x — 6

Solution

We need to use trial method to obtain the firstdac
x+1=0
x=-1
Substitutex = -1
(-1)® - 6(-1f +11(-1) - 6
-1-6-11-&0..(x+1)is not a factor.
Assume(x — 1)is a factor
x—1=0
x=1
P(x) =2 — 6X +11x — 6
=(1*- 6(1f + 11(1) - 6
=1-6+11-6
=1+11-6-6=12-12 0,(x— 1)is a factor.

X —5Xx+6
Xx—1 | ;;3%)86%+11x—6
_ —5%+ 11x
—5%+ 5x
_bx-6
6x-6

Henceyx®— 6X + 11x — 6= (x = 1) (¢ —5x + §
Then, factorise® — 5x + 6
X—3x—2x+6
X(x—=3)-2(x—3) ie.x=3)(x—-2)
X -6+ 11x—6=(x— 1 (x—3) (x—2)
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SELF-ASSESSMENT EXERCISE

I In these questions, show that the linear expressi@nfactor of
the polynomial:
a. x—1)x =X +3x-3
b. (x+2),x+4¢-x —10
ii.  Which of the following are factor of + 3x* — 5x — 10
a. x—1Db x-2 c.x+5
ii.  (x+1)is a factor o — 8¥ — ax + 4 Find the value oé.
iv.  The remainder wher® — 4¥ — ax + 5is divided by(x — 3)is 8.
Finda?
V.  Whenx + 3xX + ax + bis divided by(x +1), the remainder is 5,
and when it is divided bgx — 2) the remainder is 8. Finaland

b?

vi.  (x —1)and(x — 2)are both factors of® + ax* + bx + 4. Finda
andb?

vii. In questiona — c below, show that the linear expression is a

factor of the polynomial. Hence, factorise the polwial:
a. (x—=2)C+3¢—4x — 12
b. (x—4)x>—9¥X + 26x —24
c. (x+2),3C+5¢—4x —4
viii. Use the results obtained in 7(a), (b) and (c) ttwvesdor the
following equations:
a. X+3X-4x —12=0
b. xX*-9¥+26x —24=0
c. 3C+5X—4x —4=0

40 CONCLUSION

Polynomials can also divide one another as mudhegolynomial has
a higher power relative to the quotient. In divimge polynomial by the
other, it is likely there exist a remainder. Henge/en P(x) as the
polynomial, D(x) as divisor andQ(x) as the quotient whild& is the
remainder. The relationship which exists amongftw terms can be
expressed as:

P(x) =D(x) . Q(x) + R just as we have in normal division
of positive whole number. For instance, 100 + 7egivl4
remainder 2; which implies that:

100 =(7x14) + 2

When a divisor divides a polynomial without a rendr, that divisor is
a factor of the polynomial, hen€x) = D(x) + Q(x), sinceR = 0. Such
factor if equated to zero and a value is obtaiifeithe value obtained is
substituted to the polynomial, we get a value obze

167



ECO 153 INTRODUCTION TO QUANTITATIVETNHOD |

5.0 SUMMARY

Division in polynomial can take two forms namelydpdivision and the
Remainder Theorem. The long division is used toaiobtoth the
guotient and the remainder while remainder theasegpecifically used
to the remainder. The long division is used forigion of two
polynomials whether the divisor is of degree 1dén expression) or
more than degree. However, the remainder theordrassapplied when
the divisor is of degree 1. The divisor is seteoozto obtain the value of
the variable and thereafter substitute the valte time polynomial. The
value obtained is the remainder from the divisiérthe polynomial by
the linear expression (the divisor).

When no remainder is left, the divisor is said ® @ factor of the
polynomial. Other factors of the polynomial can bétained by
factorising the quotient obtained.

A polynomial may be expressed in terms of one @ d¢ther unknowns
apart from the main variable. To obtain these umkmdhe factors (with
or without remainder) is substituted into the palymnal to obtain either
a linear equation or a set of simultaneous equaifitis equation or
equations are solved simultaneously to obtain tladues of the
unknown.

6.0 TUTOR-MARKED ASSIGNMENT

1.  Given thatf(y) = 2;32’:1) Find the value of f(1).

(Hint: you may have to factorise and perform neageg division
before you substitute).
2. Given that f(x) =5x° — 3¥ +4x + 7, g(x) =6x + 5x — 4and h(x)
= 8%’ + 5x — 2
Find (i) f(x) + 29(x) — 3h(x)
(i) f(x) . g(x) — 3h(x)
(i) [9)]* = h(x)
(iv)  f(x) ~g(x)
3. a) Find the remainder wh@x’ — 5x + 6is divided by(x — 3)
b) Find the quotient and the remainder when (3¢ — 2 +
4x + 5is divided by(x — 1)
c) Factorise completelf — 6X +11x — 6

4. Let p(x) = — 3x — land q(x) =2x — 3 Find the following,
simplifying your answers:
(62)) p(x) +q(x) (b) p(x)—a(x) (€) pX)
q(x

5.  Find the following; simplifying your answer
a. 2x=-3)(x+7)
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11.
12.
13.
14.
15.

16.

b (¢ +2x +1) (x — 8)
c. (2x-3Y
d  (@x-3f(x-1)
e. (C+1)(é-1)
In each of the following divisions, find the diemt and the
remainder.
a C—3¢+4x+1)+(x-2)
b OC +4x —3) = (x + 2)
c. (16X +x-3)+(2x-23)
d (2% + 4x — 3) + X+ 2X)
e. (BC+23-8)+(¢+1)
f. (2 + 8% + 7x — 3) + (2% + 3)
In these divisions, use the remainder theoremfiid the
remainder.
a.  (C-22+7x=-3)+(x+1)
b.  (C=X+3)+(x+1)
c. (C+x*=x+1)=+(x+5)
a)  The remainder whér® — 6X + 5x + ais divided by(x +
2)is 3. Finda.
b) The remainder whett — ax + 3is divided by(2x — 1)is 2.
Find a.
(x — 2)s a factor of P(x) 3¢ + ax’ +bx + 6 and the remainder
when P(x) is divided byx + 3) is 30. Finda andb.
10. In question a — ¢ below show that the linegression is a
factor of the polynomial, hence, solve the equatii follows:
() (x+1),x+x*—4x-4
(i)  (x+1),xX°—6X+5x+12
(i) (x —1) 2x° - ¥ — 2x + 1 Hence, solve for the following
equations:
a) X+x—4x—-4=0
b) (x+1),xX—6X+5x+12=0
c) 2% -X¥-2x+1=0
Find the values of p and q(i — 1)and(x + 2) are factor o2
TPX—X+(Q
Determine the remainderxf— 4is a divisor ofx* + 2x° — 6X +
3.
Find the remainder and the quotienéif + 2% — 6x + 9is
divided by(2x + 1).
Find the other factors(k + 1) is a factor ofC + 4% — x — 4
If f(x) = 3x + 2 and g(x) = 2x — 1.
Find (a) f(x) + g(x)
(b) {[fOF° — 2g(x)} if x = 3.
Given that f(x) = -8 —x°* + 3x— 100. Evaluate (a)  f(-3) (b)
f(5) (c)f(0)
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1.0 INTRODUCTION

Sometimes, a polynomial divides the other not tovkrthe quotient or
the remainder but to find a simpler alternativexpressing theational
algebraic function (function of one polynomial dividing the other). A
rational algebraic fraction is a quotient fractimna quotient of two

polynomial i.e.% . This could either be proper or improper. A @op

rational expression is an algebraic function whose degree of numerator

5 x24+4x

is less than that of the denominator 3’%5; Y rar D) ,e.t.c.

An improper rational expression is the one in which the degree of the

denominator is less than the degree of the numerag.

34+2x2+3 24+4)(x-1 ; i i
=== ,(x )1 Both the proper and improper rational expression
x2+6 x2-3x+4

can be resolved to partial fraction.

2.0 OBJECTIVES
At the end of this unit, you should be able to:

) resolve proper rational expression into partiatticn
o resolve improper rational expression into partiatfion.
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3.0 MAINCONTENT

3.1 Resolving Proper Rational Expression into Partial
Fraction

The process involved in resolving proper rationgiressions to partial
fraction depends on the nature of the denomindtdhe expression to
be resolved. The four examples below are someeo$ithplest forms of
proper rational expressions.

Example 1
. _ s
Resolve into partial fractlom

Solution
5 A B

= +
x2+x—6 x+3 x-—-2

Note: (x + 3) and(x — 2)are obtained whexf + x — 6is factorised.
ie.x+x—6
XX+ 3x—2x—6
X(X +3)—2(x + 3)
(x+3) (x-2)
Since(x — 2)and(x + 3) are linear terms, their numerator is expressed in
coefficient (A and B).

5

= 2L+ 2 the LCMis(x + 3) (X — 2)=

x§+x—6 T x+3 x—2
X +X—6
5 A B

x2+x—6 x+3+ X —2
5=A(x—-2)+B(x+3)
(x+3)(x—2)
This is as good as multiplying through by + 3) (x — 2)which is the
same thin ag* + x — 6
5=A(x—2)+B(x+3)
5=Ax—-2A+ Bx + 3B
Separating the terms
5 = —2A + 3B (Coefficients of constants)
0 = A+ B (Coeffeicients of x)
Solving simultaneously, we have

A+B=0 oo, () x3
“2A43B =5 oo, (i) x1
_3A+3B=0
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-2A+3B =5
3A-(-2A)=0-5
3A+2A=-5
5A=-5
A== -1
From equation (i)
A+B=0
-1+B=0
B=0+1
B=1
. The expressiop—— = -+ =
a T X2+x—6 x+3  x-2 .
Substituting A and B as -1 and 1 respectively,
Theno—— = ——+ —
X +5x—6 x-{B xIZ
Or - = —= —
xX“+x—6 xX—2 x+3
Example 2
3x%—4x+5 . . .
Resolvc(xﬂ) R YE— into partial fraction.
Solution
3x2—4x+5 A B C

= + +
x+1Dxx-3)2x—-1) x+1 x—-3 2x-—-1

The LCMis(x + 1) (x—3) (2x—-1)
Diving through by the LCM, we have:
3x2—4x+5 A B C

GrDG—3@r-1 x+1 x=3" 2x-1

3x2 —4x+5=A(x-3)2x— 1) +Bx+1)2x— 1)+ C(x + 1)(x — 3)
x+1)x—-3)2x—1)

Expanding the numerator and ignoring the denominate have: -
3x> —4x+5=A0Qx*>*—-7x+3) + B2x*+x—1) +
C(x?>—2x—3)
Note: You may revisit multiplication of polynomiaifsyou do not know
how the expansion in the brackets is obtained.
3x2—4x+5
= 2Ax* —7Ax + 3A + 2Bx* + Bx — B
+ Cx? —2Cx — 3C
Separating like terms
3 = 2A + 2B + C (coefficients of?)
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-4 = T7A + B - 2C (coefficients of x)
............................ (i)

5 = 3A - B - 3C (the -constants)
................................. (i)
Solving equations (i), (i) and (iii) simultaneoysWve have

2A+2B+C =3 ..., )
TA+B—-2C=-4 ..., (i)
BA-B-3C =5 (i)

Using elimination method,
From equation (i) and (ii)
2A+2B+C =3 . (Hhx1
TA+B-2C=-4 ..., (i) x 2

2A+2B+C=3

14A + 2B -4C =-8

2A - (-14A) + C—(-4C)=3-(-8)
2A+14A+C+4C=3+8

16A+5C =11 .o, (iv)
From equation (ii) and (iii), eliminate (B)
TA+B-2C=-4 ..., (i)
BA—-B-3C=5.iiiiiiiiiiinnen. . (i)

-TA+3A-2C+(-3C)=-4+ (5
-4A-2C-3C=-4+5
AA-5C=1 .. i (V)
Solving equation (iv) and (v) simultaneously toabtA and B
+ 16A +5C =11
-4A-5C=1

16A + (-4A)=11+1
16A -4A =12

12A =12

Divide through by 12

124 __ 12

12 12

A=1

From equation (v)
-4A-5C=1
-4(1)-5C=1
-4-5C=1
-5C=1+4
-5C=5

Divide both sides by 5

-5 _ 5

-5 -5
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C=-1
From any of the equations (i), (i) or (iii), B cdme obtained.
From equation (i)

2A+2B+C=3

21)+2B+(-1) =3

2+2B-1=3

1+2B=3

2B=3-1

2B =2

B=-=1

3x2-4x+5 A B C
Therefore’(x+1)(x—3)(2x—1) T o x3 T 2%t
Substituting A, B and C, we have:
3x2—4x+5 1 1 -1
x+1Dx-3)2x-1) x+1 x—3" 2x-1
1 1 1

r+1 x—3 2x-1
Example 3

16 . . .
Resolveﬁ into partial fraction

Solution
x* — 16 has to be completely factorised, (et 2)be a factor
x-=2)=0
X=2
2*—16=0:. (x - 2)is a factor.
X+ 2 + 4x + 8
x—2 _xX'-16
Xt = 2%
_2X-16
2% = 4%
4% - 16
4% — 8x
_8x—-16
8x - 16

