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INTRODUCTION

ECO 256: Mathematics for Economists Il is a twoddrenit and one-
semester undergraduate course for Economics stidéné course is
made up of nineteen units spread across fifteeturkeoveeks. This
Course Guide tells you how important research isstiodents of
economics, and how statistical tools can be appiedolving some
basic economic problems. It tells you about thers®umaterials and
how you can work your way through these materiklsuggests some
general guidelines for the amount of time requégou on each unit in
order to achieve the course aims and objectivesesstully. It will also

provide answers to your tutor-marked assignmem4A9) to assist you
work on the materials and examine yourself unaided.

COURSE CONTENTS

This course is a continuation of Mathematics foormists | (ECO

255). The topics covered include derivatives, iraégn, economic
applications of derivatives and integration, introtlon to optimisation,

functions of several variables, optimisation withonstraints,

differentials, matrix, matrix operations, matrixve@rsion and economic
applications of matrix. As it is, the course wikke you through
derivatives to matrix and their applications.

COURSE AIM

The aim of this course is to give you in-depth usténding of
mathematical applications in economics in the feitay areas:

. Basic concepts in mathematics for economists attyea
undergraduate studies.

o To familiarise you with the basic topics in the csmu

o To stimulate your understanding in the applicatiohs
mathematics in decision-making.

o To expose you to the task ahead in their studygtfdr level

mathematics for economists as they progress iodhese.
COURSE OBJECTIVES

To achieve the aims of this course, there are thasgectives which the
course is out to achieve. In addition, there ateobgectives for each
unit. The unit objectives are included at the bemig of each unit. You
should endeavour to read them before you start wgrikhrough the
unit. You may want to refer to them during yourdstwof the units to
check on your progress through the units. You shallvays look at



ECO 256 COURSE GUIDE

each unit objectives after completing the unit sceatain the level of
achievements. This is to assist you in accomplgsitire tasks involved
in this course. In this way, you can be sure yovehdone what was
required of you by the units. The objectives sasestudy guide, such
you would know if you are able to grab an undemditagn of each unit
through the sets objectives. At the end of the ssperiod, you are
expected to be able to:

o Define and explain the concept of derivative.

o State the rules of differentiation

. Apply it in economics.

o Define and understand integration

o Differentiate between integration and differentati

o Learn the rules of integration, and apply it acaogty

o Clearly state the difference between function ngka variable
and multi-variables models.

o Define and explain linear/matrix algebra.

o State and apply the laws of matrix and, its openati

o Apply matrix to solve complex systems of equatjarsd a lot
more.

WORKING THROUGH THE COURSE

To successfully complete this course, you are reduio read the study
units, referenced books and other supplementargrials on the course.
Each unit contains self-assessment exercises catletbent Assessment
Exercises (SAE). At some points in the course, widlbe required to
submit assignments for assessment purposes. Adntieof the course
there is a final examination. This course shouke tabout 15weeks to
complete and some components of the course argexditunder the
course material subsection.

COURSE MATERIALS

The major components of the course, what you hawotand how you
should allocate your time to each unit in ordeictonplete the course
successfully on time are listed below:

Course Guide

Study Unit

Textbook

Assignment File
Presentation Schedule

arwpE
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STUDY UNITS

There are 12 units in this course which shouldtbdied carefully and
thoroughly.

Module 1 Calculus

Unit 1 Derivatives |

Unit 2 Derivatives Il

Unit 3 Integration

Unit 4 Economic Applications of Deriixees and Integration

Module 2 Optimisation

Unit 1 Introduction to Optimisation
Unit 2 Functions of Several Variables
Unit 3 Optimisation with Constraints
Unit 4 Differentials

Module 3 Linear Algebra

Unit 1 Matrix

Unit 2 Matrix Operations

Unit 3 Matrix Inversion

Unit 4 Economics Applications of Matr

Each study unit will take at least two hours, amdincludes the
introduction, objectives, main content, self-assesg exercise,
conclusion, summary and reference. Other areaslEntcdbn the Tutor-
Marked Assignment (TMA) questions. Some of the -asfessment
exercise will necessitate discussion, brainstormang argument with
some of your colleagues. You are advised to do rsoorder to
understand and get acquainted with historical esone@vents as well
as notable periods.

There are also textbooks under the references thued @n-line and off-
line) resources for further reading. They are metmtgive you
additional information if only you can lay your fdmon any of them.
You are required to study the materials; practive $elf-assessment
exercises and tutor-marked assignment (TMA) questfor greater and
in-depth understanding of the course. By doingtke, stated learning
objectives of the course would have been achieved.

vi
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TEXTBOOK AND REFERENCES

For further reading and more detailed informatibowt the course, the
following materials are recommended:

Adams, R.A. (2006)Calculus: A Complete Course. (6" ed.). Toronto,
Ontario, Canada: Pearson Education Inc.

Chinang, A.C. & Wainwright, K. (2005 Fundamental Methods of
Mathematical Economics. (4"ed.). New York, USA: McGraw-
Hill/Irwin.

Dowling, E. T. (2001).Introduction to Mathematical Economics. (3¢
¢l USA: McGraw-Hill: Schaum’s Outline Series.

Ekanem, O.T. (2000)Mathematics for Economics and Business. (2™
& Benin City: Uniben Press.

Lial, M.L., Greenwill, R.N, & Ritchey, N.P. (200®)alculus with
Applications. (8"ed.): Boston, Massachusetts: Pearson Education,
Inc., USA.

Sydsaeter, K., & Hammond, P. (200&ssential Mathematics for
Economic Analysis. Edinburgh Gate: Pearson Education Ltd,
England.

ASSIGNMENT FILE

Assignment files and marking scheme will be madailakle to you.

This file presents you with details of the work ymwuist submit to your
tutor for marking. The marks you obtain from thessignments shall
form part of your final mark for this course. Addinal information on

assignments will be found in the assignment fild kter in this Course
Guide in the section on assessment.

There are three assignments in this course. The thssignments will
cover:

Assignment 1 - All TMAs question in Units 1 — 4 (bides 1)

Assignment 2 - All TMAs question in Units 5 — 8 (hlde 2)
Assignment 3 - All TMAs question in Units 9 — 12 ¢hlule 3)

vii
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PRESENTATION SCHEDULE

The presentation schedule included in your couratemnals gives you
the important dates in this year for the completaintutor-marking

assignments and attending tutorials. Remember, areurequired to
submit all your assignments by the due dates. Yeu@guide against
falling behind in your work.

ASSESSMENT

There are two types of assessment for the coulss. &e the tutor-
marked assignments and second, is a written exéomna

In attempting the assignments, you are expectegppdy information,

knowledge and techniques gathered during the colifse assignments
must be submitted to your tutor for formal assesgénme accordance
with the deadlines stated in the Presentation Sdbe@nd the

Assignment File. The work you submit to your tutor assessment will
count as 30 % of your total course mark.

At the end of the course, you will need to sit ®rfinal written
examination of three hours' duration. This examamatvill also count
for 70% of your total course mark.

TUTOR-MARKED ASSIGNMENTS (TMAS)

There are four tutor-marked assignments in thigsmuyou will submit
all the assignments. You are encouraged to workthal questions
thoroughly. The TMAs constitute 30% of the totabisc

Assignment questions for the units in this counse @ntained in the
Assignment File. You will be able to complete yassignments from
the information and materials contained in your lsmiks, reading and
study units. However, it is desirable that you daestate that you have
read and researched more widely than the requirgdmum. You
should use other references to have a broad viewpbthe subject and
also to give you a deeper understanding of theestibj

When you have completed each assignment, sendgithter with a

TMA form, to your tutor. Make sure that each asmgnt reaches your
tutor on or before the deadline given in the Preegem File. If for any

reason, you cannot complete your work on time, acnyour tutor

before the assignment is due to discuss the pbgsiti an extension.

Extensions will not be granted after the due datéess there are
exceptional circumstances.

viii
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FINAL EXAMINATION AND GRADING

The final examination will be of three hours' duatand have a score
of 70% of the total course grade (100%). The exation will consist
of questions which reflect the types of self-assesd practice exercises
and tutor-marked problems you have previously entvad. All areas
of the course are possible candidates for assessmenstudents are
encouraged to read wide.

Revise the entire course material using the timevéen finishing the

last unit in the module and that of sitting for fireal examination to do
a thorough revision of the course material. You hhiind it useful to

review your self-assessment exercises, tutor-madssignments and
comments on them before the examination. The fevemination

covers information from all parts of the course.

COURSE MARKING SCHEME

The table below indicates the total marks (100%)cated for the
course.

Table 1: Course Marking Scheme

Assignment Marks
Assignments (Best three assignments out of fourisha 30%
marked)

Final Examination 70%
Total 100%

COURSE OVERVIEW

The table presented below indicates the units, munob weeks and
assignments to be taken by you to successfully teimphe course -
Mathematics for Economists Il (ECO 256).

Table 2: Course Organiser

Units | Title of Work Week's Assessment
Activities | (end of unit)

Course Guide
Module 1 Calculus
1 | Derivative | | Week1 | Assignment 2
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2 Derivative Il Week 1 Assignment 2

3 Integratior Week : Assignment

4 Differentiation and Integration Week 2 Assignment 2
in Economics

Module 2 Optimisation

1 Introduction to Optimisatic | Week @ Assignment

2 Function of Several Variables Week 4 Assignment 3

3 Optimisation with Constrains| Week 5 Assignment|3

4. Differentials Week 6 Assignment 3

Module 3 Linear Algebra

1 Matrix Week 7 Assignment 3

2 Matrix Operations Week 8 Assignment 2

3 Matrix Inversion Week 9 Assignment 3

4 Economic applications of Week 10 Assignment 2
matrix

HOW TO GET THE MOST FROM THIS COURSE

In distance learning, the study units replace thigarsity lecturer. This

is one of the great advantages of distance learriog can read and
work through specially designed study materialgoatr own pace and at
a time and place that suits you best. Think ofsir@ading the lecture
instead of listening to a lecturer. In the same Wat a lecturer might
give you some reading to do, the study units tell when to read your
books or other material, and when to embark onudson with your

colleagues. Just as a lecturer might give you arlass exercise, your
study units provides exercises for you to do atreypate points in

time.