Thereforex® — 16=(x — 2) (x + 2) (X + 4)
Note: (X* — 16)cannot be factorised further

16x A B C

xt—16 x—2+x+2+x2+4
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Note: The numerator of the third component on the RHExs+ D.
This is because when the denominator is a quadexticession, the
numerator is expressed as a linear expression.

l6x A B Cx+D

Y—16 x—2"x+2" %12

Multiplying through by the LCM %£x — 2) (x + 2) (X + 4), we have
16x =A(x +2)(x2+4)+B(x —2)(x* +4) + Cx +
D(x—2)(x+2)
16x = A(x3 +4x + 2x?>+8) + B(x3 + 4x — 2x?> — 8) + Cx

+ D(x? —4)
16x = Ax? + 4Ax + 8Ax? + Bx? + 4Bx — 2Bx* — 8B +
Cx3 —4Cx + Dx? — 4D

Separating the terms
0=A+B+C (coefficients OF°) ..........cccceu.... (i)
0 =2A — 2B + D (coefficients 06¢) ..................... (i)
16=4A +4B -4C (coefficients 0K) ..................... (i)
0=8A—-8B—-4D (constants) ..........cceevveviiiirennnnn (iv)

From equation (iii); dividing through by 4
4=A+B-C

From (i),0=A+B +C
SubstituteA + B=4 + C
..0=4+C+C
0-4=2C
-4=2C
_4_

C=—= -2
2

From equation (v)
A+B=4+C
A+B=4+(-2)
A+B=4-2

Eliminating C from equation (i) and (iii)

+0=A+B+C

4=A+B-C

0+4=2A+2B

4=2A+2B

2 = A + B (Note, this is the same as equation @) no need to

number it again)

Eliminating D from equations (ii) and (iv)
0=2A-2B+D .ccccoiiiiiiniinn X 4
0=8A-8B-4D ..........eeevviin x 1
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,0=8A—8B +4D
0=8A-8B-4D

16A—16B =0

A=B=0 oo, (vii)

A=B=0 .o, (vii)
B-(-B)=2-0
B+B=2
2B =2
B=2=1
2

From equation (Vi)A + B=2
A+1=2
A=2-1
A=1
Then, D can be obtained from equation (ii) sinceBAand C are
already known
0=2A-2B+D
0=2(1)-2(1)+D
0=2-2+D
0=0+D
D=0.A=1B=1,C=-2andD =0.

Hence, the partial fraction is resolved as thus: -
16x A B Cx+D

x*=16  x-2  x+2  x2+4

Substituting A, B, C and D, we have
6x 1 1 | (=2)x+0
x4-16  x-2  x+2 x2+4

This can be finally expressed thus: -
16x 1 1 2x

= + —_
x*—16 x—2 x+4+2 x%+4

Example 4

Solution

. . . -4
Resolve into partial fractiop—
(x+3)2

x-4 A B

(x+3)2 x+3  (x+3)2
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Note: The order of the denominator, if the denominatbthe partial

fraction is(x + a)", then the resolved side (RHS) becomes:
A B c N

x+a  (x+a)?2 = (x+a)3 T (xta)?

For instance, if you want to resol it is simplified as

)4’

x—8 A N B N C N D
(x+4)* x+4 (x+4)? (x+4)3 (x+4)*

Now, we can go back to example 4;
. multiplying through by LCM =(x

(x+3)2  x+3  (x 3)2 '
+ 3)?, we have:

Xx—4=A(x+ 3) +B(1)

X—4=Ax+3A+B
Separating the term,

1 =A( coefficient of X) ......c.cvveviennnnn. 0]

-4 =3A +B(constants) ...........cceeveenenn. (i)

From equation (i(A=1
SubstitutingA = 1 into equation (ii) to obtairB’

-4=3A+B
-4=3(1)+B
-4=3+B

-4-3=B
-T=BorB=-7

.. The partial fraction becomes

xX—4 _ i B

(x+3)2  x+3  (x+3)2

L x=4 _ 1 (=D
' (x+3)2 T x+3  (x+3)2

1 7

Hence—— = — —
(x +3)2 x+3 (x+3)2

SELF-ASSESSMENT EXERCISE

3x“—4x-7
-1)(x+2)(x-3)

I Resolve into partial fractlo{

. Resolve——="_ =2 4+ % into partial fraction.
(x+2)(x+5) x+2 x+5
il Given that———— = 2 +t— . Find A and B.

(x+1)(x+5) x+1
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3.2 Resolving Improper Rational Expression into Partial
Fraction

The process of resolving an improper rational fiomctinto partial
fraction involves the use of long division first.

Example

t3+t%+ 4t : ,
Resolvem into partial fraction.

Solution

Since the degree of numerator is greater thanah#tte denominator,
the rational function is improper; so long divisishould be carried out
first.

3+ t2+4t 3+ t2+4t 3+ t2+ 4t
(t+2)(t-1)  t(t-1D+2(t-1) t2+t+2

t
t+t-2 _I+C+at

¢ -2t
6t

3 2
P :t A Quotient + Resolution &2 into partial fraction.

te+t+2 D(x)
Ct3+t2+ 4t

———— =t + Resolution of

t2+t+2 t24t+2

To resolve o

! 2+t+2 (t+2)(t-1)
6t A

t2+t+2  (t42)  (t-1)
Multiplying through by (t + 2) (t — 1)

6t=A(t—-1)+B(t+2)

6t=At— A+ Bt+2B
Sorting out like terms

6 = A+ B (coefficientof t) ..........c.ocoveiiinnn 0]
0 = -A + 2B (coefficient of constant) ............ (i)
Solving (i) and (i) simultaneously

Adding 1to 2

6+0=B+2B

6 = 3B, divide both sides by 3
6

B = 3= 2

From equation (i)
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6=A+B
6=A+2
A=6-2
A=4
3 2
Hence/+—— =t + — + —
te+t+2 t+2 t—-1
Example 2
3_ 2_ _
Resolve™ >~ into partial fraction.
x“+x—2
Solution
2X
X—Xx-2 _2%=2¢-2x-7
2% — 2X — 4x
2X =7
Hence,2x3 ix —2x-7 _ 2 jx—7
] +x-2 X4+x—2
Resolving the rational part of RHS,
2x-7 A B

x2+x—2  x—2 x+1
Multiplying through by (x — 2) (x + 1)

2x—7=A(x+1)+B(x-2)

2XxX—7T=Ax+A+Bx-2B

Solving the like terms

2 = A + B (coefficient of x)

-7 = A — 2B (coefficient of constants)
Solving (i) and (i) simultaneously

_2=A+B
-T=A-2B
2—-(-7)=B-(-2B)
2+7=B+2B
9=3B
B="1
3
B=3
From equation (i), 2=A+B
2=A+3
A=3-2
A=1
.2x3—§x2—2x—7:2x+ —_3+ 5
x“+x—2 x-2 x;l
= 20— —4 —
x—2 x+1
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SELF-ASSESSMENT EXERCISE

i Resolve into partial fractio?xhﬂix_5
) x+1)(x+1)2

.. t3+2t%+ 5t . . .
. Resolve———into partial fraction.
(t=2)(t+7)

40 CONCLUSION

The resolution of a rational fraction to partiaddtion can be obtained in
two folds namely proper and improper fraction. Erample:

ax2+bx+c_ A N B
(x+a)(x+b) (x+a) (x+b)
ax®+bx+c
(a+x)"
.
C (x+a) (x+a)? (x+a)s
N N
(x+a)”
ax2+bx+c_ A

ax?+bx  a+bx
For improper fraction

n+1 n i . R
rx e Quotient + Resolution of

pr —,.  JQuotient s
obtained by dividing™* + x" + ¢ by X" + x. This is an improper
fraction because the power of the numerator istgradhan the

power of denominator.

50 SUMMARY
Both proper and improper rational expression canrdsolved into

partial fraction. The major difference in the ammb lies on the
procedure involved.

6.0 TUTOR-MARKED ASSIGNMENT

1. Resolve each of the following into partial fiaot
2x+3
a. (2x+1)(x2+x-1)
b 2x-8
' (x=7)(2x+3)
c x%+3x-7

(Bx—-1)(x2+1)
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2x—7

d. :
xX“—=9

e 1
) x2+1

Resolve——"into partial fraction.
(x+1)(2x-5)
7x+9

. A B .
- —_— D
Given tha%ix+5)(x—1) 1 + s’ find X~

3x2%—4x-7 . . .
Resolvc(x_l) e into partial fraction.

Resolve into partial fraction
2x+1)(x-7)

2&;3 3
x+
b

T (2x+1)(x2+x-1)
2x
(x—=7)(2x+3)
2
x“+3x—54
d
5x—6
x%+3x-7
(Bx+1)(x2+1)

a M DN
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1.0 INTRODUCTION

In Unit 1 of this module, you were introduced tgarsion of algebraic
terms and polynomials. Theta + by is expanded t¢a + b) (a + b)
which givesa(a + b) + b(a + b)=a* + ab + ab + I, which finally
givesa’ + 2ab + K. The coefficient oB? is 1, the coefficient oéib is 2
and the coefficienth® is 1.

Sometimes, expansion of algebraic terms or polyatsmnay be raised
to higher indices such &a + b)*, (x — yJ, (2a — 6d¥°. In such exercises,

simple expansion may be too cumbersome to appéretis need to
apply the binomial expansion.

20 OBJECTIVES

At the end of this unit, you should be able to:

o evaluate factorials
o carry out expansion of higher indices using bindmigansion
o state the coefficients of the terms in a binomigdaamsion.

3.0 MAINCONTENT

3.1 Factorials

Factorials are very useful concepts in economias laumsiness related
issues. The factorial of a numb@) is the product of the consecutive
positive integers from n to 1. For example,

n=nn—-1)n-2)(n-3)..03)(2)(1)

4! =4x3x2x1

7'=7x6x5x4x3x2x1
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Note:7! = 7x6 x5!
or7x6x5x4!
or7x6x5x4x3!

12! 12x11x10x9x8x7x6x5!
Hence— =
3!5! 3x2x1x5!

=12x11x10x9x8x 7 = 665,280

It should be noted that 1!=1and 0! =1
SELF-ASSESSMENT EXERCISE

Simplify each of the following factorials:

I 8!

i. 3!x 4!

8!

M. —
214!

: 7!

V. —
3141

15!

V. —

41312

3.2 Binomial Expansions

A binomial expression is any algebraic expressidncly contains two
terms. Example i¢a + b). Higher powers of a binomial expression can
be obtained by expanding the expressian+ b)", while n is a non-

negative integer,. The general theorem of expansioiia + b)" =
nn-1a"2p?2 nn-1)n-2)a” 3p3

a™+ na""'b + + ot

2! 3!
(n—-r+1)(a@a™ Tp"

+ -+ b
r!

The above is the binomial theorem for any integdue of n. Based on
the above formula, it can be shown that
(a+ b)° =1 (Recall 1= 1)
(a+b)=a+b
(a + b)*> = a® + 2ab + b?
(a+ b)% =a®+3a%b + 3ab? + b3
Note:(a + b)® = (a + b)(a + b)*> = (a + b)(a* + 2ab + b?)
(a +b)* = (a+ b)* + (a + b)?
= (a® + 2ab + b*)(a® + 2ab + b?)
(a+b)°> =(a+b)*+ (a+b)3
= (a*® + 2ab + b*)(a® + 3a*b + 3ab? + b3)
S.(a+b)°> =a®+5a*h + 10a3b? + 10a?b® + 5ab* + b°

You will observe that the result of the expansidaweg an increase

power of one of the terms (i.B) and a decreasing power in other term
(a). You equally observe that the coefficients of trens keep changing
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as we increase the power of the expansion. Theficeet can be
soughed out from the triangle below

(a+b)°n=0 1

(a+b)n=1 1 1

(a+b)2n =2 1 2 1
(@a+b)3n=3 1 3 3 1
(a+b)t,n=4 1 4 6 41
(@+b)5n="5 1 5 10 105 1
(a+b)n=6 1 6 15 20 15 5 1
(a+b),n=7 1 7 21 35 35 26 1
(a+b)8n=8 1 8 28 56 70 568 27 1

and so on. You observe that the triangle numbers
corresponding to the coefficient of terms in eagpamsion. For

instancg(a + b)* = a* + 4a®b + 6a*b* + 4ab>® + b*, the
coefficients of the terms are: -

1 fora*

4 fora3b

6 fora?b?

4 forab® and
1 for b*, the set of the coefficientis1 4 6 41,
which corresponds to the value at n = 4 from tlagle.

Also, (a + b)Y’ gives the coefficients of 1 fa’, 5 fora’b, 10 for
a’b?, 10 fora’w®, 5 fora’b* and 1 forb®.

This gives the set of coefficients as 1, 5, 10, 30,1 which
correspond to the values obtained when n = 5 flaaririangle.

It should be noted that the values in the triarggie obtained starting
with 1 adding up the preceding coefficients andimgpdip with 1. It
should be noted from the expansion that as one coemnt of the term
increases, the other reduces. For instarfeet b)* = a* + 4a3b +
6a’b? + 4ab® + b* i.e. (a*b°® + 4a3b* + 6a?b? + 4ab® + a’b*. The
powers of a decrease along the expansion (from3itm2 to 1 to 0)
while the power ofb increases (from O to 1 to 2 to 3 to 4). The
coefficients 1, 4, 6, 4 and 1 can easily be obthinem the triangle. The
triangle is known aPascal’s Triangle

Further Examples

1. Evaluate (a) (x — ¥) stating the coefficient of the terms in the
expression.
2. Find(2a + 3cy and state the coefficient afc’.
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Solution
a) Recall the Pascal triangle

1 5 1010 5 1
1 6 15 20 15 5 1
1 7 21 35 350 26 1
(x =) =1(x7 (=) + 7(x®(=y)") + 21 (x*(=y)?) +
35(x*(=y)®) +35(x*(=y)*) + 21(x*(=¥)°) +
7(x' (=) + 1(x°(=y)7)
=x7 +7(x% —y) + 21(x5.y?) + 35(x*. —y3) +
35(x3.y*) + 21(x%. —y5) + 7(x.v®) + 1(1.—y)
= x7 — 7x%y + 21x%y? — 35x*y3 + 35x3y*
— 21x%y° + 7xy® — y7
.. Coefficient of X = 1
Coefficient o6’y = -7
Coefficient ofy” = 21
Coefficient oi’y® = -35
Coefficient ofy* = 35
Coefficient o6y = -21
Coefficient ofky’ = 7 and
Coefficient ofy’ = 1

b) (2a + 3¢)° = 1(2a)® + 5(2a)*(3¢c) + 10(2a)3(3c)? +

10(2a)?(3¢)® + 5(2a)*(3c)* +
1(2a)°(3¢c)®

= 32a® + 5(16a*.3¢c) + 10(8a®.9¢?) +
10(4a?27¢3) + 5(2a.81c*) +
1(1.243¢%)

= 32a® + 240a*c + 720a3c? +
1080a?c® + 810ac* + 243c®
Therefore, the coefficient afc? is 720.

SELF-ASSESSMENT EXERCISE
I Expand(3x — 5y§ and state the coefficient of each of the terms.

. Simplify (x + y)® + (x — y¥ and state the coefficient of each of the
terms obtained.
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40 CONCLUSION

Factorials and binomial expansion are closely eelaihis is because
the concept of factorial is important in binomiadpansion. Binomial
expansion of high powers can easily be obtainedidigg the Pascal
theorem.

5.0 SUMMARY

Factorial of any number given is the product of the congeeuyiositive
integer from that number to 1. High powered expamsiare usually
cumbersome to carry out using simple expansion goe@s. Such
problems are easily carried out with the use ofolmial expansion
theorem which is guided by the Pascal’s triangled@termining the
coefficients of the terms involved.

6.0 TUTOR-MARKED ASSIGNMENT

1. Find the approximate value of
a. (1.06}
b. (0.98f: by using the first four terms of the binomial
expansion.
(Hint: (1.06) = (1 + 0.6 while (0.98) = (1 — 0.025.
2. Expand2x + 5y, hence state the coefficientxd§~.
3. Simplify (@) —

(10-5)!
15!

b) —5
10!

© -
(d) 3!x6!

4, Expand (a) 4k — 7y’
(b) 2-4¥
(c) (3y + 6X* hence state the coefficientxf*, x> andx* for
the expression obtained.
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1.0 INTRODUCTION

The concept of factorial is very useful in the mes of arranging a
number of different objects. For example, the fletter a, b, c and d can
be arranged in different forms or ways. The fiegtdr can be chosen in
four way i.e. can take the first or second or tlurdourth position. The
second letter can be chosen in three ways, the kkiter in two ways
and the fourth letter in one way. So, the numbevayis 4 x 3 x2x 1 =
24. You recall that, in the previous unit, 4 x 2 x 1 = 4!,

In general, the number of ways of arranging n fed#nt objects is n (n
—1)(n-2) ... 3x2x1=n!ways. The concepftadtorial is not only

useful in arranging non — repeated objects, italan be used to know
the number of ways repeated objects could be aechiag well as to
provide a tool for the computation of permutati@msl combinations
problems.

20 OBJECTIVES

At the end of this unit, you should be able to:

o determine the number of ways a non-repeated olgaid be
arranged

o determine the number of ways a repeated objectdcid
arranged

° apply the concept of factorials in solving Permotad and

Combination problems.
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3.0 MAINCONTENT

3.1 Arranging Objects
There are two forms of arrangements of objects thatconcept of

factorial can assist us to obtain. These are (@n@ing non-repeated
objects and arranging repeated objects.

3.1.1 Non-Repeated Objects

For a non-repeated object; the number of ways thects can be
arranged is simply n!, where n = number of distolgjects.

Example 1
In how many ways can the letters of the word “DANGEe written?”
Solution

Note; The word “DANGER” has no repeated object mene of the six
letter is repeated.

Hence, the number of ways the letters of the wardhe written = 6!
=6x5x4x3x2x1
=720 ways

Example 2
In how many ways can we arrange the figures imtiraber: 97452018
Solution

There is no repetition in the eight figures. Theref the number of
ways it could be arranged is 8!

=8x7x6x5x4x3x2x1

= 40,320 ways.

3.1.2 Repeated Objects

Suppose some of the objects are repeated. If #iererepeated objects,
then these objects can be arrangedrinways, so we divida! by r! to
obtain the number of ways repeated objects camrbaged. This means
that, given the number of objects asand the number of repeated
objects ag, the number of ways the objects can be arrangeiven

n!
as— .
r!

189



ECO 153 INTRODUCTION TO QUANTITATIVETNHOD |

Example 3

In how many ways can the letters of the words “O80G be
arranged?

Solution

There are six letters but there are three Os. TBssean be arranged in
3! different ways.
.. The number of ways “OSOGBOQ” can be arranged
6!

]
— 6x5x4x3! — 120 ways

3!

Note: If there is more than one repetition, keep ondinhg with the
factorial of the different repetitions you can see.

Example 4
In how many ways can the word “DAMATURU” be arrad@e
Solution

There are 8 letters and 2 different repetitions &d ‘U’, each of the
repetition occur twice.

Therefore, number of ways of arrangement is
8  8x7x6x5x4x3x2!

212! 2x1x?2!

= 10,080 ways.

Example 5
In how many ways can the word ORGANISATIONAL beasged?

Solution
n=14
O is written twice
A is written thrice
N is written twice
| is written twice
R, G, S, T and L are written once

Therefore, numbers of the way
14!
21312121111111111!
14!
= Note 11 =1

T 21312121
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_ 14x13x12x11x10x9x8x7x6x5x4x 3!
- 2x1x2x1x2x1x2x1

= 1,816,214,400 ways

Example 6

Eda, Ngozi, Viola, Oluchi, Chinyere and Adamu arsit on a bench. In
how many ways can this be done if:
(a) Eda and Ngozi insist on sitting next to each other?
(b) Eda and Ngozi refuse to sit next to each other?

Solution

(@) Consider Eda and Ngozi as a single unit. Therenave 5 units
instead of 6 units. The 5 units can be arranged! ways since
Eda and Ngozi can sit in either two ways (Eda, Nigoz(Ngozi,
Eda). Therefore, the number of possible sittingragement.
=51 X 2!
=(5x4x3x2x1)x2
= 240 ways

(b)  Without any restrictions, the number of ways is&20 ways.
If Eda and Ngozi refuse to sit together, then,rthmber of ways
possible
= Total number of ways without restriction minusysgossible
if they insist to sit together
=720 ways — 240 ways
= 480 ways.

Example 7

In how many ways can 4 digit numbers greater thd@03be formed
using the digits 0, 1, 2, 3, 4, 5, if (a) Theredsrestriction? (b) If there
IS repetition?

Solution
()3 x5x4 x3=180 ways
Note: The first figure is 3 and not 6 because threerégican
start the figure.

(b)3x5x5x5 =375 ways
Note: Other figures in the products are 5 all throughdose
any of the five numbers can take the place sinpetiteon is
allowed.
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SELF-ASSESSMENT EXERCISE

I Simplify the following by writing as single factatiexpression.
a. 111 X 12 b. 13x12! c¢. 10!'+10 d. 121132
e. 8! + 56

. A competition lists seven desirable properties @faa and asks
the entrants to put than in order of importancehtw many
ways can this be done?

iii. How many five digit numbers can be made using B, 2, 5, if
no digit is repeated?

\2 Five men sit around a circular table. In how maraysvcan this

be done?
V. How many arrangements are there of the letters fitm
following:
a. AFRICA
b AMERICA
C. COTTON
d. MACMILLAN
e BUCKWELL
f. MATHEMATICS
g REWARD

3.2 Permutation

Permutation is a way of sharing n-objects amongdgufation in a
given order. Therefore, it is mathematically writes P, where n< N.

For example, suppose there are 20 children whotareceive three
prizes of 81000, 8500 and¥200. In how many ways can the prize
winners be chosen if no children win more than pmnee?

The winner o&¥1000 can be chosen in 20 ways.
The winner o500 can be chosen in 19 ways.
The winner of¥200 can be chosen in 18 ways.

(Note: Once someone has been chosen as the winrét@J0 he can
no longer be chosen as the winnei&00 orN200).

Therefore, the total number of wayi3 x 19 x 18- 6840.
By decision permutation is the number of ways of pickingitems out

of N sample space. In generd®, is the number of picking r objects out
of n sample space, in a particular order. The fdarsu
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"P=nn-1)(n=-2)...(n=r+1)

This is written acn(n—l)(n—z)...(n—r+1)(n—r)...3 x2x1
> (n-r).3x2x1

n!

(n—-r)!

Example 8

A committee has ten members. In how ways can trermoan, the
secretary and the treasurer be selected?

Solution

We need to choose three out of ten. As the numbygosis are different,
the order in which they are matters. Hence, this ipermutation.
Example:

.. The number of ways 18P,
10!

" (10-3)!
10! 10x9x8x7!

7! 7!

= 720 ways

Example 9

In how many different ways can seven different bk arranged in
four spaces on four spaces on a book shelf?

Solution
— _ 7 _7
Pr=17P4 T(7-4) 3!
_ 7x 6 x 5 x4 x 3!
3!
= 840 ways
Example 10

How many five letter code words can be formed fréime word
BAKERY?

Solution

°p; ways

:6_5!5' - i_ =6! =6x5x4x3x2x1="720ways
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SELF-ASSESSMENT EXERCISE

I In how many ways can 4 digit numbers greater th@@04be
formed fromO, 1, 2, 3, 4, 5, 6 if:
a. There is no repetition.
b. There is repetition.
. How many telephone number of 6-digit can be forrfredh all
the digit O to 9 if:
a. No telephone number must begin with zero and repeti
is not allowed.
b. Repetition of digits is not allowed.
c. Repetition of digits is allowed.
iii. How many other telephone numbers starting with @ ba
formed from Bola’s phone number which is 0803572836
Iv. Evaluate the following without using a calculator
a. 4P3 b. 5P2 C. 9P2
V. A class has 18 pupils. In how many ways can aZtst, 3rd and
4th prizes be awarded?

Vi. There are 16 books on a library shelf. How many svesn a
student borrow four of them?

vii.  How many three digit numbers can be made from tbiesdl, 2,
3,4,5, 6,7, 8if no digit is repeated.

viii.  From a class of 19 students, six are to be seletedmember of

a committee. In how many ways can this be done?
3.3 Combination

Permutation and combination are closely relatedcepts. While
permutation deals with the number of ways of pigkirobjects out oh

in a particular ordercombination is concerned with the number of
ways of choosing objects out ofi objects in any order.

Suppose that the prizes given to students areudle@lues. That is no
one is considered better than the other, which smi@athoes not matter
in which order the prize winners are named. Hetiee nhumber of ways
is divided by the number of ways of ordering ther&e winners. For
instance, suppose there are 20 children to re@prizes, in how many
ways can the prizes be won?

This can bé®°C; =%°p, =+ 3
Thatis"C, ="P, +r!

n _ n!
" (n-r)!
n~ _ n! . _ n! 1
T =) T (= T 7
. n _ n!
oG = o
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Example 11

A committee has ten members. There is to be a sulnibee of three.
In how many ways can this be chosen?

Solution

The three sub-committee members are equal. Soydee in which they
are chosen does not matter.
Hence, this is a Combination example.

.. The number of ways ¥C;
10 10! 10x9x8x 7!
C3 = =

31(10-3)! 3x2x1x7!