Each of the study units follows a common formate Tinst item is an
introduction to the subject matter of the unit d&oadv a particular unit is
integrated with the other units and the courseaba@e. Next is a set of
learning objectives. These objectives let you knalat you should be
able to do by the time you have completed the unit.

You should use these objectives to guide your stidgen you have
finished the unit you must go back and check whetywmu have
achieved the objectives. If you make a habit ofndoihis, you will
significantly improve your chances of passing tharse and getting the
best grade.

The main body of the unit guides you through thguneed reading from
other sources. This will usually be either from ysat books or from a
reading section. Some units require you to underfkctical overview
of historical events. You will be directed when yoeed to embark on
discussion and guided through the tasks you must do
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The purpose of the practical overview of some aertfaistorical
economic issues are in twofold. First, it will enba your understanding
of the material in the unit. Second, it will givewy practical experience
and skills to evaluate economic arguments, and rstated the roles of
history in guiding current economic policies andakes outside your
studies. In any event, most of the critical thirgkskills you will develop
during studying are applicable in normal workingagirce, so it is
important that you encounter them during your ssdi

Self-assessments are interspersed throughout it®e and answers are
given at the ends of the units. Working througtséntests will help you
to achieve the objectives of the unit and preparefgr the assignments
and the examination. You should do each self-asssssexercises as
you come to it in the study unit. Also, ensure taster some major
historical dates and events during the courseunlystg the material.

The following is a practical strategy for workingrough the course. If
you run into any trouble, consult your tutor. Renhemthat your tutor's
job is to help you. When you need help, don't laésito call and ask
your tutor to provide the assistance.

=

Read this Course Guide thoroughly.

2. Organise a study schedule. Refer to the "Coursevi@ve for
more details. Note the time you are expected tmcémn each
unit and how the assignments relate to the unitgpoltant
information, e.g. details of your tutorials, ane tthate of the first
day of the semester is available from study cenfrel need to
gather together all these information in one platgh as your
dairy or a wall calendar. Whatever method you chots use,
you should decide on and write in your own datesworking
each unit.

3. Once you have created your own study schedule,vdoything
you can to stick to it. The major reason that stisldail is that
they get behind with their course work. If you geb difficulties
with your schedule, please let your tutor know befibis too late
for help.

4. Turn to Unit 1 and read the introduction and thgctives for the
unit.

5. Assemble the study materials. Information abouttwoa need
for a unit is given in the "Overview' at the begimnof each unit.
You will also need both the study unit you are wogkon and
one of your set books on your desk at the same time

6. Work through the unit. The content of the unit litdeas been

arranged to provide a sequence for you to follow.yAu work

through the unit you will be instructed to readtsets from your
set books or other articles. Use the unit to gyole reading.

Xi
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10.

11.

12.

Up-to-date course information will be continuouslglivered to
you at the study centre.

Work before the relevant due date (about 4 weeltsréelue
dates), get the Assignment File for the next regiisssignment.
Keep in mind that you will learn a lot by doing thssignments
carefully. They have been designed to help you nteet
objectives of the course and, therefore, will hgtu pass the
exam. Submit all assignments no later than theddite

Review the objectives for each study unit to confithat you
have achieved them. If you feel unsure about anythef
objectives, review the study material or consulirytutor.

When you are confident that you have achieved a'suni
objectives, you can then start on the next unibced unit by
unit through the course and try to pace your stsolythat you
keep yourself on schedule.

When you have submitted an assignment to your tfmor
marking do not wait for its return "before starting the next
units. Keep to your schedule. When the assignneen¢turned,
pay particular attention to your tutor's commemttsth on the
tutor-marked assignment form and on the assignnt@onsult
your tutor as soon as possible if you have any tgues or
problems.

After completing the last unit, review the coursed gorepare
yourself for the final examination. Check that ywave achieved
the unit objectives (listed at the beginning ofleaait) and the
course objectives (listed in this Course Guide).

TUTORS AND TUTORIALS

There are some hours of tutorials provided in suppicthis course. You

will be notified of the dates, times and locatioh tbese tutorials.

Together with the name and phone number of youor tals soon as you
are allocated a tutorial group.

Your tutor will mark and comment on your assignrsetieep a close
watch on your progress and on any difficulties yaght encounter, and
provide assistance to you during the course. Yostmail your tutor-

marked assignments to your tutor well before the date (at least two
working days are required). They will be marked ymur tutor and

returned to you as soon as possible.

Do not hesitate to contact your tutor by telepha@ail, or discussion
board if you need help. The following might be amtstances in which
you would find help necessary. Contact your tuttor i

Xii
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. You do not understand any part of the studysumitthe assigned
readings

. You have difficulty with the self-assessmentreises

. You have a question or problem with an assignmeith your
tutor's comments on an assignment or with theiggadf an
assignment.

You should try your best to attend the tutorialkisTis the only chance
to have face to face contact with your tutor an@dk questions which
are answered instantly. You can raise any problecountered in the
course of your study. To gain the maximum benefdmf course
tutorials, prepare a question list before attendivegn. You will learn a
lot from participating in discussions actively.

SUMMARY

The course, Mathematics for Economists Il (ECO 28&poses you to
the basic concept of derivative, integration, datixe and integration in
economics, introduction to optimisation, functiasisseveral variables,
optimisation with constraints, differential, matrixnatrix operations,
matrix inversion and matrix in economics. As ittise course will take
you through derivative to matrix in economics. Teadter it shall
enlighten you about decision making as regard usiaghematics for
economics.

On successful completion of the course, you wowddehdeveloped
critical analytical skills with the material necasg for efficient and

effective discussion of basic areas in economicavéver, to gain a lot
from the course, please try to apply whatever yaur in the course to
term papers writing in other aspect of economiagses. We wish you
success with the course and hope that you will fifi@scinating.

Xiii
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MODULE 1 CALCULUS

Unit 1 Derivatives |

Unit 2 Derivatives Il

Unit 3 Integration

Unit 4 Economic Applications of Derivatives anddgration

UNIT 1 DERIVATIVESI
CONTENTS

1.0 Introduction

2.0 Objectives

3.0 Main Content
3.1 The Concept of Derivatives
3.2 Derivative Notations
3.3 Rules of Differentiation

4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Reading

1.0 INTRODUCTION

Mathematic for Economists that is, ECO 255 is thenfiation course
upon which this course (Mathematics for Economligtill be built. In
fact, it is a prerequisite course for ECO 256. Thsans as a student of
ECO 256 you are required to have registered for86©® 255, read it,
understand it and passed it before you are allowegkgister for this
advanced version, ECO 256. Mathematics for ecorterhigould have
introduced you to what you are expected to studythis advanced
version at the rounding-off of the course (ECO 238&¢anwhile, in the
prerequisite course, that is, Mathematics for Eausts |, you were
expected to learn number system, exponents ands,r@fuations,
logarithms, and a lot more. In this aspect (Mathesdor Economists
I), you will be studying mathematical economicsadevel higher than
what you have studied in the foundation classhis advanced version,
you will be discussing basically calculus and isiphery. We shall be
treating topics like derivatives, integration, opBation with constraint,
functions of variables, linear algebra, and eteetér the very first unit
of this module, we shall be looking at the conceptderivatives,
notations of derivatives, differentiation rules,damany others and its
application to economics. It is important to maikelear to students that,
mathematical economics is not pure mathematicsabupplication of
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mathematical concepts in explaining economic isséittshese we shall
be discussing in this version.

20 OBJECTIVES

At the end of this unit, you should be able to:

o define and explain the concept of derivatives
) discuss the notations for derivatives
) state the rules of differentiation.

3.0 MAINCONTENT

3.1 The Concept of Derivatives

The concept of derivative is a significant aspgat@mparative statics,
because it is the most basic part of mathematicsvknas differential
calculus, which is concerned about the notion dk raf change.
Comparative static has to do with the comparisowvasfous states of
equilibrium that are related to kind of sets ofued of parameters and
exogenous variables. For instance, in a of demanctibn model, such
an initial equilibrium will be denoted by a detemaie priceP* and
quantity Q*. If there disequilibrium occurs in the demand fimt or
model in a way that there will be changes in thegexous variables
(they are variables in which the values are deteedhioutside the
model. In order words, are variables on the rigimieh of an equation),
there will definitely be an upset in the initial wlgprium which must
lead to certain adjustments in the endogenous blari@variable in
which the value is determined within the modelfdat, it is always on
the left-hand of an equation). In the scenario gisen, the issue is
about the response of the endogenous variablée tchianges that occur
in the exogenous variables, which is the ‘rate ldnge.” The rate of
change of the endogenous variables with respet¢hdochange in a
certain exogenous variable is what the concepedatdtives deals with
in mathematics.

Slope of aline

To fully understand the concept of derivatives gsm curve, it is
imperative for the leaner to first understand tbacept using a linear
graph (straight line). One important feature oinaar graph is its slope,
a number which signifies the steepness of the Be® diagram below.
The slope of a linear graph is often referred t6séspe of a line.” The
slope of linear graph is the vertical change okierttorizontal change as
a body moves along the linear path.
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From the figure above, the slope of the linear QraBcan be
interpreted to mean the average amount of changbeeirvertical axis
represented by ‘y’, per unit change in the horiabakis represented by
‘X', fondly written asAy /Ax.

Assuming we have a functign= f(x) = a+ bxthe slope of this function
is (b), the coefficient ofx. If we have(x,y,) and(x,y,) as coordinate

points on a linear graph, the slope which ib,as defined thus:

L T
b TAr  oxy x,

Derivative is all about slope. In fact, the derevat a point of a funizin
of a single variable is the slope of the tangem lio the graph of the
function at that very point. For example, assuméngurve is drawn
which is either maximum or minimum in shape, tadftme gradient or
slope of the curve, a straight line will be drawattwill be tangential or
meet the curve at any point. At this point (seenpaiin the figure
below), the slope of the curve can be determined.