= 120 ways

Example 12

A school committee is to be formed. There are edligible girls and
six eligible boys. In how many ways can the coneeitbe formed if
there are four girls and three boys?

Solution
The number of ways of selecting the girl8GQs
8C — 8! — 8x7x6x5x4!:28\NayS
4 4! (8—4)! 4x3x2x1x4!
The number of ways of selecting the boy¥ds
6 6! 6x5x4x3!
s = = = 20 ways

31(6-=3)! 3x2x1x3!
.. The committee can be chosen in (28 x 20) way40 lvays

Example 13

A committee of five is to be chosen from ten med aight women. In
how many ways can this be done if there must lbeagt one man and at
least one woman?

Solution

Without any restriction, the number of ways36;
If there is at least one man and at least one wotharcommittee
cannot be all-women or all-man.
Number of all women committee®€;
Number of all men committee*2C;

With the consideration of the restriction, the n@mbf ways is
_ 18 8 10,
="C5—"Cs—"C;s
= 8,568 — 56 — 252
= 8260 ways
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SELF-ASSESSMENT EXERCISE

I Evaluate the following without a calculator
a. 4C2 b. 5C3 C. 6C3

. How many ways can a committee of two men and thresmen
be selected from groups of eight men and seven w@me

iii. A library shelf contains ten novel and eight biqurs. In how
many ways can a borrower choose three novels amd tw
biographers?

iv. A football tournament is to be arranged betweemmgtedrom
Africa and Europe. There will be four African teaotesen from
eight national sides and four European teams chésen ten
national sides. How many possible selections aeeth

V. A committee of six is to be formed by a state gaweifrom nine
state commissioners and three members of the Stdtelse of
Assembly. In how many ways can the members be cheseas
to include one member of the House of Assembly?

40 CONCLUSION

The concept of factorial, permutation and comboratare interwoven
and interrelated. They are specifically used t@apine the number of
way an arrangement or selection can be done.

50 SUMMARY

The number of ways of arrangimgdifferent objects is!. If a particular
object is repeated k times, the number of waysividled byk!. If an
object is arranged in a circle rather than a réw,iumber of wayén —
1)!. The number of ways of picked objects out ofn objects in a

particular order ISP, = (n%'r)' while the number of ways of picking

n!

. If the selections

objects out of objects, in any order C, =
(n-r)'r!

are to be made from two different sets, then wetipiyltogether the
relevance permutations and combinations.

6.0 TUTOR-MARKED ASSIGNMENT

1. Simplify (a) 11! bY- (O

2. Simplify the following by writing as single famtal expressions.
a) 10 x 9!
b) 72X 7!
C) 110 x 9!

d) 13! =156
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3.

10.

7.0

How many arrangements are there of the letteosn fthe

following:
a) LAGOS
b) NIGERIA

C) AUSTRALIA

d) HORROR

e) SOLOMON

f) EGYPTIAN

Eight people are to sit in a row. In how manysvaan this be
done in the following cases?

a) Two particular people must sit next to each iothe

b) Two particular people must not sit next to eattter.
Evaluate the following without calculator

a) P, b)) 'C; ¢ P d) %C, e) °p;

In a competition, the entrants have to listttiree most important
properties of a computer from a list of eight pntijgs. In how
many ways can this be done?

a) If the three properties must be in the correder®?

b) If the order of the three properties does natena

A tennis team is to contain three men and twonem. In how
many ways can the team be selected from a clubd&itnen and
9 women?

A committee of five is chosen from A, B, C, D, Eand G. In
how many ways can this be chosen?

a) If both A and B must be on the committee.

b) If neither A or B must be on it, but both.

An examination consists six part A questions aeden part B
guestions. A candidate must attempt five questibonBow many
ways can this be done?

a) Without any restriction?

b) If there must be two questions from part A ahde¢
guestion from part B.

A box containing 4 black, 3 white and 5 yellballs are taken
out of the box and arranged in a row from left ight. In how
many ways can this arrangement be made?
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3.0 Main Content
3.1 Meaning to Matrix
3.2  Types of Matrices
4.0 Conclusion
5.0 Summary
6.0  Tutor-Marked Assignment
7.0 References/Further Reading

1.0 INTRODUCTION

Sometimes, there may be a need to present numericedn-numerical
information in a succinct, compact and simplifiediyw One of the
means of doing this in mathematics is the usedaifioes. Information
such as price of garment, the score in the tekds saitlets etc. can be
presented in a compact rectangular form calMaltrices (singular
matrix).

Linear algebra permits expression of a complicateiem of equations
in a compact form in an attempt to provide a sharth method to
determine whether the solutions exist or not. Magiprovide a way of
solving linear equations. Therefore most economelationship

especially linear relationship can be solved usiragrices.

Examples of information that can be displayed itrioes are:
HighSt.Garage /3 1 02
parkRdGarage (1 2 33)
CentralGarage \1 3 01
The above show the number of stock of fuel thesparter has in
different garage.

Another example is a company with different produgirovided by
matrix below.
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Outlet Skis Poles Bimgbn Outfits

1 120 110 90 150
2 200 180 102 11
3 175 190 601 8
4 140 170 801 4

The matrix above presents in a concise way to tthekstocks of the
businessman. By reading across the horizontal #xés firm can
determine the level of stock in any of outlets. Bading down the
vertical axes, the firm can determine the stoclrof of its products.

Therefore, matrices enable us to present informatica compact array
SO as to provide a summary of the information glamce. Beyond this,
set of equations can be present in a matrix forcthaam also be solved
using some techniques, that shall later be disduss¢he subsequent
units of this module.

2.0 OBJECTIVES
At the end of this unit, you should be able to:

define the term "matrices”

state the order or the dimension of a given matrix
identify the position of any element in a matrix
list and explain the various types of matrices.

3.0 MAIN CONTENT

3.1 Meaning of Matrices

A matrix can be defined as a rectangular array of numpearsmeters
or variables, each of which has a carefully ordepéate within the
matrix. The plural of matrix is matrices.

Examples of matrices are:

1
a1 Qi dg3
AZE g Z]BZSCZ[B 0 1]D =|az1 Gy a23]
asz; dszp da4ss
X
a b, c, d, e... z
) ) ) 1 5
_|b : 4 2 _
E=|" bF—[l 9]6—[9 6]
zZ, Y, X, W, . a 1 x
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The number or variables inferizontal line are calledRows, while the
number variables in the vertical lines are callelimns. The number of
rows(r) and columns(c) defines the order or the edisions of the
matrix. That is, the order or a matrix is giventbg number of rows and
columns the matrix has. The dimension or order ofadrix is given by
(r x ), which is read (r) by (c). The row numbéwvays precedes the
column number. The order of a matrix is also called size of the
matrix.

In the examples given earlier, A is a 2 by 3 maitex (2x3) therefore it
has 6 elements. B is a 4 by 1 matrix, C is a 1 lnya®ix, D is a 3 by 3
matrix, E is a 26 by 26 matrix, F is a 2 by 2 matmhile G is a 3 by 2
matrix.

Each element in a matrix is strategically or orgg@asitioned to occupy
a given row and a given column. This implies thasimgle element has
less than 1 row or column; neither can any elens&nin more than a
row or column. For example, given that:

X=(4 6 25
1 8 9|3
a c d

Then, 4 is the element in row 1 and column 1, tioeeeits position is
given as @ 9 is the element in the"2row and the § column, so its
position is given asza. The position of elements in matrix X above can
be presented as thus:

Q1 2 asz aa

1 P2 B3

SB1 X2 Q3 A

SELF-ASSESSMENT EXERCISE

I (a) State the number of rows and column each @f th
following matrices has

2 4.6 8 9 x A0
A=[163 2 4 Bz[“fﬂ
C= DE 1 2 3 4. 20
2 2 :
3 3 :
: 2
2019 18 17
E=[4 6]
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3.2

1)

(b)  State the order of the matrix in each case/@bo

State the position of (x) in each of the followimgtrices.

P= 4 2 Q=| 4
0 x 5
2
R 5

9

6

2 1 8 _

4 X 9 T= 4 6 1]|Xx
3 2 0 4 2 1 8]
us{ 3 8 |0 V£ 3 P
1 x 4 B
1 2|4 1
0 9

Types of Matrices

Vector: A vector is a matrix that has either one row oe on
a

column. When it has one column, %l% It is called acolumn
C

matrix or acolumn vector.

o O T o

Another example i

The order of the first example is 3 by 1 while trder of the last
example is 4 by 1.

Generally, the order of a column vector or columatnr is n by
lornx 1

It should be noted that when a matrix has only one, it is
called aline matrix or aline vector. Examples are

@ [4 x 3 2 7] (b)y[1 2 6 8]
In example (a), the order of the matrix is 1 byl&levin example

(b), the order is 1 by 4. Generally, the order dina matrix or
line vector is 1 by n.

201



ECO 153 INTRODUCTION TO QUANTITATIVETNHOD |

2)

3)

4)

202

Square Matrix: A square matrix is a matrix that has the same
number of rows and column. That is, a matrix igj@ase matrix
when the number of rows it possesses equals theberuwf
columns it has. A square matrix is any matrix whosger ism
by n wherem = n. Examples of a square matrix are:

A= (a Bf 1 2 2 1 6
[ca 4 5 |6 C32 4 6 7
7 8 3 2 1 4
2 0 6 8 |2
1 4 2 1
1 5 6 a b d
D=2 2 4 Ex b
1 4 6 8 cC C
Xx 21 : b
Z Yy X wW .. )

In each of the examples above, the number of raysle the
number of column. For instance, in matrix A, thener of row
is 2 and number of column is 2. In matrix D, thentner of row
is 4 and the number of column is 4. In summary,

A = 2 by 2 matrix
B = 3 by 3 matrix
C = 4 by 4 matrix
D = 26 by 26 matrix

Therefore, each of A, B, C, D and E are examplea sfjuare
matrices.

Null or Zero Matrixes: This is a matrix that has all its elements
as zero e.g.

0 0 0 00
[000], [8 8, [0 0], [0 0]

0 0 O 0 0

Diagonal Matrix: A diagonal matrix is a square matrix that has
all its elements as zero with the exception ofdl@mments in the
leading diagonal which take other values outsideo.z&8he
elements in the leading diagonal can take othewmegbutside
zero. The elements in the leading diagonal of asgjmatrix are
the elements in the north east direction or frofntteright while
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the elements in the North West direction from thénan
diagonal. Examples of diagonal matrices are:

Minor diagonal

0
X = Y = q
- - O .O B - - 3 .- g
Principal or Leading diagonal Principal or Leagliagonal
5) Identity or Unit Matrix:  This is a square matrix that has all its

elements as zero with the exception of the elemartte leading
or principal diagonal which take the value of 1g.E.

10 0 Lo
0o 1 o, [01
00 1

1 0 0
01 010

0 0 10

0 0 01

6) Triangular Matrix: This is a matrix that has elements outside
the triangular entries as zero. For example:

< 0 01
m — This is dower triangular matrix

0 — This is arupper triangular matrix.

7) Symmetrical Matrix: A matrix is said to be symmetrical if after
being transposed, we obtained the original matrackb To
transpose a matrix, we replace the row elementthéyolumn

1 -2 3
elements. For example Af = [—2 -1 4‘ and
3 4 5
2 6 9
B=[1 5 2]
1 6 7

1 -2 3
AT (pronounced as A transposed) c}r#{—z -1 4‘
3 4 5
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8)

9)

10)
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This is obtained by writing the elements on theizwotal axis
e.g. 1, -2, 3 in the vertical spaces
Since A= A, A is said to besymmetrical.
2 1 1
6 5 6]

9 2 8

Similarly B" =

You observe that 8B', Hence we say that B is not
symmetrical.

Markov Matrix: This is a matrix obtained when the column or
row elements adds up to 1. It should be notedehbher each of
the rows or each of the columns should add upanodLnot all the
rows and the columns at the same time.

Examples of Markov Matrices are:

Yy %/
4+ /3[4 3 -6]4+3-6=1—>
3 2 —4[3+2-4=1—
3/ 1
l/4 /3J4 1 —2l4-1-2=1—>
R |
l+§:1 E+l:]_
4 4 3 3

Scalar: A Scalar is a single number used to multiply each
element of a matrix e.g.

'sz[—21 L7L g] 2X=[—42 184 166]

Hence ‘2’ is a scalar. A scalar is therefork lay 1matrix.

Equal Matrices: Two matrices are said to be equal if they have
the same order the same elements, elements ochepgaine
position and the elements have the same value.

For example:
|fA=[(?; ‘ZL]B=[6 8

40 300 34
C:[3 z]D:[o 4]E:[0 2

It should be noted thaB is obtained by multiplying each
elements oA by 2. This does not makketo be equal td. You
should also note th#, C andD has the same order and the same
elements with matripA but the elements were not put in the same
position. It should be noted that only matrideandE are equal

in all respects. Therefore we say tAat E.
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11) Singular Matrix: A singular matrix is a matrix whose
determinant is zero. The concept of determinankl fleatreated
in full in the third unit of this module.

4.0 CONCLUSION

Matrix is a compact way of presenting information a rectangular
array. Every matrix has an order which tells usrthmber of row by the
number of column it has. Members of a matrix aseelement. Each
element has its own position in a matrix.

5.0 SUMMARY

A Matrix is a rectangular block of numbers arrangadrows and
columns. Mathematical equations (linear) can beesgmted in matrix
form. Various types of matrices include square matnull matrix,
diagonal matrix, identity matrix, symmetrical ma&s etc. All the types
of matrices have their peculiar features in terrhghe nature of the
element, the order of the matrix and so on.

6.0 TUTOR-MARKED ASSIGNMENT

1 Define the term “matrix”.
2 With the aid of examples, explain each of théofeing types of
matrices:

(a) Line matrix

(b) Diagonal matrix

(c) Triangular matrix
(d) Symmetrical matrix
(e) Square matrix

3 State ‘True’ or ‘False’
(a) All identity matrices are square matrices
(b) All square matrices are identity matrices
(c) The order of a column matrix is generally givaes nx1.
(d) The order of a matrix is the same as the jpositf elements
in a matrix
(e) All square matrices are symmetrical
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Given the size of each of the following matrices
@ A=[1 0 0 2] B= 1)2 C=11]

3
9
9

wooim

Classify each of the following matrices as squaliagonal or
identity, as appropriate

_ 10 0
a=B = 4 fle=o 1o
D= i (7)]E: 1 2 34]F=[3 g

[1

0 8 1 0
G=lg O]H - [0 1
How many elements are there in a matrix whoseisifa) 3 x 1

(b)1x3(c)mxn(d)5x4(e)nxn.

State the order of each of these matrices amel tta position of
X in each case

@ (2 1 4 ) 1)1 (c) (1]
1 0 x 3 2 |2 2
1 4 2 3 3 |x 3

5 X
4
1 1 1
(d) [012]
0 3 x
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1.0 INTRODUCTION

Elements in matrices are usually presented in diasie terms. Most
often, we use numbers, variables or parameterspiesent them. As a
result of this basic mathematical operations swgchdalition, subtraction
and multiplication are easily carried out. Howeirecarrying out these
matrix operations, certain rules principles anddglines must be
properly adhered to. This unit addresses the basdes involved in
adding, subtracting and multiplying matrices asedl @s examining the
basic identities in matrix operation.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

) carry out addition and subtraction of matrices
o multiply compatible matrices
o state and show the basic identities in matrix cjpmra

3.0 MAIN CONTENT

3.1 Addition and Subtraction of Matrices

Two or more matrices can be added together or actlett from one
another if and if only they have the same numbemuafs and column.
This implies that addition and subtraction of nsi is only possible. If
the matrices are to be added together or subtrdoted one another,
they must have the same order.
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Example 1
1 2
wa=lt 2o=f; e[, |
Find(a) A+B
(b) A-C
Solution
@ a+e=[y 3|+ o= ]

The answer is obtained simply by adding up theesponding terms in
the rows and the columns.

0 3 [ 12 . :
(b) A-B= [ ]— 0 5|. This is not possible

2 -1 1 2
becauseA andC are not in the same order. While A is a 2 by 2
matrix, C is a 3 by 2 matrix. Hence, addition obtsaction of
matrices A and C is not possible.

Example 2
2 3 4 3 5 3 5 6
Giventhatd = |5 6 7B=[7 8]andC=[7 8 9]
8 -9 1 2 3 -1 2 3
Find (i) A+2C
(i) 2A - 3C
(iii) A + 4B
Solution
3 5 6 6 10 12
(i) ZC=2[7 8 9] = [14 16 18]
-1 2 3 -2 4 6
2 3 4 6 10 12
.'.A+ZC=[5 6 7|+ 1|14 16 18]
8 -9 1 -2 4 6
8 13 16
=[19 22 25]
6 -5 7
(i) %»A-3C
1 2 2
1 1 2 3 4 IrS 2 7-I
~A=-|5 6 7| = |- 3 —|
2 %g 9 1‘ g i
[+ -2
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3 5 6 9 15 18
3¢=3|7 8 9| = [21 24 27
-1 2 3] -3 6 9
1 = 2
) |r5 2 7]| 9 15 18
.EA—BC:|E 3 5|— 2; 264 297
9 1 -
|4 —3 ;J

-8 —-135 -16
-105 -21 285

2 2
l 7 21 _EJ 7 —-10.5 -85
2 2
(©) A+ 4B
3 5 12 20]
4B = [7 8] = [28 32
2 3 8 12
2 3 4 3 5
.'.A+4B=[5 6 7|+ 1|7 8]
8 -9 1 2 3

The addition of A and 4B is not possible simply dgse matrixA and
matrix 4B are not in the same order while Aisa 3 by 3 ma#B isa 3
by 2 matrix.

SELF-ASSESSMENT EXERCISE

3 1 6 4 -1 =2
I. GiventhatA =11 0 —-7|andB=|5 4 —4
2 4 2 -6 8 -3

Find A+ B,A-B,B-A.

i Findthevalueo[‘ll §]+[2 :g]_[g —4]

7
e [1 =3 2 2 5 =3
Iii. Simplify [5 1 _3]—3[1 5 1]
5 1 6
iv. ~ Giventhad = |3 1 5|. Find the trace of A. (Hint: Trace of A
2 3 5

is the sum of the diagonal element).
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v.  Giventhatd = [3 _11] B = [_02 _31] ¢= [_11 :)L i
1

_I1 0 :
D = [_1 5 _3]. Evaluate each of the following

where possible:
@A +2B

(b)2C + 3D
(c)2C +3D
()A-B+C-D

1 0 3
Vi. LetM =12 1 0
2 4 =2

I
N W

andN =

Evaluate (a) M—N
(b) 2M + 3N
(c) 3M-2N

3.2  Multiplication of Matrices

Two matrices A and B are conformable for multiplioa to obtain
A .Bif and only if the number of columns of A is eqi@athe number of
row of B.

Similarly, A and B are conformable for multiplicai to obtainB . A if
and only if the number of column of B equals to thenber of row of
A. therefore A .B is not equal td . A.

Example 1
Consider the following matrices

—1 8
2 3 4 2 4
LR A L E
5 9
1 6 8
andD = (4 2 5]
1 3 -3
(a) Which of these operations are possible?
i) AB
(i) B.A
(i) C.D
(iv) B.C
(v) D.A
(vi) B2
(vii) C?
(viii) D?
(ix) D?
x) A.D
(b) For each of the possible operations, obtain theltses
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Solution
@ A.B is not possible because number of calushA is not
equal to number of row of B {G 3, s =2 .. Co # Rg).
(i)  B.Ais possible because number of column agBqual to
number of row of A(G=2, R =2 .. G = Ra).
(i)  C.D is not possible because number of columhi€ is not
equal to number of rows of D. (G 2, Ry =3 .. Cc # Rp).
(iv) B.C is not possible because number of columB @& not
equal to number of rows of C§G 2, R =3 .. Gz # Rp).
(v) D.Ais not possible because number of columia$ not
equal to number of row of A. =3, R =2 .. G # Ra).

(vi) A.Cis possible because number of column a$ &qual to
the number of rows of C (C=3, R =3.. CL = R).

(viij B? = B.B, it is possible because number of columrBof
equals the number of row of B{G Rz i.e. G =2, R =
2).

(vii) C? is not possible i.e. C.C is not conformable for
multiplication because number of column of C is egual
to the number of rows of C (G2, R- =3 .. Cc # Ro).

(ix) D?=D.D is possible because the number of columb of
equals to the number of rows of D€ Ry i.e. G = 3,
RD = 3)

(x)  A.Dis possible because the number of columA efjuals
to the number of rows of D (G=3, R, = 3 .. Cs =Rp).

Note: After finding out whether multiplication is pos&bor not, the
result of the possible multiplication is obtainali@lowing the steps
below:

Take the first element in the row of the first mato multiply the first
element in the column of the second matrix, puaddition sign, then,
use the second element in the row of the first imat multiply the
second element in the column of the second matikcntinue in that
order, until the process is completed. After tiadte the first element in
the row of the first matrix to multiply the firsieenent in the second
column of the second matrix, put an addition sigwl #hen use the
second element in the row of the first matrix toltiply the element in
the second column of the second matrix and so ofil tine
multiplication is exhausted.

After exhausting the elements in the first row bé tfirst matrix, the
same thing is done to the elements in the secamaftohe first matrix.
From question (a), the following operations aresyus:

0] B.A
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@iy A.C
(i) B.B=F
(iv)y D.D=D
(v AD
The solutions to each of them are as follow:
. 2 4 2 3 4
(0 B'A_[—3 ] 5 6 7
2X2+4x5, 2X3+4X6, 2X4+4%x7
—3X2+4+5%x5 —-3xXx3+45%x6, —-3xXx4+4+5x7
_[24 30 36
19 21 23

(i) A.C=[§ Z ‘7‘

_[2Xx—-1+3X2+4X5,
T I5X—-14+6%X2+7X5,

-1 8
2 6
5 9
2X8+3X6+4%X9

5xXx84+6Xx6+7%X9

=[24 70
42 139
.. 2 4 2
(i) B.B = L—B 5]. [_3
2X2+4+4x%x-3, 2X44+4x%5
3x2+5x—& —3X4+4+5x%x5
28
21 13
1 6 8 1 6 8
(iv) D.D=1|4 2 5] 4 2 5‘
1 3 -3 1 3 -3

1xXx1+6%Xx4+1X%8,
4x1+2%x4+5x%x1,
1x14+3%x4+-3x%x1,

1X6+6X2+8x%3,
4X6+2%X2+5x%x5,
1X6+3%x2+—-3x%3,

1X8+6X%Xx5+8x-—-3
4x8+2%x5+5x%x-3
1xX8+3Xx5+—-3x%x-3

= (17 53 27

10
v) 4aDp=|

2X1+4+3x4+4x%x1,
5X1+6Xx4+7x%x1,

_ 118 30
36 63

33 42 14]

SN

2X6+3X2+4X3,
5X6+6X2+7x%3,

2X8+3%x5+4x%x-3
5Xx84+6Xx5+7x-3

19
49
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SELF-ASSESSMENT EXERCISE

I Let A, B and C matrices be defined as

3 4
4 21, _ 2 2 2
A_[1 3]3_; g]andC—B : 3
Find () AB (i) B.C (i) A.C
7 4
i GiventhatA:[lo 12]andB= 6
1 3

Find () AB (i) B.A

1 3
i LetX:[2 4]Y=[2 1 _2]Z= 4 —1]
0 -3
(a) State whether each of the following operationsres/a
conformable.
@O XY (@) zZz (@) Y.Z (v) ZY (v) X2
(vi) Y2
(vi) ZX  (viii) X.Z
(b)  Find the results of the conformable operations.
\2 Find the results of each of the following operasion
1484 4—402613 1 2
(a)[2 . 6] 1l =2 6 ©[ 6 71lo 3
6 7 -1 2 3 1
V. Evaluate the matrix products

o [E ST
o 50 2 2

08 %031102 06
©  lo1 —02 03 0l

d [1 3 -1] 1]

10
3 8 5]1 2 3
@ [ ; o]5 4 6]
-1 2 olle 3 1
0 3 5 3 L2
Vi. G|venthatA=[2 _1], B=[4 0andC= _01 g
Find (a) BA
(b) CA
(co CB

214
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3.3

Basic Identity in Matrix Operation

Addition, subtraction and multiplication of matriceexhibit some
properties. These properties are equally exhibitd@n such matrix
operation are carried out with some special tydemsatrices. Among
the commonest identity in matrix operations are:

(i)

(ii)

0] Commutative law in matrix

(i)  Associative law in matrix

(i)  Distributive law in matrix

(iv)  Identity and Null matrices relations
(v)  Unique properties of matrices

Commutative Law in Matrix

Matrix addition is commutative (that is, A + B =BA) since
matrix addition merely involves he summing of cepending
elements of two matrices of the same order. Hetgeprder in
which the addition takes place is inconsequentat@aterial).