The graph of a function drawn in green colour abloae a straight line
DE in black colour drawn to be tangential to the tiort At that point,

as seen above, the slope of the tangential liegusl to the derivative
of the function at the point where the graph arellthe coincide. The
slope of the tangential line is equal to the denweaof the function at
the point where the curve intersects with the liaeg the derivative
measures the change in one variable as resulteotithnges in some
other variables. In order words, the slope of avewat a point on the
curve is the same as the average rate of changeefBytion, the rate of
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change determines how one parameter changes tioneta the other.
From this definition, we can infer one fundamensalue, that is, two
points are involved here (points A and B), see regabove. For
instance, a car travelling from Lagos to Beninrtsthoff at a point ‘A’
in Lagos, and stopped at a final point ‘B’ in Beniuith the hours or
minutes traveled recorded against the distance niadleis case, we can
find the average rate of change between the twatgoi

The average rate of change of functionxf{k) with respect to for a
functionf asx changes from point A to point B is

f(b)-f(a)
b-a

Note, the formula as stated is the same as theufarfor the slope of a
line through &, f(a) ) and b, f(b) ). Wheref(a) andf(b) are functional
values of the variables @ndb).

Going back to our earlier example on a car travgllirom Lagos to
Benin, assuming we have the following points whéigy) =a = (.5,
20)b =(1, 48)¢ = (1.5, 80) andl= (2, 104) each representing time taken
in hour and distance in kilometer made. To deteentive average speed
or average rate of change, we will apply the foaralbove. See diagram
below for further illustraion.

At

distance /
w4 mm--mm-—---

o , 05m 2 time  x

Distwrnve bruveled

Average speed =

Meanwhile, recall that

Time taken

Therefore, to calculate the rate of change or spgedthe time interval
fromt=05t0 t=2.

To be able to calculate the rate of change or geespeed over time, an
understanding of the concept of delta is very irngodr Delta is denoted
thus (a); it is synonymous to the concept of limit. Delgathe rate of
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change in one variable to the change in anotheablar For instance if
we haveiv/Ax, it means that agmoves from one stationary position to

another stationary poink changes too. To determine the extent of the
change called rate of change (slope of the fungtie apply the delta
notation as given above. To calculate the ratehahge using pointa
andf{(.5, 20) and (2, 104)]as indicated above,

R iny 3 T
Rate of change =———2 = Ay _;"

Change in x Ax z— %3

, hote, letb represent rate of

change.

b :fl:::l_f|:|}|5] — E _ 104—202 24
1-0.5 Ax 2-05 1.5

The slope of the linear graph indicates how Yashanges for each unit
of change irx.

Let us consider a scenario where the formula carafdicable to
resolving practical issue(s). Assuming an orgaimsatietermines to
ascertain the cost in naira [C(x)] of producigumbers of school bags
using the mathematical equationxCE 150 + 1& — X* where, x is
between is greater than zero, but less than e@htx¢ 8). Find the
average rate of change or slope of cost per bagrémucing between 1
and 6 bags.

Solution

Apply the formula for average rate of change. Tost ©of producing 1
bag isC (1) = 150 + 10(1) - 4= 159 or-M59. Also, the cost of
producing 6 bags i€ (6) = 150 + 10(6) - 6= 174 or-M.74.

Therefore, the average rate of change in the doptamluction of the
bags is

C(6)-C(1) _174-159
6-1 5

15.

On the average, the cost of production increastseatate o&=N5 per
bag as production increases from 1 to 6 bags.

Given a function y #(x), the derivative of the functidnatx, written
f ' (x) ord,/d, is define as

if the limit exists, or

P00 = |L”J f(x+AAx))(— £(X)
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. f h)— f
b0 = fim LN )

h—0 h

Wheref'(x) is read “the derivative dfwith respect to or f prime ofx”.
The derivative of a functiofi(x), or simplyf’, is itself a function which
that measures both the slope and the instantamatausf change of the
initial functionf(x) at a point. Meanwhile, a function is differentiafalt
a point if the derivative exists at a given poiftvo conditions must be
met for a function to be differentiable: a) the dtian must be
continuous, and b) has a tangent at a given point.

For simplicity, a function is continuous when awaiis drawn without
any break. That is, a situation whereby a pen acipées used to draw a
curve on a paper without lifting the pen. A funatiois continuous at a
pointx = a only if: i) f(x) is defined, that ix = aii) limit of f(x) exists

and iii) the limit off(x) = the limit off(a).All polynomial and rational
functions are good examples of a continuous functitowever, where
a function is undefined, that is, the denominascgqual to zero.

3.2 Derivative Notations

Notations are generally used in mathematics andhenadtical subjects
alike. It is define as a system of symbolic repnésstons of expressions
and ideas in mathematics. Notations are used imengtics, physical
sciences, engineering, and economics. They are lesimpmbolic
representations, such as the numbers 0, 1 ant@jdo symbols, signs,
conceptual symbols, such as lim, dy/dx, equationkvariables.

In calculus, the notations of derivative of a fuowtcan be represented
in many forms. For instance,yf=f(x), the notations of the derivative of
this function can be written as follows

, , dydf d
f'(X) y &&dx[f(x)] or D.[f(]

If we equatd to ¢ and we rewrite the function, you will have yg=(j),
the derivative notations can be represented thus:

i , dydgd, . :
0y 3 di d [4())] or  D,l¢i)]
If y = f(x) and is estimated at= z, the right derivative notation will be
Yzand ¥ (2).

dx

Let us use one or two examples worked based omealave discussed
concerning derivative.
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Examplel. If y = 2¥ + 7x — 18 write the derivative of the equation

, dy d 2
y i &(ZX +7x—18) or Dy 2¢ + 7x —
18)
Example 2. Ifp=+/6z-12, the derivative of the equation will be
written thus
, dp d
S d—p(\/62—12) o D,(V6z-12)

SELF-ASSESSMENT EXERCISE

Derivative is mainly concerned about the rate @rge, discuss.

3.3 Rulesof Differentiation

Recall that we have discussed two conditions thatrbe met before a
function is differentiable. When a function or athematical model is
differentiable, we can observe from the model ancfion how the
endogenous variables change with respect to chentjee exogenous
variables. All these will be discussed in this smtt Differentiation is
the process of determining the derivative of a fismcor a mathematical
model. It is about applying some basic rules toieerg function or
mathematical model. In discussing the rules oedéhtiation, authors or
writers also use functions such @) andh(x), whereg andh are both
unspecified functions of.

The variables, g andh are used in any mathematical model to indicate
the functional relationship between left hand Valgés) and right hand
variable(s). That is, any change that is observedhie left hand
variable(s) is dependent on the behaviours of gr@ble(s) on the right
hand of the model. For instance in the funcyon f(x), the variabley is
dependent on the variabtewvhich is on the right hand side of the model
or function. The dependability of theon x can be determined using
differential calculus called derivative as alreaskplained. To do this
effectively, you differentiate the function base aartain guarding rules.
These rules are regard as rules for a functiomefariable.

Rule 1: Thederivative of a constant
The derivative of a constant function like= k, or f (t) = kis zero. Note

that k is constant because it is a numerate standinge alothout any
variable attached to it, or multiplying it.
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If p="(t) =k andkis a constant, the derivative is
—=—=0 or f@)=0

Example 3 : Find the derivative of the followings if:

) p=f@)=12

i) q=4

i) f(x)=x

Solution

. dp .
=0 f@)=0

) it or )]

iy 9.9
dk

iii) Dy [f(x)]=0o0r f(x)=0
Rule 2: Thelinear function rule

A linear function is a function that is to the poveé one. If we have a
model or a functiong(x) = mx + dwhich is a linear function, the
derivative will be equal ton (the coefficient of). Note, the derivative
of any variable to the power of one is all the tieggial to the coefficient
of that variable, knowing full well that the dertixee of a constant is
always zero.

If g = mx + d the derivative will belg/dxor g’(x) equal tom.
Example4 Find the derivative of the following functions

) f(x)=5x-3
i) Km:10+%x

i) g(t)= 13t

Solution

i) f(x)=5
- 1
i) f(x)= 2
i) g'(t) =12
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Rule 3: The power function rule

The derivative of any power function is determirdmultiplying the
coefficient of the function by the exponential a&hé alphabet variable
to the power of the exponential minus one. Let a®swe havg = MX',
where M is a constantx an alphabetical variable, and n is any real
number which is in power. Now given that Mx", to differentiate this

function (that is, the derivativ%y = m*n*x"orf'(x) = mnX*™%,
X

Example5 Differentiate the followings using power functiane.

) oy=x
iy y==
i) Dy (x2’4)
Solution

i gy orDy = X! = 4

i) In this case, you apply one of the laws of oeti to get a
negative exponent, and rewrite the function thus:

y = x* thenf(x) = -4x**! = -4x° or_—i.

X

i) DY = 2om1_ 2 24 1 -1y

4 2
Rule 4. The product of a constant and a function

Considering this rule, to differentiate any funotior any economic
model that has the combination of a constant terdhaafunction, is the

product of the constant term and the derivate eftimction.

Given thatk is a real number. if = h(x) exist, then

‘;y kh'(x) OrDkh(x)] = kh’(x).

Example6 Given thaly is equal to the following functions below, find
their respective derivatives.

i) IS
N 8

i) <
i) (-6%)
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Solution

) Y73 =730 = 210

dx
1)) Applying one of the laws of indices?zwill now be
8x* then
F(x) =8(-1xY = 8(-I?) = -82 or >
X

i)  Open the bracket, and you will havex-hen
f(x) = -6(x*™) = -6x° = -6(1) = -6.

Recall that any number other than Zero raised ¢opibwer of Zero is
equal to one.

Example7: if zis a function of the function given below, detemmi
the derivative.

(2k* + 5)(3C- 8).
Solution

%i = (X' + 5) (1K) + (K- 8) (&%) — product rule (see unit 2,

rule 2)

= 308 + 75+ 24 - 64¢
= 54¢ + 75 - 64¢.

SELF-ASSESSMENT EXERCISE

I Define and explain differentiation the way you witiderstand it.
. Write and explain in your own way, the rules offeliéntiation
you have studied thus far.

40 CONCLUSION

In this unit, you have learnt about derivative asoime rules of
differentiation. Differentiation is vital instance the discussion of
derivative. In fact, we have identified that dietiation is the process
of determining the derivative of a function or ath®amatical model.

One basic use of differentiation in the determoratf derivative is that,
it helps to smooth a function (curve) as well akimg it to continue.