Similarly, A—B=-B+A
L[4 111, _1[3 7
Forexample,lfél—[17 6]B_[6 5

A+B:[1471363-1I?1£_277:1£273 188'1 18
Bra=[0 10 gl = s gloAtE
=B+ A
Likewise A—B= [147_—36 161—_27] = —-B+A=

[—_63: 147 _—72-:—161]=[111 ﬂ

In conclusionA+B=B+A, A—B=—-B+ A

Associative Law of Matrix

Since (A — B) can be converted to matrix additiont+A(-B),
matrix subtraction is also commutative and asswmeatMatrix
multiplication with few exception is not commutagiythat is A.B
# B.A). Scalar multiplication however is commutativier
multiplication. If three matrices X, Y and Z arenformable for
multiplication, (XY)Z = X(YZ). Subject to this comibn A(B +
C) = AB + AC. The associative law of matrices sthizt (A + B)
+C=A+(B+C).

o [6 2 71, 19 1 31. _[7 5 1
Forexample,lfél—[9 5153;?—1(L4 ) 66_[1() 3 g
(A+B):[13 7 9
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(iii)

(iv)

216

(a+B)+c=[15 310,07 51

13 7 9 10 3 8
22 8 11
23 10 17 16 6 4
2 7
+ + = -
A (B C) [9 5 3] T [14 5 14]

22 8 11
23 10 17 22 8 11
Therefore, (A+B)+ C=A+ (B +C) 23 10 17

This illustrates that matrix addition is associativt should be
noted that matrix multiplication is associative,oyided the
proper order of multiplication is maintained (AB)=CA(BC).

Distributive Law
Matrix multiplication is distributive A(B + C) = AB- AC

6 9
For example,led =[4 7 2]B = 5]andC= 5]
|1 8
6+9 15]
B+C=|5+5|=][10
1+8 9 |
15
AB + C) =[4 7 2][10] = 4X15+7x104+2x9 =
9
148
-
AB=[4 7 2]|5| =4x6+7x5+2x1 =61
[ 1]
5
AC=[4 7 2]|5|=4x9+7x5+2x8=87
[ 8.

. [AB + AC] = A[B + C]
[61 + 87] = 148

Thus, for the set of matrix A, B, C, distributivaw of matrix
multiplication holds.

Identity and Null Matrices
An identity matrix | is a square matrix which hasfdt every
element on the principal or leading diagonal freft o right and
zero everywhere else. Then, denotes n by n identity matrix.
The multiplication of an identity matrix with anyther matrix
gives the matrix back.

Al=1A=A
Multiplication of the identity with itself gives éhidentity as a
result
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Therefore, any matrix for which A ="Aor A = Al is said to be
symmetrical. A symmetrical matrix for which A x A A is
termed anidempotent matrix. Therefore, an identity matrix is
symmetric and idempotent.

It should be noted that given a square null malitjxwhen N
multiplies another matrix N, gives N i.e. BN = Nowlever, when
a null matrix is added or subtracted from anothetrix (B),
gives the matrix B as the resulti.e. B+ N =B =N.

[llustration
7 10 14
_ 5 12 [0 0 _
Let A=19 2 6 B—[ZO 4]N—[O o] andi =
1 3 7
1 0 O
0 1 0
0 0 1

Al =

7 10 14111 0 O
9 2 6|10 1 O

1 3 7110 0 1

7X14+10x04+14x0, 7xXx04+10x1+14x%x0, 7x0+10x0+14x1
9x1+2x04+6x0, 9Xx0+2x1+6x%x0, I9X0+2x0+6x%x1
1xXx14+3x0+7x%0, 1xXx04+3x1+7x%0, 1X0+3x0+7x%x1

7 10 14
=19 2 6

1 3 7

A=A
[5 1le]\l[o 0 _[5><0+12><0 5><o+12><0] )
20 4llo 0o 0_ 20X0+4x0 20x0+4x0

:[0 0

BN:N:LS 182- 0 0 5 12

B+N:[250 142-'Jr LO 00 =[§0 1§]=B

oy ol o=l 4=

|.|:[o 1 o]o 1 0‘

o o 1llo o 1
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1Xx1+0x0+0x0, 1X0+0x04+0x0, 1x0+0x0+4+0x1
0xXx14+1x04+40x0, 0Xx0+4+1%x14+0x0, 0X0+1x0+0x1
0x14+0x0+4+1x0, 0x0+0x1+1x0, 10x04+0x0+1x1
1 0 O
:[0 1 0]=I
0 0 1

(v)  Unigue Properties of Matrices
When two singular matrices multiply themselves, ithgult may
be a null matrix or a non-null matrix but anothergsilar matrix.
A singular matrix is the one in which a row or column is a
multiple of another row or column.

Example
16 -121, _[12 6
A_[_g 6]B_[6 3]
AB_[6><12+—12><6, 6X6+—-12X%X3 _[() 0
" 1l-3x12+6x6, -3x6+6x31 "o o

A and B are both singular matrices but their pradaca null
matrix.

Sometimes, the product of two singular matrices matygive a
null matrix but another singular matrix. For exaepH =

6 12]p=[12 6

3 6 6 3
AB:[6><12+12><6 6xXx6+12%x3 :144 72
3X124+6X6 3IX6+6x%3 72 36

A.B gives another singular matrix. When a singutaatrix is
used to multiply two other different matrices indagdently, the
result obtained may be the same which may neitieea mull
matrix nor a singular matrix.

For example, it4=[11L g]B=[§ ;]C=[_42 ;]
4x2+8x2 4><1+8><2]=[24 20]
6 5

1x24+42%x2 1x1+2x2
4X—-2+4+8x4 4%x1+8x2 _F4 mq
~le 5

1X—-24+2%x4 1x1+4+2x%x2

AB:[
A.C =

Even though B# C, AB = AC. Unlike algebra, where
multiplication of one number by two different numbecannot

give the same product in matrix algebra, multiglma of one

matrix by two different matrices may and may notduce the

same result. In this case, A is a singular matrix.

218



ECO 153 MODULE 6

SELF-ASSESSMENT EXERCISE

. Giventhan =[] anap=[> 7] Verify that AB = |

where | is a 2 X 2 identity matrix.

a b

. Calculateﬁ (Z)[c d].Commentupon the effect of multiplying

a matrix b>[(3) (2)
6 2 7]B:[9 1 3

9 5 4 4 2 pl@AC=

ii. Given the matrices:4 =

[7 5 N
10 3 9
Showthat (A +B) + C=A + (B + C)

4.0 CONCLUSION

Matrix operation in terms of addition, subtractiand multiplication is

strictly based on some rules. Once these rulesdinered to, matrices
can be added together, subtracted from one anatitralso multiply

one another. Some basic identity may evolve ircthese of performing
matrix operations. These identities are provenltesi certain matrix

operation which may be general or peculiar to sommimstances.

5.0 SUMMARY

Two matrices can be added together or subtracted bne another if
they have the same order. Multiplication of two ntats A and b to
produce A.B is only possible if the number of cohgrof A equals the
number of rows of B. However, ABB.A.

Like in the set theory, commutative law, assocataw and distributive
laws apply to all matrices provided the matrices @nformable and/or
addition

A + B =B + A = Commutative law

A+ (B +C)=(A+B)+ C = Associative law
(AB)C = A(BC) = Associative law

A(B + C) = AB + AC = Distributive law

The product of an identity matrix with another matgives the other
matrix while the product of an identity matrix witkself gives the
identity matrix as the result.

When a null matrix is added or subtracted from haoimatrix of the

same order, the result obtained is the matrix whieh null matrix is
added to or subtracted.

219



ECO 153 INTRODUCTION TO QUANTITATIVETNHOD |

The product of two singular matrix may give a maktrix or a non-null

matrix but another singular matrix. When a singutatrix multiplies

two or other different matrices independently, tesult obtained may
be the same.

6.0 TUTOR-MARKED ASSIGNMENT

: o2 1 0 o M1 2 0
1. G|ventha1;4—[2 3],3—[3 1 ol C—[Z 3 0
D:[l 2 0 E:[ 0 1]2::E) 0 12;
2 3 00 20 3 0 0 2

Which of these matrices is it possible to add toget
a. Using the matrices given above, find where possexdeh
of the following
()B+E (i)E-C (i) D+F (v) A (v) BD-E
(vij F=2D (vii)j 2A (viiB-%C (X B+C+E
2. Find x, y, z, wif:

5 2+ A= o

3.  Giventhatd = B (1)] B = B i andC = [3 _21]
3

Find A.B, B.C, A.C, &, B C, A°.
1
0

-1

4. GiventhatA=[1 2 3]B=[2 3]|C=

D= [i] and

1 0] o
E = [4 2]. Find A.C, B.D, E.D, B.E?

5. a=[, SJanan=[> | Find A, B! AB, ALB" B.A?
oo @ el o TR
N L e

0] Which of the following can be evaluated: AB, BA, AC
CA, BC and CB?
(i)  Evaluate those which are possible
13 2
8. LetA = [O _3]

(@) Find A> +A
(b)  Find B if B + A>= 3A

0 2 3 1
9. LetM—[1 4amdN—[4 0
Evaluate the following
(@) M2+ N
(b)  MN +NM

() 2MN + 3NM
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5
1

8
2
9 —6

Find A+ B, A-B, 7A, -%2B,3A + 2B

11.  Find (a) [g g] [;

o [ A6
14 9] [

10. Letd = andB =

(©) [20 1 _8773_

12. IfM = [; _81] andN = [
on your answer.
3. a=[1 =2 | flc=0 o -1 1p=

3 2

1 4]. Find NM and MN. Comment

7
9| and
8
1
1
2
E =|0]. Find if possible: 3A, A + B, A+ C, 5D, BC, CD,QA
0
1

CA,5A—-2C,D-E, BA, AB, A
3 9 5

7L 01, 13 71s_T*1~_

14, |f1_[0 1],4_[_1 _Z]B_[y]c_[4 S
Find where possible IA, Al, BI, IB, CI, IC. Comntean your
answers.

15. IfA:[a b]B:[e f].FindA+B,A—B,AB,BA?
c d g h

16. Find@ [ ][]
® 5 ol

17. GivenAz[ig _11]13:[; _22]
Find BA, B, B?A.

18. a) Giventhatl = [_11 ﬂB = [(3) _1]

2
10 0

b) Givend = p=[0 O¢c=[12 ©

) Give [8 (1)(1) [0 0] [6 3]

State and proof any two identity familiar with A, &d C (you may
introduce other matrices to conduct your proof).

7 2 6 14
19. GiventhatAz[S 4 8 D:[4]

3 19
E=[8 1 10]F =[13 2]

B:[g (Z)]cz

11
4
13
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Determine for each of the following whether the chrcis are defined

i.e. conformable for multiplication. If so, indieathe dimensions of the

product matrix.

(@ AC () BD (c) EC (d DF (e)CA () DE (9
BD

(hy CF () EF () B

20. Crazy Teddies ells 700 CDs, 400 cassettes and ZD@l&yers
each week. The selling price of CD is $4, cassefteand CD
players $150. The cost to the shop is $3.25 6Da $4.75 for a
cassette and $125 for a CD player. Find the wegddfit.

700 4 3.25
HmQ={%0P=[6 C=[4%]
200 150 125.0
TR=P.Q
TC=C.Q
n=TR-TC
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UNIT3 DETERMINANT OF MATRICES
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1.0 INTRODUCTION

Determinants are usually obtained for square nedriclt is the
numerical value of the matrix. The determinani4ifof a 2 by 2 matrix
called a second order determinant is derived bygathe product of the
two elements on the principal diagonal and sulitrgctrom it the

product of the two element of the principal (mi@agonal).

- a1 Ay
Givend = [ ]
a1 Ay

|A| = [a11-a22] — [a12. az4]

The determinant is a single number or scalar amlfiound for square
matrices. If the determinant of a matrix is equatéro, the determinant
Is said to vanish and the determinant is tersiagular.

The determinant of a 3 by 3 matrix
a;; Qg2 Qg3
Az1 dzz dz3
az; dszz dsz
it is obtained using a more elaborate procedurepeoed to a 2
by 2 matrix. Details on how the determinants ofy33bmatrices
are obtained shall be discussed later in this unit.

e.g.A= is called a third order determinant and

The determinant of a square matrix which size eatgr than 2 by 2 is
called a higher ordered determinant. Examples ol snatrices include
3 by 3 matrices, 4 by 4 matrices, 5 by 5 matrices e
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2.0 OBJECTIVES

At the end of this unit, you should be able to:

o obtain the determinant of 2 by 2 matrices

o obtain the determinant of 3 by 3 matrices

o obtain given value(s) in a matrix, provided deteramt and other
required values are given

o state the properties of determinants and prove .them

3.0 MAIN CONTENT

3.1 Determinant of 2 by 2 Matrices

To evaluate the determinant of a 2 by 2 matrix gigsA = [? Z] the

following procedures are followed:

0] Multiply the elements in the leading or princip&gbnal (i.e. a x
d = ad).

(i)  Multiply the elements in the minor diagonals (cex d = cd).

(i) Subtract (cd) from (ad) i.e. (ad) — (cd) gives dieterminant of A,
written ag4|.