Most functions used in economics are specific, hade the property

10



ECO 256 MODULE 1

that they can be differentiated at every pointlendurve. Therefore, we
can conclude that is vital to the understandingaainomics.

50 SUMMARY

Thus far, you have learnt about the concept ofvdévie as basic part of
comparative - static analysis. Recall that in tegib, we have said that
the concept of derivative is a significant aspectamparative statics
because it is the most basic part of mathematicsviknas differential

calculus, which is concerned about the rate of ghaConcerning the
notion of rate of change, you have learnt that aingpobject has both
starting and ending points. In-between these twiatpothere is either
increase or decrease in speed as time changededihis to comparison
of various equilibrium states that are related veigts of variables. For
instance, distance and time are good examples efstid sets of
variable. In economics, the understanding of tlaiscept will quicken

the understanding of certain aspect. For example, dtudy of an

isolated market model in economics will be madepsmwith a good

understanding of the concept of derivative.

6.0 TUTOR-MARKED ASSIGNMENT

Determine the derivatives of these functions usamy of the rules
already studied.
1. vy :g, f(z) = 12z andq = 8p> + 11p°.

2. p=7¢(59-150)R = (t* + 12) (£ + 8).
3. f(j) = 20j - 10, f(g) = -9¢f and y = 150x
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1.0 INTRODUCTION

In the last unit, you have seen the usefulnesketbncept of derivative
in comparative static analysis. The concept of vdgine is directly
concerned with the notion of rate of change in matatical sciences
which is applicable to other fields of study sushExonomics. Also, we
have explained that, in the determination of deivea differentiation is
used. In applying this, some fundamental guidelwese given. These
guidelines are referred to as “Rules of Differetiia.”

In this unit, we shall be starting off by contingiour discussion on the
rules of differentiation. Thereafter, we shall gother in our study by
looking at higher order derivatives.

20 OBJECTIVES

At the end of this unit, you should be able to:

. discuss other rules of differentiation
o apply these rules to solve problems
o explain higher order derivatives.

3.0 MAIN CONTENT

3.1 Rulesof Differentiation (Cont.)

Recall that we have stated that the rules of diffgation are like
guiding principles which help in the determinatioh derivatives of
certain functions. You have learnt some earlieth@e preceding unit.
The ones you are to study now are considered higihes.

13
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Rule 1; The sums or differencesrules

Now we want to consider a situation where two oremmmponents of
a function are differentiated separately, and tpeaducts either added
or subtracted. This is a case of sums and diffe®nales. The
derivative of functions in this category is equakhe sum or difference
of the individual components.

Suppose we have a situationf@d) = u(x)+ g(x), and if the derivatives of
the components até(x) andg’(x), thenf'(x) = u’(x) £g’(x).

Example 1. solve the following using the rules of sums arftecences
in derivatives.

) y=45+ 68

i) p=15C -3

i) R =10¢f- 3+8

Solution

) In this problem, we have two components of action these are

4% and 6, and it is case of summation. So, lx) = 4x and
g(x) = 6¢; theny = u(x) + g(x). Now, u'(x) = 8& and g'(x) = 182,
3—3): = 8x + 18¢ or 18¢ + 8.
i) This is a case of subtraction. S@ if u(q) — g(q),we have’

=u’'(q) — g’(9) as the individual differentiable value in difface
form. It therefore follows that,

dp
- =45¢ - 124.
o =45 ~ 124

i) In (i), it is a situation of more than twouhctions, and
both addition and subtraction signs are obser8edR’ = u’(t) —
g'(t) + h'(t) which is the difference and sum of the individual
differentiated functions. Appling the rule, we Miave

c:j—l} 30¢ — 6t.(Since§ of a constant (8) = 0)

Rule 2: The product rule

This rule is about two or more components of a fiencthat are being
considered wholly, neither added nor subtracted, nbuitiplied. Note
that, whatever is product in mathematics is comsmienultiplication.
Assuming we have two components of a function,direvative will be

14
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the first component times the derivative of theosglccomponent plus
the second component times the derivative of tis¢ domponent.

If f(x) = g(x),.h(x)where g(x) and h(x)are functions that can be
differentiated. The derivative will be:

g_i =g(x) . h'(x) + h(x) . g'(x)

Example 2: if given the functiony = 3x + 2) (4X), determine the
derivative using product rule.

Solution

let3x + 2=g(x)and4x’  =h(x)so,g’(x) = 3 anch’(x) = 12X.
%([(3x +2) (4] = (3x + 2) (129) + (&%) (3) = 4858 + 24x.

Note: In performing mathematical operations as m@gdhe use of the
product rule, students should remember that thevatere of a product
of two functions is not mere multiplication of twradividual derivatives.
Rather, it is a weighted sum of the functions analestrated above.

Rule 3: The quotient rule

Merely looking at the quotient rule, we can obseha this rule is the

direct opposite of the product rule just discusskdthis case two

functions are involved; one is a numerator andotiner a denominator.
The derivative in this situation is the productioé denominator and the
differentiated numerator, minus the product of themerator and the
differentiated denominator, all over the squaréhefdenominator.

Supposing we hawe = g(x)/h(x)whereg(x) is the numerator, arf(x) is
the denominator, then

dy _ h(9.9(3- 3. H(3
o [h(X)]

4x-2
X+2

Example 3. lety= . Find the derivative y’

Solution

let4x-2=uandx+2=v , therefore,u’ = 4 andv’= 1. Appling the
rule,

v.u-uVv
2

\Y

P(x)=

15
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_(x+2)4- (4x+ 2)1
(x-2)
:4x+ 8—4x— 2
(x-2)’
- 6
(x-2)

Rule 4: An inverse function rule

Before now, we have been dealing with functions/imch one variable

is directly dependent on the other. In a situatrdmere we have an
inverse of a function, it indicates the direct oppof the formal.

Recall thaty = f(x) is a function which represents one on one mapping.
That is, any change in variabjeAy) is a result of change m(Ax). In

this instance, the relationship shows in this fiorctis a direct one.
However, wherex = f(y) or y = f (), this is an inverse function of the
just considered function. The derivative of an nseefunction as already
given is the reciprocal of the derivative of theedt function given.

Thatis,ﬂ: 1 :
dx dy/dx

Example4: q = 5p + 45 find the derivative ofj*

Solution

f(p) = 5. Butg = ———
(p) utq )

1
-1==.
q 5
Also, find the derivative of the inverse functiohqpif g = p° + p.
Therefore, 39 = 5 + 1 = 14 .
dp 5p -1
Rule 4: Thechain rule

This rule comes up under the discussion of thevdevie of a function

of a function. It is also known as the compositke.rin this, there is

more than one function, and the functions are deganon one another.
This is why it is referred to as a function of adtion. A good instance
is wherey is function ofu andu in turn is a function ot so,

16
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y = f(u) andu = h(z),then
y = f[h(2)].

The derivate off with respect ta is equal to the differentiation of thé&' 1
function with respect to multiply by the differentiation of the"2with
respect t@

¥ B L ryhe)

Example5: If y = (x*+5x)°wherey = u? andu =x?+5x. Differentiate
the function using chain rule.

Solution

From the problem given, we can see thata function ofx, andx is in
turn a function ofl. using chain rule,

dy_ dy du

dx du dx

ﬂ’_ — 2 _ 2
du—Zu— 2 (x° +5x)=(2x* +10x)

du
—=(2X+5
OIx(+)

. (2x* +10x) (2x+5)
dx

Also, if y = (*+4x-6)"°, determine the dy/dx using chain’s rule. Note,
without the use of chain’s rule, solving the praoblevill be very
cumbersome. With chain’s rule, solving the problessomes easier. To
solve this, let the variables in bracket equ#d create two components’
effects in a single function.

z = X+4x-6
Thereforey = Z°. It then follows tha% :32/ gi
=197% (3% + 4) = 19(¢ + 4x — 6)%(3% + 4),

Rule5: Theimplicit functionsrule

This form of differentiation is somehow cumbersorBeit if given the
required attention, problems that arise from tloerf of differentials
calculus are always easy to solve. Meanwhile, iotpiunctions are the
direct opposite of explicit functions. Thus far, Wwave been looking at
explicit functions wherey is expressed as a function xf There are

17
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times whery cannot be solved explicitly, so, we use the rdlanplicit
differentiation to solve the problem. For instances -2x + 4 is an
explicit equation. Herey is seen explicitly in the function, sdyof x.
Bring in the principle of Economics to further exjpl the functiony can
be seen as an output that is determined by an Jamut the other hand,
the function could take the formix + 2y = 8 In this equation, the
variabley is not being seen as an explicit functiorxeéther, it is being
displayed as an implicit function af so, solving fory in the equation
will make it an explicit ok.

2y = -4Xx+ 8->y =-2x + 4

However, there are times some functions become koaigd to
determine the explicit function. In spite of thdfidulties involved in
solving it, it is surprisingly easy to find the detive of the equation
implicitly without needing to solve the functiorsdif.

Three basic steps are considered in determiningdéneatives of an
implicit function ofx. these steps are:

) Considery as an unknown function af

i) Determine the y@dx in the function by differentiating the implicit
function term by term.

1)) Solve the equation that resulted from the derieativ

Example6: assuming we have the functigi-2xXy*+x* = 0. Find
dy/dx

V233 +x = 0
Solution
d(y) dex’y) L d(x)

dx dx dx
product rule)

= 0(Note: d(zd—xzyz)was solved using the
X

3yPd/dx-4xy-4yxd/dx+4x = 0
3yPd/dx-4Xyd/dx = 4xyF-4x°

Factorize both sides of the equation, and we have

di(y)(?»y— 4%)= ax(y’ - X)
X

= W3y 4¢)= ax(y - )
dx

18
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Make dy/dxthe subject of the equation, we will have

ax(y - x)

dy/dx= .
y@3y-4x")

Also, consider this examplex® - 5y° - 20= 0
Solution
d d
— (4x° - 5y* - 20)=— (O)
OIX( x* — By’ — 20) dx( )

d, 5 d d d
= —(4¢)—— (5y*)-— (20)=— (0

dx( X’) OIX( y) OIX( ) OIX( )
= 12x2—i(5y3)— 0=C

dx

But, note that i(y) =$/—>—d(5y3)= 12¥
dx dx dx

= by’ Y_19¢
dx

Make dy/dxthe subject of the equation, we will have

dy 12¥
dx 15y

SELF-ASSESSMENT EXERCISE

I. How can you differentiate a product rule from atigra rule?
2

il. Differentiate the following functions: :3%, i) y = (1/5¢ +
V4
5)4x.
3.2 Higher-Order Derivatives

Thus far all we have discussed concerning derigatof functions can
be called ‘first derivatives.’ In this part, we #Hae considering a higher
version of derivatives called ‘second derivativel$.'is circumstance
where the first derivative of the original functianitself a differentiable
function. We can then take the derivative of thst fulerivative as we did
to the initial function. If the function is furthetifferentiable, a third
derivative exists and on like that. All these aeéerred to as higher-
order derivatives. Higher-order derivatives areinested by the
successive application of the guiding rules of edghtiation to the
derivative of the preceding order.

19
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As we have discussed in unit one concerning devivatotations, the
same applies to higher-order derivatives but wittlel difference.
Suppose we have an equation of the form

q = 4p+ p*+ 20,

gg =q =8p°+2p+0 — 1%differentiation (¥ derivative)

da _ =16p + 2 — 2" differentiation (3¢ derivative)
d p
d’ =16 — 3 differentiation (&' derivative)
d p

4
dad =g =0 — 4™ differentiation (&' derivative).
dp’

Peradventure, we have a situation where you argregjto find the nth
derivative of a function, we have

d—OL = g™or y™or f"(x).
ap

Example7: find the %" derivative of the function y 4x* + 7x° + 24

Solution

This is a case of higher-order derivatives. The teago in this case is
to start the differentiation with the primitive onitial equation already
given. Thus we have the followings,

Df(x)] = 16X + 2158 + 4x
D% =48¢ + 42x + 4

D% = 96x + 42

D% = 96

D% = 0.

Note that the notation used in this solution isarobngst the ones given
above. Meanwhile, it is one of the derivative niotag used in calculus
(see unit one).

Also, within the purview of higher-order derivatsjethere is what is
commonly referred to as ‘higher-order partial datives.’ It is higher-
order derivatives too, but with slight differencés.calculus, the second
derivative of any function would bring to fur thelative extrema

20
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(maxima and minima) of that function. In this insta, the second
higher-order partial derivatives, that is, the hrifferentiation of the
initially partial differentiated function, are used a similar way for
functions of two or more variables. See unit twonoddule two for
detailed account on partial differentiation.

SELF-ASSESSMENT EXERCISE

4.0

Briefly explain what you know by the term primitivenction in
higher-order derivative.
Which order of derivative i§" in differential calculus?

CONCLUSION

In this part, we have discussed other rules ofethfiitiation and their
applicability to solving mathematical problems. Yioave equally learnt
that there are higher version of derivatives rdteras “higher-order
derivatives.” It allows for the differentiation ef particular function for
as many times as possible, if the need arises.dtigider derivative is
vital in the discussion optimisation in calculuseeSdiscussion on
optimisation in module two.

5.0

SUMMARY

In this unit, you have leant about the following:

6.0

Other rules of differentiations such as producergjuotient rule,
a function of a function rule, and many more thataevperceived
more complicated than the ones discussed in umit on
Higher-order derivatives. In this topic, you wenrgesed to the
fact that an equation can be differentiated morantione if
circumstance surrounding it demands it.

TUTOR-MARKED ASSIGNMENT

60
Computei 3¢+ X))
dx 60

Compute%((@) using quotient rule

Find the derivative of the functiog = p3+2using the chain
rule.

3
If y=AK, computeg%.
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1.0 INTRODUCTION

We have seen in units one and two what differergatulus is all
about. Recall, we have mentioned that, it (difféiedn calculus)

measures the rate of change of a function or aatexu This led us to
the discussion on derivative of a function, whishan integral part of
differential calculus. To determine the derivaticd a particular
function, the function (i.e. the original) wouldvgato be differentiated.
Often in economics, the rate of change of a sétrmftions is given, and
the onus is always on economists to determine miit&ali function.

Working from the rate of change to determine thmioal equation
amounts to revising the process of differentiatitnis mathematical
method is called integration, antiderivative oridifferentiation.

20 OBJECTIVES

At the end of this unit, you should be able to:

o define and explain integration
J explain the rules, and apply them accordingly
o explain the difference between integration andedéhtiation.
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3.0 MAINCONTENT

3.1 Indé€finitelntegrals

In a simple understanding, integration is the direpposite of
differentiation. HereF(x) is the primitive function, and it is termed
integral ofF’(x). That is,F’(x) is a function that has been differentiated,
and F(x) is the integral of the differentiated form whicérges as the
answer in this circumstance. To further understding difference
between integration and differentiation, we consttes simple analogy.
When descendants or group of people find their wagsk to their
origin, what these people have done has can badkéeointegration
anddifferentiation It is integration when the descendants were #&ble
locate their origin (which is the primitive functin However, it is
differentiation when a lot of descendants came foamm a single
parent/origin. In a clearer form, integration nsovement backward
while, theforward movemens differentiation.

Basically, the concept of integration is aboutshely of an area under a
curve. When a function is specified sgy= f(x) = X' this represents an
area under a curve and is between two distincttpbianda; which can
be determined by integrating the function. Let gssuane we do not
know the primitive function whose derivativgx) is given aboveand
we want to compute the primitive function, we canttis through the
process of integration. For instanceC i differentiated, and it resulted

to 6, it then means that the derivative%m?will bex4.§x5in this

scenario, is the primitive function of the derivatifunctionx’. So, if we
have the primitive function added to a constam;“-.éz@ + c in this case,

the c is a constant that will be equal to zero whenedéhtiated. It
therefore means that,

f(x) = x*(derivative function)d f(x) = %xE +cC.

3.2 Notation of Integration

As we have seen in unit one, we stated some \ataltions to represent
differential calculus such d&x), dy/dx and a lot more. Also in integral
calculus, there is a notation that symbolizes raggn. That is, if you
see and able recognise the sign or notation, i tmeans that the
problem or mathematical issue is about integratibor indefinite

integral, we usfa . The symbol as stated means integral notation, tand i

is an elongate® which as some elements of summation in it. We have
said it is an ‘integral sign’, whered&) which is always part of it is
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termed ‘integrand’, and the@x aspect is the differentiation operator. Let
see a typical integral sign based on the explanatome so far.

jf(x)dx

From the notation given above, three parts canxptamed here. i) the
elongateds ii) the f(x) and iii) thedx. If we decide to make two parts
out of the three to be one (i.€x)dx, you will have an entity called
differential of original functior=(x) which meand F(x) = f(x) dx So if
we have

j f(x)dx= F(X) + ¢

The variablec is an arbitrary constant integration that vanisig
differentiation. The notation can be interpretedisth‘the indefinite
integral off(x) with respect ta is F(x) added to a constant. Also, the
integral symbol shows an instruction of what to @bat is, to reverse
the own process of differentiation.

SELF-ASSESSMENT EXERCISE

I. In your own understanding, distinguished betweeegration
and differentiation.

il. Explain the inclusion of an arbitrary constant mtegration
notation.

3.3 Rulesof Integration

As we have rules in differential calculus that guits operations, so it is
integral calculus. Recall we said in simple terrattimtegration is the
opposite of differentiation. That is, if we workofn the primitive
function to get the derivative in the case of d#fgial calculus, for
integration, we work from the derivatives to arraethe initial function
(the primitive one). In the same vein, the ruleglmg the operations of
integration are in away a reversal of the basiesudf differentiation.
Note that, the rules of integration are dependemttloe rules of
derivatives. Let us consider again the power famctule in derivative,

we have,
d Xn+1 N
—|A_|= -1
dx( n+1y (n= )\

Primitive function derivative function

We can see from the expression th&t/(n + 1) is the initial or
primitive function for thex" which is the derivative function. If we then
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substitute these in expression we had earlier ghwiat we will have is
integration rule.
Rule 1. The power rule

I X" dx:n%rlx“”JrC(n #-1)

The expression as stated above is the power rulatefration. Let
apply this to solve some mathematical problems.

Example 1: use the power rule of integration to solve thdofeing
problems.

i) j x° dx

i) |5 ax

iii) I xdx

Solutions

) x® is a derivative function, and to determine thenjtive function

which is the integration itself, we shall applyetipower rule
already stated. Remember that our 6, therefore

j X2 dx= %x7+ C

i)  Note that\/; is same ax>’?, wheren in this case i§/2 and n+1
= 5/2, therefore

j \/?dng+c=§\/;+c
2

(Note that 1/(5/2) = 2/5)

i)  The derivative function in this instancexsourn is equal tdl. If
we apply the power rule (see rule 3 under rules of
differentiation) we have:

1 >
dx== C
_[xx X+

Note that the derivative of the integral (primitienction) must be
equal to the integrand also known as the derivdtivetion. This is a
way of checking results in integration.
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Rule 2: The constant rule

The integral of a constant say k is

_[ kdx=kx +C

Example2: compute the integral of 10dx and_[ -3 dx using the
constant rule.

Solution
10 and -3 are constant values and are expresseitheinform of

derivatives. Reversing them to get the originalctions use rule 2, we
have

i) _[ 10dx= 1 + C, and
ii) I -3dx=-3+ C.

Rule 3: Theintegral of a constant and a function rule
I kf(x)dx=k I f(x) dx

In this case, outcome is constant value multipligdhe integral of the
function.

Example 3. determine the initial functions of the followings:

i I 3xdx
i | 2a® da
Solution

In applying rule 3 to solve this problem, we hawefitst identify the
constant value and the functioBand x* are the constant value and
functional variable respectively. Therefore:

_[ 3% dx= SJ- x* dx, we now apply rule 1 at this

point and determine the initial function
1 s
=3 = C
(3’( i j
=x+C.
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lii.  Applying the method in solving above (i), weallhave:

| 2a®da = 2[ a*da.
Therefore, we have@eg + ::‘)=a9 +C.