Examples
: . 2 -1 1 3
1. Find the following (a) |_4 ) | (b) |5 _2|
2. Find the value of x for which
x 2 : . 2
= ”?
3 8| 0, which type of matrix @ 8]' How do you

know?
Solution
1(a) _24 ‘21|=(2><z)—(—4><—1)
=4—-(4)=0
1 3|_
(b) c _2—(—2><1)—(3><5)
=—-2—-15=-17
x 2| _
2. |3 8|_0
Therefore, 8x - (3% 2)=0
8x—-6=0
8x =16
6 3
X:—:—
8 4

The matrix is a singular matrix because its deteami is zero.
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SELF-ASSESSMENT EXERCISE

I Find the determinant of each of the following neds

a=[; le=lg Ze=[y Jlo=[; il

_ [8 7
. . 9 - 2
. In each of the following, find the value of x.
a) X 1| _
S 2 _psx 2
X _|5x
b) %x §,| B | 4 _2|
x —
0 |3 1| =11

3.2 Determinants of 3 by 3 Matrices

There are a number of approaches adopted in obgaihe determinant
of a 3 by 3 matrix. Prominent among the approaehes

() Diagonal method

(i) Expansion method

0] Diagonal Method: When a determinant is of the size 3 by 3, the

elements of the first two columns are reproduced a® put a
mirror on the third column. This results into adshial two
columns to the already existing matrix. Hence,détrminant of
the matrix is given as the difference between thditeon of the
products of the elements in the principal diagonatsl the
addition of the products of the elements in the-poncipal
diagonal for example, finds the determinant of

4 6 3
A=|3 5 6], using the diagonal method
2 8 4
|A] =3 5
4

[Al =(4X5Xx6+6X6%X2+3Xx3X%X8)
—(2X5%Xx34+8%x6%Xx4+4%x3X%X6)
=(80+72+72)—-(30+ 192+ 72)
=224 —294 =-70
(i)  Expansion Method: The expansion method is used in the
evaluation of 3 by 3 matrices and other higher rdeteants.
Using this method, the following steps are followed
a1 Q12 Qg3
Given thatd = [a21 az; a23]
az1 Q32 04zz
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Step I: Take the first element of the first row,; and mentally delete
the row and the column in which it appears. Theualtiply a,, by the
determinant of the remaining elements.

[QE1 az; a23
a3, dzpz dszg

a11[az;. a33 — az;. ay3]

i ea azz a23|_
1 a32 ass

Step II: Take the second element of the first rayy and mentally
delete the row and column in which it appears. Theultiply a,, by
—1 times determinant of the remaining elements.

3
. dz1 Q3
az1 22 O23|i.eaq, =

aszi 32 033 31 33
a12[az1. 33 — az;1. azs]
Step lll: Take the third element of the first rom,; and mentally delete
the row and the column in which it appears. Theualtiply a,; by the
determinant of the remaining elements.

21 a22| .

a
i.ea
13 a31 as;

[ az; 23
a31 as;

ai3[az;.as, — az;. a31

Step IV: Obtain the sum of the results derived from step, land 11l
above.
Hence, |A|l = ay1[az;-az3 — a3;-az3] — agz[az1.as; —
31 Az3] + Ay3lazs. as; — az;. a3l

+ - +-
Note: The sign alternates as follo § + ;i and so on.
_ 4+ _*
Example 1
4 6 3
Giventhat = (3 5 6| =4[> 830 3|+2|C
> 8 4 8 4 8 4 5

= 4(20 —48) — 3(24 — 24) + 2(36 — 15)
= 4(—28) — 3(0) + 2(21)
=—-112-0+4+42=-70

A is a non-singular matrix becaud¢ = 0.

Note: The same solution is obtained using the two mettiodthe same
guestion.
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Example 2

Solve for x given that
[x X X

0 x+2 2 ]is singular matrix.
0 2 x—1

Solution

X X X

If [O x+2 2 ] is singular matrix, then
0 2 x-1

X X X

0 x+2 2 |=o0

0 5, *31 0 2 0 2
X+ x+2| _

x| 2 x—1|_x|0 x—1|+x|0 |_O

x[(x+2)(x—1)—4] —x[0(x — 1) — (2 x 0)]
+ x[0.2 — (0.x + 2)]
=x[x?+x—-2—-4]—-x[0—-0]+x[0—-0] =0
x[x?+x—6]=0
Factoringx(x? + 3x —2x — 6) =0
x(x(x +3)—2(x+ 3)) =0

x(x+3)(x—-2)=0

Hence, x =0, or

x+3=0

x=0-3=-3;0r

x—-2=0

XxX=0+2

X=+2
X X X

Therefore, fo}ﬂ x+2 2 | =0, xcan either be 0, -3 or +2.

0 2 x—1

SELF-ASSESSMENT EXERCISE

I Find the determinants of these matrices

0 3 2
(@) [ -3 4](19)[5 6 0

O 3 7

2 1 3 —
il Find|4 0 0

5 6 7 1 —2 1
ii. Solve for x in the matrix below

0 X 0

x—1 1 0 |[=0
5 6 x+1
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V. Use expansion method to obtain the determinant givgn that

4 -2 6 3
11 0 2 4
B= 0 2 4 1
2 6 —-1-3

3.3 Properties of Determinants

The following properties of determinants provide tays in which a
matrix can be manipulated to simplify its elemeatsreduced part of
them to zero, before evaluating the determinant.

0] Adding or subtracting any non-zero multiple of orev (or
column) from another row (or column) will have riteet on the
determinant.

= a;b, — a,b; = |A]

(i)  Interchanging any two rows of columns or a matrid shange
the sign, but not the absolute value of the deteaunti
_[2 4 14 2
e.g.A_[6 o B=lg -
Al = (8x2) —(6x4)=72—24 =48
|IBl =(4%x6)—(8x%x9)=24—-72=—48

(i) Multiplying the elements of any row or column bganstant will
cause the determinant to be multiplied by the seomstant.

ear=[ 3l =[%s 3=l 3

IX|=(2%3)—(4x1)=6—4=2
Y] = (10 x 3) — (20 x 1) = 30 — 20 = 10

Note: As a result of multiplication of the elements loé first column of
X by 5 to obtain Y, the determinant of Y is 5 tintes determinant of X.

(iv) The determinant of a triangular matrix i.e. a matnith zero
elements everywhere above or below the principalgahal
equals to the products of the elements in the pahcliagonal.

1 0 O
e.g. IfR = [2 4 O]
3 8 2
R is a lower triangular matrixR| =1 x4 x 2 =8 or
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1 0 O
2 4 0
3 8 2
=1(8-0)—-0(4—-0)+0(16 —12)
=1(8) —0(4) + 0(4)
=8-0+0=38

el § -l g0l 9ok ¢

(v) The determinant of a matrix equals to the determtira its

transpose
10 0 1 2 3
egR=|2 4 olR"=|0 4 8
38 2 00 2
1 pT| — _ 4114 8 _,10 8 0 4
.4R|_8 g 2_1% J 2% ﬂ+3% J

=1(8—-0)—2(0—0) +3(0 - 0)
=1(8) —2(0) = 3(0)
=8-0+0=38

IRl = |R"]|

(vi) If all the elements of any row or column are z¢ne, determinant

IS zero.
3 0
e.gK:[4 o) IKI=(3x0)—@4x0)
0 0 0
M=[2 1 3‘ ;.Mﬂ=oL; ﬂ—o@ ﬂ+
6 -8 4
olg gl
— 0[4 — (—24)] — 0(8 — 18)
+0(—16 — 6)
= 0(4 + 24)
—0(~10)
+0(=22)
—0+0-0=0

(vii) If two rows or columns are identical or proportigriae. linearly
dependent, the determinant is zero.

egifA:[i 2,LM2(2X6—4X3):12—12:
0

17 8 ~ _ _

ﬁB—b o) 1Bl=(7x8)-(7x8)=0
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4.0 CONCLUSION

This unit has exposed you to the techniques invblire obtaining
determinant of square matrices. A good attempt l@sn made to
expose you to the number of properties of determgavith adequate
illustrations and examples.

5.0 SUMMARY

Ccl Z] the

determinant of A written @d| = (a.d) — (c.d). There are alternative
approaches of obtaining the determinant of a 3 bya®ices. Common
among them are the diagonal method and the expamseihod. The
diagonal method involves addition to the originatrx, the elements in
the first two column of a 3 by 3 matrix. Then, gwem of the products of
elements in the non-leading diagonal is subtradtech that in the

Determinants are applicable to square matrices. didy= [

a b c
leading diagonal. For the expansion meth}wti, e =a |e f| _
. h i
g h i
b|d f +c d e
g i g h

A number of properties of determinants provide ti@ys in which
square matrices can be manipulated to simplifyelesnent to give a
specific result.

6.0 TUTOR-MARKED ASSIGNMENT

2 1 3 -3 0 1
1. Giventhad = |4 0 0] andB =| 5 1 O]

5 6 7 1 -2 1

Find |34 — 2B]|
0 0 x+1
2. Given thal 1 xX—2 6 |=0
x—3 6 7

3. Solve for x in the following

1 x| _ x 11 _ 13 1
@ |5, J=0 off = .
4, Given tha{tz 32| = 12. Find the possible values of x.
X X

—10

5. Given that[oc ;_1 o« —10

ofx.
, M 31, _[2 4] 2 _ 2
6. G|venthaft’—[4 S]Q— [3 O].FlndIP +20Q — 2PQ?|.

] is a singular matrix. Find the value
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7. Outline any four properties of determinants wéppropriate
illustrations.
8. Given th*‘ —4 5 | _5x415. Find the value(s) of x
6 x+3
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Anthony, C. & Robert, D. (2006joundation Mathematicq4th ed.).
London: Pearson Hall Publisher.

Edward, T. D. (2004)Introduction to Mathematical Economic&3rd
ed.). Delhi: Tata, Mc-Graw Hills Publishers.

Elayn, M. (2003). Introductory Algebra (2nd ed.). New Jersey:
Prentice-Hall Inc.

Usman, A. S. (2005)Business Mathematics Lagos: Apex Books
Limited.

231



ECO 153 INTRODUCTION TO QUANTITATIVETNHOD |
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1.0 INTRODUCTION

In the earlier units, we have added, subtractednamiiplied matrices.

To divide matrices, we need some definitions. Tdentity matrix | is

such that IA = Al = A for all matrices A which havke same size or
order as |.

0

1] and

For 2 by 2 matrices, | {:(1)

1 0 O
For 3 by 3 matrices, | 1 0
0 0 1

To divide by a number is equivalent to multiplyiridy its reciprocal.

For example, to divide by 2 is the same as multip}y*2. Hence, we
define the inverse of a matrix A, so that dividing A is the same as
multiplying by its inverse. Recall that the inversk 2 is Y2 and the
inverse of %2 is 2. Similarly, if we invert a matriwice, we get the
original matrix. So, the inverse of ‘As A itself. Here, the superscript ‘-
1’ should not be read as power but as a notationtHfe inverse of

matrix.

It should be noted that an inversé',Avhich can be found only for a
square, non-singular matrix is a unique matrix sgnig the
relationship.

AAT=1=ATA

Multiplying a matrix by its inverse reduces it to @entity matrix. Thus,

the inverse matrix in linear algebra performs mtiehsame function as
the reciprocal in ordinary algebra. The formula deriving the inverse
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is A™ :ﬁ .AdjA. To obtain the adjoint (Ad)) of A, it may be nesasy

to obtain the minors and the co-factor first. Télall be treated in the
later part of this unit.

2.0

OBJECTIVES

At the end of this unit, you should be able to:

obtain the inverse of 2 by 2 matrices

obtain the inverse of 3 by 3 matrices

use the techniques of matrix inversion to solveedin
simultaneous equations

apply Crammer’s rules as an alternative to matmxersion in
solving simultaneous linear equations.

3.0 MAIN CONTENT
3.1 Inverse of 2 by 2 Matrices
Given thad = [? Z , the inverse of A written as A
:ﬁ .adjA.
Here, A = (ad) — (cb) while adj Ain a 2 by 2 matrix requires
that the elements of the leading diagonal is im@nged while
the elements of the minor diagonals are multipligdl.
Therefore, A =—— . (adjA)
ad—cb
Al 1 [ d —b]
ad—cb —C a
Example 1
Find the inverse of = [_34 ;] Verify that AA' = I.
Solution
Al :ﬁ .adjA
|[Al=(3x%x2)—(4x1)
=6—(-4)
=6+4=10

adjA = LZL _31]

at==d
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[2 -1

10 10 0.2 -—-0.1
4+ 3|[osa 03

|10 10
1 _[3 11702 -0.1

AAT = —4 2] [0.4 0.3

_[3%x02+1x04 3x(—0.1)+1><0.3]

—4XxX02+2%x04 —4x%x01+2x%x0.3
_[06+04 —-03+ ().3]

:IO.% +08 04+0.6
= o 1] as required.

SELF-ASSESSMENT EXERCISE

I Find the inverse of the following matrices.
2 -1 1 0
O NI O]

i. A matrix P has an inverge! = [

(Hint: Obtain(P~1)"1togetP)
ii. Find the inverse of the matrix

_[6 5 e
A= [2 2], hence, show that A. A= |

1 -3

. . 5o
0 1 ] Find the matrix P~

\2 Show that the matriP = [_34 _82] has no inverse.