Rule 4: Theintegral of x* rule

This is also known as logarithmic rule of integoati The integrand

being considered i$/x which is same as™. You will recall that under

the power rule of integration i.e. rule 1, n =sInot accepted. However,
under this rule, n = -1is welcomed based on thedfindices.

j de=|n x+C (x>0)
X

The rule stated is applicable wheres positive that ix > 0. Where it is
otherwise, that i is not equal to zer(x # ), which mean that can
take a negative value, we use

I %dx=|n|>{+ C(x = 0)

Note that as a matter of notation, the integra[[of Edx can sometimes
X

be stated thu d_xx Also, under this same rule, we have

I :‘((:(()) dx=1In f(x)+ C,wheref(x) is positive or

=In|f (x)|+ C, in this casef(x) not positive. (where

| f(x)] means the absolute value of th9).

Example 4: integrate the functio_‘tu de.
X
Solution
Note that the function is sameJ:as 6§dx. Therefore, applying rule 3

and 4, we will have

dx=6Inx+c

de: 6-[ i
X X
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Rule5: The exponential rule
To find the integral of an exponential functionngexponential rule, it

is advisable to understand derivative of an exptakfunction. Without
much ado, the derivative of exponentials thee" itself. Thus,

I edx= @+ C. More generally, (where = exponential)

J- @ dx= Eeax+C. Whereais a positive.
a

Rule 6: The sum or difference of two functionsrule

The integral of sum or difference of two or moradtions is the sum or
difference of the individual integral.

[T+ h R dx=[ f(dx+ [ 1Y b,
j[h(x)— o 9] dx = jh(x)dx—j g3 d

Example 6: compute th¢ 3y’ - x+ 2)dx.

Solution

To resolve this problem, we need the combined egiptin of the rules
we have discussed thus far. In this case, we wititmine rules 3 and 6,
therefore,

I(ng— X+ 2)dx =3_[ Xsdx—j xdx+j 2d» —» rule6
We shall then apply rule 1and have,

:3(%r XA)__; X +x+¢, note that integral adxisx + ¢

=3, 1 FL2x+C
4X 2X

3.3.1 Integration by Substitution

This is another way of resolving some difficult plems in integral
calculus. Integration by substitution is useful wtibe integral function
is becoming too large and difficult to handle. Témmain steps are
involved in this method, these are: state anotharakle sayu to
represent the functiof(x), replacedx with du in the function and you
arrive at answer by putting the valuewin terms ofx with the derived
integral.
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Example 7. Compute the integra{l (x+2)3dx.

Solution

To be able to tackle this problem, the method dkgmation by
substitution will be applied. In doing this, thedh basic steps stated
above shall be considered.

a) Equateutox +2 and(x +2)° equalss®

b) Now thatu = x+2, %zlanddu =dx
X

Then I(x+2)3dx :Iu3du. We shall now use rule 1 (i.e. power rule) to
evaluate this stage, then you have:
4
u

== 4c
4

c) We shall now put the value afin the integral.
Doing that we therefore have,

@wor%(x—kZ)uc.

3.3.2 Integration by Parts

Outside integration by substitution just discussaig other method of
solving cumbersome mathematical problems is bygusitegration by
parts. Integration by parts is the process of @magrthe processing of
differentiation using product rule. It is basicallged when an integrand
is a product or quotient of differentiable functiand cannot be stated as
a constant multiple.

Assuming we have the following derivative functasing product rule,

dixtg<x)r(»]= dXH X DX g x

Now taking the integral, we shall have,
gOIN(R =] o P H( ¥ de | b )x g xd

Then, we can solve the integrals algebraically. iRstance, the second
integral on the right-hand side can be solved thus:
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[HYg(A e o X 6 )| X)X

Example 8: Integrate the following functioﬁx(x+3)2/3dx.
Solution

Unlike the problem in example 7, this very oneas$ solvable using the
method of substitution as earlier applied. Thibesause the problem is

in the form (fvdu), can only be solved using the method of integrati

4/3

by parts. Therefore, lat = x, anddv = dx Also, letu =%(X+3) :

2/3

sincedu = (x+3)“” dx We can now determine the integral thus:

[X(x+3)"ax = [hYGYcbe KX ¢ )] G))x

= 2(x+3)" -] (x+3)"ox
= 2(x+3) % (x+3) "+,

It is important to note that arriving at the regdiranswer, combination
of integral rules is very essential. And it dependsthe student’s full
grasp of the studied area or topic (e.g. integnaéiod its rules). There
are complicated functions in integration. These amdved using
integration table. These can be found in many alkél mathematical
books and tables.

SELF-ASSESSMENT EXERCISE

Determine the following integrals applying the siiscussed so far.

. [7.50%, [Gxdx, [3x dx, | (5x“+3x3+4x)dxand [ %‘(
8x
(x-3)

il. f?xe7x2+4d), J.A;i(zandj dx.

3.4 Definite Integral

All we have discussed thus far in this sectionegnation) is about
indefinite integral. It is so, because the funcsiovere dependent on a
single variable and had no precise numerical vaNiew if f is a
continuous function defined between {ipe q) andF is continuous, and
has a derivative witl’(x) = f'(x) for everyxin (p, q). In this instance,
F(P) — F(q)is refe&red to as “definite integral” dfover(p, q). In this
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instance,p is known as the lower limit of the integration amés the
upper limit.

_ Y=f (x)

As such, the already familiar integral sign is showe modified to the
formj: .Therefore, the definite integral dfover (p, q) or (a, b) is

number that hinges only on the functiband the numberp andq.we
then have:

[ f(x)derI: f(x)dx.

The evaluation of a definite integral founded oa éxpression above is
symbolized as follows

"F(x) = F(b)- F(a).

[Tt (0 dx=

The notation? is a command that b and a should be substitutes iior

the outcome of the integration to determine F () &(a), and subtract
accordingly as indicated in the symbol above.

Let see one or two examples of this method.
Example 9: Evaluate{: Ay x.

Solution

In the final outcome for this problem, we shall dav precise value as
answer, unlike the indefinite. For instance, thaefimite integral for this
very function is<* + c. the definite integral will then be

[, 4xax = x']1=(7)'- (2) = 2401- 16- 238
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2. 1
Example 10: Evaluatg (—— +2x)dx.
P qo (1+x )
Solution

Note that the indefinite integralligl+ x|+ x”+c, therefore the definite
integral will be

[[2—+20dx =
0 1+X
In[1+ |+ Xz} 2= (In3+ 4)— (In1+ 0)= In3+ ¢ (note that Inlis zero).

3.4.1 Propertiesof Definite Integrals

Definite integrals have the following properties #my function that is
continuous:

1) j:f(x)dx=—jq" f( ) dx

2) jp" f (x)dx=0

3) js(x f (x)dx= aj: f(Ydx. (wherea is any arbitrary number)
4) j;‘f(x)dxzj; f(x)dx+jrq (¥ d

5) j:—f(x)dx:—fs f(¥) dx

6) [ teodx= f(9dw|[ fyde[ {xd  (Wherea<b<c
< d).

These properties of definite integration are viial solving definite
integral problems. Students are advice to read @miooat them.

SELF-ASSESSMENT EXERCISE

Evaluate the following integrals:
3 3 1 2 1 4 1
L xdx, I_Z (EX 3 )(s)dxandj2 (Z—_1+ z)dz.

40 CONCLUSION

In this section, we have studied another aspectadulus called
integration. It is a topic that is related to ecomno dynamics. Dynamics
is a term which has to do with the study of thec#metime paths of
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variables. It is to ascertain if these variabledl w&nd to converge
towards a particular value given enough time. Whiggration as topic
has done in the body of mathematical science, fdltthe gap left by
differential calculus, which is the ‘time paths.’olusively, if
differentiation is about looking ahead to a degtorathat is from point
A to another point B or C, integration on the othend is about
reversing the trend, which is tracing the journagkbto where it started
using point B or C as the base.

50 SUMMARY

This unit is fundamentally about integral calculWée have said earlier
that integral calculus is the direct opposite dfedential calculus. All

you have learnt in this unit is about the reversalou learnt in the

previous units. Basically, what we did here wasttaly some vital areas
in integration. These are: indefinite integrationles of integration,

definite integration, and properties of integratigxl these we have
fully dealt with.

6.0 TUTOR-MARKED ASSIGNMENT

1. Find the following:

j(4cx+ d)(CX2+ ax® dy, f 3e > dx, andj
2. Evaluate the followings:

2
[Foxe )y dx, [EEXENE2 g and [ ax+ 2)dx
0 1 X+1 4

X

5 dx
4x°+7
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UNIT 4 ECONOMIC APPLICATIONS OF
DERIVATIVES AND INTEGRATION
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1.0 INTRODUCTION

From unit one to unit three of this module, whathvese done is to do a
mathematical study of both differential and intégalculus. That is, we
looked at it the way people in the field of math&ioa sciences will do.
Recall that we have stated that, differentiationthe process of
ascertaining the derivative of a function. Thatri\dsive is about the
rate of change between two or more variables. Ylua¥go recall that,
we stated in simple understanding that integraduas is the opposite
of differential calculus. That the other name oftegration is
antiderivative or antidifferentiation. A good inste is, if derivative is
movement from ‘G ta,’ the reverse process i.e. going frogito G’ is
integration or antiderivative/antidifferentiation.

Therefore, the understanding of all these mathesiatand it's
applications in economics by Economists make thHgesti interesting
and grey areas in it are easy to resolve. So, uhis is about the
application of differential and integral calcul@asEconomics.

20 OBJECTIVES

At the end of the unit, you should be able to:

. express the need for mathematics in economics
. apply mathematical tools in solving economic praisde
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3.0 MAINCONTENT

3.1 Marginal Concept

The concept of marginal in economics is divided itwo. These are the
concept of marginal revenue and the concept of malrgost. These
concepts are best discussed under profit maxiroisatr cost
minimisation in either the principle or intermedatconomics. In any
business organisation (that is privately ownedg thimary aim of
setting it up is to make gain/profit. Thereforeg tbnus is on the
management team to pursue this noble objectiveacfoeve this, the
ideal of profit maximisation or cost minimizatiomroes to mind. All
this is about the concepts of total revenue andltabst. The
manipulations of the two (revenue and cost) mathieally in
conjunction with some economic principles bring @borofit or loss in
an organisation. This is impossible without a gaoderstanding of the
concept of marginal in economics.

Marginal revenue is defined as the change in tetanue as a result of
change in the sale of an additional unit of a paléir product. In the
same vein, marginal cost is the change in totat cvgng to the
production of an additional unit of any product. iNoif we are to
construct a function or model in which marginal tcasd marginal
revenue can be mathematically derived differentiedispectively, total
concepts and production outputs will play a magde rSo ifTC is total
cost andTRis total revenue are both linearly related posiyive the
production outpu@, then their function will be expressed thus:

dTR
If TR =1 then MR=——

Q) do
Also,if ~ TC=f(Q) then MC :%:

In a nutshell, the marginal concepts of any functio economics are
determined by differentiating the total function.

Example 1. if the total cost functionfC = 5Q + 7Q + 20, find the
marginal function and evaluate it@t= 6 andQ = 9.

Solution

Given the total cost function, the marginal cosnhction is an
expression of the derivative of the total functitinys we have:
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mc =97 100+ 7.
dQ

To evaluate the marginal function based on theustgiven, substitute
the output one after the other and you will aravéhe results. That is

At Q = 6, MC =10(6)+ 7= 67
At Q= 9MC =10(9)+ 7= 97.

Also, determine the marginal revenue function ié ttotal revenue
function is TR = 15Q — @. Estimate the marginal reveny®R)
function base on the outputs level given above.

Solution

As we have seen it done in example one, the mdrgevenue KR)
function is gotten by differentiating the total eswie TR) function.
Therefore:

Mr=9TR_15_ 29
dQ

Now, to estimate the marginal revenue function dase the level of
outputs given, substitute the output one afterather and you will get
the marginal revenue at the various levels of pcado. That is,

AtQ =6, MR = 15— 2(6) = 3
Also atQ = 9, MR = 15 — 2(9) = -3

You will recall that the primary aim of any busisesgan is to make
profit. Meanwhile, all other cost incurred wouldvieabeen adjusted for
to arrive at the expected profit. That gain is wisateferred to as profit.
In economics, the gain/profit that accrued to theiess owner is sales
made at the prevailing market price (total reveniless all expenses
incurred (total cosTC). We can from this, formulate a function called
profit function. The profit function is a combinati of the total
functions (i.e. total revenue and total cost).Ndteat, the notation for
profit in economics is represented by the sigrand the function is
expressed thus

7 =7r(Q)=TR- TCorPQ-CQ
What we have seen in the profit function is thdte tamount any
businessman would gain or make as profit is dep#nadie the volume

of sales or volume of productiq®). Having known the total profit, we
may decide to probe further mathematically the ipnofade per unit
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item as the production progress. This brings uke¢assue of additional
or marginal gain/profit. This (marginal profit) en expression of the
derivative of the profit function. Note thaP and C in the model

PQ- CQare per unit price and per unit cost respectively.

Example 2: Determine and evaluate the marginal gain functbthe
profit functionz =Q*-16Q+5CatQ =4and Q = 6

Solution

Given the profit function, the marginal gain fumctiis an expression of
the derivative of the total profit/profit functiothus we have,

Mzzzg—g=2Q—16. Note that the notatioMz as

used in the expression denotes marginal profit/gém evaluate the
function as required based on the outputs givehstgute the output
one after the other and you will arrive at the amswThat is

AtQ=4,Mr=2(4)-16=-8
Also atQ = 6, Mr = 2(6) - 16 = -4

What we have seen with marginal concept is to edénthe additional
cost or gain per unit of any product produced iy &rm. However,
there is the average concept. This concept estithatéotal function to
get either the cost of producing a unit of prodoicthe revenue per a
unit of good sold. To determine the average fumgtaivide the total
cost or total revenue function including the constarm withQ. That
is, if we are to determine for instance the averagenue AR), we will
have:

TR

Q

AR

After you have determined the function, you carcpesl to estimate the
average function by substituting f@Qrin the function.

SELF-ASSESSMENT EXERCISE

I. Determine and evaluate the marginal expenditurdeffunction
P=Q’+4Q+3 atQ = 4 and Q = 7 Hint: note that thdE =
P*Q.

il. If the total consumption function @&=1000+ 0.8, evaluate the
marginal propensity to consuméiRC).
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3.2 TheProduction Functions

The theory of production is about input and outpailysis in the
production of goods and services in any firm. Itplas the
combination of certain items or materials calleguin to produce
something valuable or special items tagged outpbe basic inputs
considered in production theory are always factwrproduction that
has been narrowed down to Cap{tq) and LabouKL), while the output
is represented by (Q). By definition, production tlee process of
combining raw materials input in certain requiretbgortion, and
transform them into a different but useful form tfmut).

The transformation of these inputs into useful iienthrough a process
called production technique. This cannot be divdlgdom a

mathematical representation known as productiortion. Production

function by any means is a statement relating hoputs can be
combined to achieve various possible levels of wtglgebraically,

production functionkP) can be represented mathematically thus:

Q=f(K, L);
Where:
Q is output per time period,
K is the amount of capital employed, and
L is the number of labour employed.

From the information given above, we can deterntimeemarginal and
the average products if the total production fumtis known.

3.3 Integration Applied

Integrals are vital to analysing issues in Econemithese are done in
several ways.

a) If net investment is the rate of change in capital stock formation
k over timet(k(t)). Therefore, we determine net investment over
time I(t) by the process of differentiation. That li&) = dK(t)/dt
=K’t. Now that we know the net investment, the levetapital
stock formation can be computed. This we can dintagrating
the capital stock with respect to time of net irent:

Ky =[1)dt =K () +c=K®)+K,-

C in the expression is equal kg, and it is the initial capital stock.
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In the same vein, the total cost of a product cadtermined from the
marginal cost of that product through the proceksntegration. If
marginal cost is computed using total cost parametertime as the
output change, that MC = dTC/dQ,then theT C will be

jMCdQ: VC+ c= VGr FC

Again in the expression(small lettered) is equal to fixed or initial cost
Let see one or two worked instances where integrasi applied.

Example 1;: Assuming that marginal cos¥IC) is 50 + 60Q — 188, if
fixed cost is75; determine the total costC).

Solution

The secret in this question for the students toadier is that, we want to
find the total cost given the marginal cost. Thetlveay to do that is
apply integration. Thus:

TC=[MCdQ = [(50+ 60Q —180Q?)dQ
50Q +30F -6Q + ¢

Our fixed costEC) is 75, and is also equal tp because denotes
constant term which in this case is equal%oTherefore,

TC=50Q + 30F — 6Q +75.

Assuming, the question requires you to find the pes unit (i.e AC)
and variable cosMC), the way out is simple. The cost per uAC}
will be:

AC:%ZSO + 300 — 6@?.
However, VC=TC - FC=50Q + 30J - 6.

SELF-ASSESSMENT EXERCISE

I. Find the consumption functiqi€) if marginal propensity to
consumelMPC) is 0.6, and consumption i80 with incomgY)
equal to zero.

. Determine the capital functiok] if the rate of net investmeni) (

isZ{]tafﬁ, and stock of capital atequalto zero is50.
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4.0 CONCLUSION

In this unit, what we have done is to practicalpply the principles of
differentiation and integration to issues as thalgte to economics. So,
the module, confirms that, these two principles argortant in
economic analysis of certain issues.

50 SUMMARY

This unit is fundamentally about the applicationdifferentiation and

integration into economics. You will recall thahy unit three of this

module we stated that integral calculus is the ctlirepposite of

differential calculus (derivative). All you havealat in this unit is

basically about the application of differentiati@md integration in

resolving some basic economic problems. We lookedmarginal

concept. It was discovered that, given total ces&nue function, the
marginal cost/revenue can be ascertained applytireg principle of

derivative. However, in a reverse manner, the todak/revenue can be
determined from the marginal cost/revenue usinegiration.

6.0 TUTOR-MARKED ASSIGNMENT

1. Find the total revenue function and the per unaepgiven that
marginal revenue (MR) 40 — 4Q — &

2. If marginal cost (MC) i24€°% and the fixed cost is 50,
ascertain the total cost function.

3. Find the marginal revenue (MR) function of the dadh&éunction
Q=72-4p

4. Assuming we have a consumption functi@) {hich is600 +
0.4Yd whereYdisY — T, andT is 200, find marginal propensity
to consumeNIPC).

Hints: note that the demand function is same as the price
function.
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MODULE 2 OPTIMISATION

Unit 1 Introduction to Optimisation
Unit 2 Function of Variables

Unit 3 Optimisation with Constraints
Unit 4 Differentials

UNIT 1 INTRODUCTION TO OPTIMISATION
CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1 Optimisation of Functions
3.1.1 A Case of Concave and Convex functions
3.2 Relative Extrema
3.2.1 Inflection Points
3.3 Fundamental Clues on Optimisation Analysis
4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
7.0 References / Further Reading

1.0 INTRODUCTION

The just concluded module (that is module one)dcaekact, in the first
two units (units one and two) where we treated dadlgi differential
calculus, the study on derivative was limited tadions of a single
independent variable such gs= f(p). However, a lot of economic
models or functions involve more than one indepahdariable. For
example, we could have a situation wh€e f(L, K). In this case, we
can define the model as a function of two indepahdariables where
Q is the endogenous variableandK are the exogenous variables.

In this part, we are basically going to be disaugaptimisation which

is about equilibrium analysis (which is called geaauilibrium). By

definition, equilibrium is the state of optimum mgam for a given

economic unit such as household, business entityyecentire economy,
in which they strive to attain that equilibrium. @@pisation by

understanding is the quest for the best. In a questave the best as
mentioned, economic agents try to understand tHectefof one

exogenous variable on the endogenous variable wtichasically

measured using partial derivative and others tfeatscussed below.
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20 OBJECTIVES

At the end of this unit, you should be able to:

o explain optimisation problem
o discuss what partial differentiation is all about
o apply optimisation to solve economic problems.

3.0 MAIN CONTENT
3.1 Optimisation of Functions

Recall we stated that optimisation is about thestuer the best.