V. Find the inverse of each of the following matridebey exist:
@[5 wl®f; ol ol Fell 7]

3.2 Inverse of 3 by 3 Matrices

To obtain the inverse of a 3 by 3 matrix, the failog steps are required
0] Find the determinant of the matrix
(i)  Find the adjunct of the matrix. To obtain the adjuof a matrix,
we have to obtain the minor, the co-factor matmnxl aranspose
of the co-factors.
(@) TheMinors: The elements of a matrix remaining after the
deletion process as described under expansion thetfo
determinants form a sub-determinant of the mataled a
minor.
(b) The Co-factors Matrix: This is a matrix in which every
element formed from the determinants of the mimermaultiplied
by the alternative sins given as:
+ - +
—_ + —
+ - 4+
(c) The transpose of a co-factor is automatically tieia of
the matrix.
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(i)  The product of the reciprocal of the determinard #re adjunct
of the matrix gives the inverse of the matrix A& :ﬁ .adjA.

Example 1
-3 0 2
Find the inverse of thematdx=11 3 1].
2 1 1
Solution
_ a3 1 _ 411 1 3
Al = 3|1 1| 0|2 1|+2|2 1|
=-3B3-1)-01-2)+2(1-6)
=—-3(2) — 0(-1) + 2(-5)
=—-64+0—10=-16
Minors are obtained as follows
a1 = 3 1]a12=[1 1“a13=|:1 3 “
E 1 1 2 E 1 2 1 E
[ 2] [—3 0 1

[—3 0 2] -3 —
a, = Ay, = a3 =
| 1 11 | 2 1] | 2 1 |
[— 0 2] [—3 2] [—3 0
asq = 31 a3, = 1 1 a3z = 1 3

. _13 1 | 11 3
..a11—|1 1‘112—2 1|a13—|2 1

_ 0 2 _1-3 2 -3 0
a21—1 1azz—|2 1|a23—|2 1|
0 2 _|-3 2 -3 0
a31—|3 1 a32—|1 1|a33—|1 3|

The co-factor of gives the determinants of eachomiarranged in
matrix form

2 -1 -5
[ 2 —7 3 |— Thisis obtained by using
-6 -5 -9
|a11|; |a12|; |a13|
|a21|' |a22|' |a23|
|a31|; |a32|; |a33|
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+ - +
Introducing alternative sig+ + -
+ - +
minors’ determinants, we obtain the matrix of thefactors as:
2 1 -5
[ 2 -7 3 ] = (¢

-6 5 -9

to the cofactors of the

To get the adjoin, we transpose the matrix of théactor

2 2 -6
CorG=|l1 -7 5 ‘ This is the adjunct of matrix A.
-5 3 -9

Therefore, A :ﬁ .adjA

2 2 -6

[1 -7 5] ) 2 2 —6

=1=5 3 -9 ='—[1 —7 5]

-16 16

-5 3 -9
2 2 6
16 16 16
_ | 7 =5
“ |l 16 16
5 3 2
16 16 16

SELF-ASSESSMENT EXERCISE

4 1 -5
I Giveld =[-2 3 1 |. Find the inverse of A.
3 -1 4
il a. Obtain the minor and matrix of the co-factortlod matrix
given as:
—4 4 2
P=12 1 1]
0 0 4
b. Find the inverse of the matrix from the minodadhe co-

factor obtained in (a) above.
3 2 1
ii. Find the determinant and the inversedot |2 1 —4
1 -1 -1

3.3 The Use of Matrix Inversion in Solving Linear Euation

The concept of inverse matrix can be used in sghlimear equations.
The examples below illustrate how inverse matrix ba used to solve
two linear simultaneous equation and three lineanulkaneous
equations.
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Example
Use inverse matrix to solve the unknown in eactheffollowing pairs
of simultaneous equations.
(1)4x -y =13
2X -5y =-7
(2) Ajao bought 3 pens, 2 books and 4 pencilsE. In the same
market, Tola bought 6 pens, 2 books and a pencht
while Oye bought 1 pen, 2 books and 3 penciis14i.
Required
(a) Represent the information in a matrix system.
(b) Use inverse method to obtain the unit price of a, @
book and a pencil.

Solution
1. 4x-y=13
2X -5y =-7
Writing in matrix form:

> Zslbl=15]
ABLC ‘ &

x_ 15

§Y% 14 —1]

2 -5

X1 14 —-117'113

_y] B [2 ._5] [_7]

Recall, (A") =22

4 -1

; _5|:(4><5)—(2><—1)
= —20—(-2)
=-20+4+2=-18

agjf, gl=[5 7]

Hence,[4 —1]‘1=[:§ —41]_%18 _ |18 18

2 -5 2 4
18 18

=
X _ |1 18 13]
y |z a|l-7

|18 18

[ 5 1 —-65 7 -72
X—Z—EX13+_—18X—7]—_—18—_—18—_—18—+4
.X=4andy=3
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Check: 4x —y =13
4(4)-3=16-3=13
2x -5y =-7
2(4)-53)=8-15=-7

2. Let x; = unit price of pen
X, = unit price of book
X3 = unit price of pencil

Ajao: 3x + 2% + 4% =19
Tola: 6x + 2% + X3 = 37
Oye: % + 2% + 3% =10

Presenting this in a compact form, we have:

3 2 4 19

ol

1 10

X1 3 2 4‘1 19

[][6 ) 1] .M

X3 1 2 3 10

‘6 2 1

1 2 3

=3(6-2)—-2(18—-1)+4(12-2)
=3(4) — 2(17) + 4(10)

=3f; l-zfy el

=12—-34+140
=52—-34=18
3 2 4
3 2 41¢ adj[6 2 1]
But, [6 2 1] =123
1 2 3 6 2 1
2 3
3 2 4
To obtain thedj|6 2 1|, we need to obtain
1 2 3
The minor first
g =12 Ygp 216 g6 2
11 2 3 12 1 3 13 1 2
L = 2 4 o = 3 4 - 3 2
21 2 3 22 1 3 23 1 2
T = 2 4 G = 3 4 G = 3 2
31 2 1 32 6 1 33 6 2
4 17 10
=|-2 5 4
-6 —-21 -6
4 —-17 10
The co-facton 2 5 —4
-6 21 -6

Then, the adjunct = Transpose of co-factor whiskegi
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4 2 -6
adj =|-17 5 21
10 -4 -6
4 2 -6
- L10 -4 -6
4 1] 18
2 3
-
18 18 18
-17 5 21

I 18 18 18 |

18 18 18

r 4 —6
x1 |E 18 El 19
—-17 5 21
N |8 ko [iél
-4 -6
ERE

8 18
0

18 18

4 2 6
X =—X19+—=%x37——x10
18 18 18
76 | 74 60 90 _

=422 5

18 18 18 18

17 5 21
X, = ——X19+—=%x374+—=x%x10 =
323 18 185 21018 72 18
=——+—+—===4
19 18 18 18

Xy =12 19 + (=% 37) + (- = x 10)

190 148 60 18

== - _==_==_1

18 18 18 18

This implies that a pen was sold i85, a book forN4 andN1 was
given to the customer for buying a pencil.

Note: An alternative and simpler way of solving simultans linear
equation with the aid of matrices is the us€ocdmmer’s Rule.

Example 1 2x; + 6% = 22

-% + 5% =53

Use crammer’s rule to solve for and x.

Solution

For Crammer’s rule; = —

|A;l

The equation is written in matrix form as follows:

[_21 g [2] - [éé
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12 6
— 10 — (—6)
=10+6=16

Replacing the first column of the coefficient mz(ii e.

the column of constant, we have:
[22 6] — Ax,
53 5
|Ax,| = 22(5) — 6(53) = —208
__lAxq] _ -208

Thus,x, = o= 16 —-13

=(2x5)—-(-1x6)

2 6

£ o)) with

Likewise, replacing the second column of the oagjicoefficient matrix
with the column of constant, we have:

12 22
Axl_[—1 53
|Ax,| = 2(53) — (=1 x 22) = 106 + 22 = 128
, |Axs| 128
. xZ = =
|A| 16
Example 2

Given that 5x — 2y + 3z =16
2x+3y—-5z2=2
4x -5y +6z2=7

Use Crammer’s rule to solve for x, y and z.

5 -2 3 7x 16
2 3 =5 [y]= 2
4 -5 61z 7
16 -2 3
2 3 -5
_L7 -5 6
=715 —2 3
2 3 =5
4 -5 6

_ 16(18 —25) +2(12 + 35) + 3(—10 — 21)

"~ 5(18 — 25) + 2(12 + 20) + 3(—=10 — 21)
—111

-37
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5 16 3]
2 2 -5
_la 7 6]
YTI5 —2 3]
2 3 -5
4 -5 6|
512 +35) — 16(12 + 20) + 3(14 — 8)
" 5(18 — 25) + 2(12 + 20) + 3(—10 — 21)
_-259
—37
5 -2 16
2 3 2
_la —5 7]
715 -2 3]
2 3 -5
4 —5

6 |
_ 5(21+10) +2(14 — 8) + 16(—10 — 21)

~ 5(18 — 25) + 2(12 + 20) + 3(—10 — 21)
—185

-37

SELF-ASSESSMENT EXERCISE

1.

Use crammer’s rule to solve for Q1, Q2 anidl

0 1 -101[0Q, 0
s 2l s,
-10 -2 o0 ll= —240

Use matrix algebra to solve for x and y in eactheffollowing
3 411%1 _[-5
(@) [5 6] [y] - [_7

(b) 3x+y=1
X+2y=2
(c) 4x+5y=2
2x+3y=0

Use inverse matrix to solve fog, %, and x.

X1 +4% +3x%=1

2X1 + 4X3 + 5X3 =4

X1 —3%=5+2%

(Hint: Rearrange the equations properly Xirst

4.0 CONCLUSION

The unit has successful examined the procedures tackniques
involved in obtaining the inverse of square magi¢2 by 2 and 3 by 3
matrices). The unit equally examines the altereattechniques of
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solving linear equations (2 variables and 3 vaesplising both matrix
inversion as well as the Crammer’s rules.

5.0 SUMMARY

The inverse of a square matrix is mathematicalggias the quotient of
the adjoin of the matrix and the determinant ofrtierix or the product
of the adjoin of the matrix and the reciprocallué tleterminant.

adjA 1 did
T lar qa
Simultaneous linear equations could be solved usmadyix inversion
and the Crammer’s rule. While the matrix inversi®ma long process of
solving linear equations, the Crammer’s rule isr&@roand it employs

only the concept of determinants.

-1

6.0 TUTOR-MARKED ASSIGNMENT

1. Solve the following systems of linear equati@mg determinant
(Crammer’s rule).
(@ 2x+5y=5
3X+2y=6
(b) X1+X2+X3:6
2X1 + X+ X3 = 3
2%+ 3% — 2% =2

2. Use the matrix inverse to solve for x and y #xcte of the
following
(@ 2x+5y=5
3X+2y=6
(b) 4x+9y=18
6X +4y =2
3. Solve for x, y and z using any approach of ythaice.
X - X — 2% =2
2X2 — X3 = -1
6X; — 5% =3
(Hint: Rearrange the functional system first).
4. Use matrix inversion approach to solve for x, y and
2x+y+2z=1
-X+4y+2z2=0
X+y+z=2
5. Find, if it exists the inverse of each of the daling
2 4 1 0 -2 1
C O] 4 1]6<c>8[ I
@ [ 2@ [ 2 1 7]
1 5 9
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6. By method of co-factor expansion, find the invesge
4 =3 0
A=12 2 —4
1 2 =2

7. Amina, Usman who is a merchant dealer in Yobe slatds in
three products namely Gold, Ball pen and Diamonchdr book
of account were found sales for the month of AuQ@€i? in the
following order.

3 Gold, 5 Ball pens and 6 Diamond were sold at Dama

5 Gold, 7 Ball pens and 4 Diamond were sold indRoitin

Total products sold at Gashua were in the rati@: 12 for God,
Ball pen and Diamond respectively.

If the sales in Damaturu summed up=t6, W00, that of Potiskum
summed up te-l, 000and that of Gashua summed ug-6o 000.

Required
0] Present the information using matrix algebra.
(i) At what rate was each product sold.

8. The table below shows the number of hours requoedake one
of each of three products X, Y and Z in each of theee
departments A, B and C.

For example, it takes 1 hour of department A’s tidours of
department B’s time and 3 hours of department i@ie to make
| unit of product X. similar relation as shown father entries

Department Hours to make 1 unit of product
A 1 2 3
B 2 3 1
C 3 ) 4

Hours available in department A, B and C are 140, and 230
respectively.

Required

0] Set up a system of linear equations available deeesut
are to be used

(i)  Determine the product schedule using a matrix neketho
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