However, by definition optimisation is the proce$dinding the relative

maximum or minimum of a function or model in matregiwal sciences,
business studies and economics. Without the aagph, this is done
with the methods of relative extreme and inflectjpmints and a lot
more. All these are discussed below.

An economic model or function of the natgfe) is said to be rising or
falling atx = a. If in the immediate vicinity of the poirfia, g(x)] the
graph of the function rises or falls as it goegrfrieft to right. Recall
that in unit one of module one, we stated thatvddinie (that is the
differentiation of the initial/original function) easures the rate of
change and slope of a function. A positive initigrivative atx = a
shows that the function is rising and a negative preans it is falling.
See figure below:

y y
I
R I — O™  a~ X
o a X
Slope >0
.. . _ Slope <0
Rising function at x = a . )
Falling function atx =a
(a) (b)

g'(x)> 0: rising function ax =a
g'(x)< 0: falling function ak = a

When an economic model or function is rising olfirigl over its entire
area is referred to as amonotonic function.
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3.1.1 A Caseof Concave and Convex Functions

Still discussing optimisation, a functign(x) is concave akx = a if in
some small region close to the point faeg(x)] graph of the function
lies completely beneath its tangential line. Ondtieer hand, a function
is convex ak = aif in an area very close tf, g{x)] the graph of the
function is wholly above the tangential line. Mednil, a positive
second differentiation of the function or modekat a signifies that the
function or model is convex at= a(that is,g” (x)> 0); also, a negative
second derivative of the function or modekat a denotes the function
or model is concave at=a (that isg” (x)< 0). It is important to note
that, if g"(x)> 0 for allx in the regiong(x)is convex. Also, if §(x)<O
for all x in the region,g(x)is concave However, the sign of the first

differentiation does not matter for concavity. Agasee figures below
for the graphs.

y y
(@) g'x) >0 (b) g <O
§'() >0 8" >0
Convexatx=a
v y
(d) g'(x)<0
g”’(x)<0

Concaveatx=a

Supposing we have two functiogs -2* + 4x“ + 9 — 15 andy = (5¢ —
8)?, test for their convexity and concavityat 3.

Solution

i) g=-2C+4¢ + X—15

g =-6C+&+9

g'=-12x+8
g"'(3)=-12(3) + 8 =-36 + 8 =- 28 < 0 (in line withe rules, this is
concave).
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i)  g'=2(5¢-8)(1) = 20x(5x° — 8) = 106 — 16(x
g'"'= 300¢ — 16Qy" (3) = 300(3f — 160 = 300*9 — 160 = 2700 —
160 = 2540 > 0 (convex).

SELF-ASSESSMENT EXERCISE

I. From your understanding of the discussion on og@tion, in
your own language; explain what you understandgiynasation
to mean.

il. State if the functiomy(x)= 2 — 11x + 3is rising, falling or static
atx =6.

i.  Also, state if the functiog(x) = - 3% + 5 + 11x — 100is either
convex or concave at=4

3.2 Reative Extrema

Recall that graph and relation are not the rigbtstdo solve optimality
problems, except with the methods of ‘relative exte and
inflection.’(See optimisation of functions above).$tart with, what is
relative extrema all about? It is a point at whaaty economic model or
function as we shall soon observe is at a relatisgimum or minimum.
To be at either maximum or minimum at any point 8athe economic
model or function must be at a relative table liem (i.e. flat) where
the model or function is not rising, and is nofifg ata. If that is the
case, the first derivative of the functionast either zero or be undefined
function or equation. Any point in the region offtmction where the
first differentiation is equal to zero or is unaefd is known asctitical
point or stationary valué.this point is a standstill position. It is a pbin
on the function or the equation graph where it filerivative is always
zero. The first test for stationarity or criticadipt can be established on
either the peak or bottom of the business cycle ésplanation below).

Now, it is vital to differentiate between a rel&ivmaximum and
minimum functions. In doing this, a mathematicapmach will be
required, and this is by taking the second-ordeivdtve of the initial
economic model or function. For instancegi{x) = 0 ata (that is at
initial or first differentiation), at second diffemtiation commonly
referred to as the second-order derivative, ontheffollowings would
be observed: a) l§"x)> 0 ata. It shows that the model or function is
convex and that, the graph of the function or dquastays wholly
above the tangential line at= a, the function or model is at a relative
minimum (like the bottom of a business cycle graph) If g" (x)< O at
a, it signifies that, the model or function is coneand that the graph of
the function is wholly underneath the tangentialeliatx = a, the
function or model is at a relative maximum (like theak of a business
cycle graph), and c) If we have a situation ddfar from the two
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instances already discussed, that is whghec)= 0, it means that the
test is inconclusive.

However, it is important for us to have it in ournas that, only
functions whose first differentiable value at adllves ofx is equal to
zero (f'(x) = 0) are to be considered, if there is the needetermine
the critical points of the functions or equatiohs.other words, if we
subject it to further test the situation where tingt derivative is zero,
we will arrive at any of the conclusions summarigass mathematically

—>
g (x)=0 g"(x)>0: relative minimum at = a
—>
g'(x)=0 g"(x)<0: relative maximum at = a.
v y

0 a X
g(x)=0 g'(x)=0
g” (x)>0 g" (x)<0
Relative Minimum atx=a Relative Maximum at x =a
(a) (b)

3.2.1 Inflection Points

Another possible method of looking at optimisatagpart from relative
extrema just discussed imfection Point Most economic models or
functions that are been studied are often convexamcave in an
interval at the second derivative. In the procdstesting for convexity
or concavity, an economic model or function mayngefrom either
convex to concave or vice versa. The point at whiébnction or model
changed from being concave to convex or vice varsareferred to as
inflection point By definition, an inflection point is a point ¢hne graph
where the function crosses its tangential line emahges from concave
to convex, or vice versa. Or, an inflection poiat & functiong(x) if
there exists an interval about any point on thelguch that: iy’ (x)>
0in say (a, c)and”(x) <0in say (c, b), oriig”(x) <0in say (a, ¢) and
g”(x) > 0 in say (c, b). Let us assume tlRat c and it is the inflection
point.

Inflection point occurs only where the second daiixe equals zero or
is undefined. However, note as stated earlier is $kction that, when
the first derivative is equal to zero or undefinad in the second
derivative, it calls for further test. This time,is to determine either the
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convexity or concavity of the graph. When the iafien point is to be
determined, the indication of the first derivatigerrelevant. In sum, for
an inflection point atc, as seen in Figure below, the followings are
observed: 13" (x) = 0 atc or is undefined, 2) concavity changex at

¢, and 3) graph crosses its tangent ling atc.

; | | |
c: X C: X : X . X
g'(x)=0 g'(x)=0 g'(x)<0 g:I(X) >0
g’(x)=0 g’(x)=0 g’(x)=0 g’(a)=0
() (b) (c) (d)

Example 1. Determine the relative extrema for the followinguatjons
by (a) finding the critical value(s) and (2) detemmg if it is at the
critical value(s) (the equation is at relative nmaxim or minimum).

a) g(x)=-5¢+ 130x — 50

Solution

This problem will be solved by way of following sensteps. That is
moving from one step to the other.

) Differentiate the primitive equation or functionake the first
derivative), set it equal to zero, and then sobrexfto determine
the critical value(s).

g'(x) =-10x+130=0
x = 13this is the critical value

i) Take the second-order derivative of the first dmxe and
estimate it using the critical value already known.

g"(x) =-10

g”(13) =-10<0 thisis concave, and is a relative maximum.
b)  h(x) = 3¢ - 36X + 135x — 20
Solution
Imitate the earlier steps followed in the solutiorthe above,

) Take the first derivative, and set it equal to zealve forx
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h'(x) = 9% — 72x + 135 =0
=9(X-8x+15)=0
=9(x—-3)(x-5)=0

x =3 x =5 these are the critical values

i) Take the second-order derivative and estimate basedhe
critical values determined.

h”(x) = 18x - 72

h” (3) =18(3) - 72=-18<0 concave, and is relative maximum
h” (5) =18(5)-72=18>0  convex, and is relative minimum
3.3 Fundamental Clueson Optimisation Analysis

As we round-off this section on introduction to iogsation, it is

essential that students should familiarize theneseWith some facts on
optimisation which will assist them in analyzingtiofisation problems.
This is what we refer to as “fundamental clues qstinoisation

analysis.” Assuming you are given a primitive fuanf model or

equation that has an optimisation problem and fiereéntiable, know
these:

o Differentiate the primitive function, model or edioa (1%
derivative), set it equal to zero, and solve fa thitical value(s).
This step is known as theecessary conditioor thefirst-order
condition It locates the points at which the function, moade
equation is neither rising nor falling, but at adied ground. The
points arrived at are possible relative extrema.

. After the step above, you then again differentiéte first
derivative (2% derivative), estimate the result using the critica
value(s), and check for the sign(s). Note the fitgs: (i) if the
estimated result is less than zero, the functiarorscave hence it
is a relative maximum, (ii) if it is greater thaera, the function is
convex hence it is a relative minimum and (iii)itifis equal to
zero, it shows that the analysis is inconclusive.

. Where thenecessary or first-order conditiols met, the second

step, called the second-order derivative analygsianown as the
sufficiency conditionln sum,
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° W Relative maximum Relative minimum
h
e g'(x)=0 g'(x)=0
r
e g" (x)<O0 g" x)> 0

the estimated result of "2 derivative is equal to zero as
mentioned in step two, the second-derivative aimlyis
inconclusive. In such cases, the continuous diffigaEon
analysis is helpful: (a) If the first non-zero valaf a higher-order
differentiation, when evaluated at a critical valug® an odd-
number say 3, 5, 7 etc., then the model, functioequation is at
an inflection point. (b) Also, if the first non-zervalue of a
higher-order differentiation, when evaluated atitical value is
an even number say 2, 4, 6, etc., then the modettibn, or
equation is at a relative extrema. But, if the evermber is
negatively signed, it is shows that the functioneguation is
concave and is relative maximum, and if vice verstows that
the equation is convex and is relative minimum.

SELF-ASSESSMENT EXERCISE

Determine the critical values of the equatipr - p° + 4.5° — 6p + §
and test if it is relative maximum or minimum ofl@ction points.

4.0 CONCLUSION

Under differential calculus in module one, we sawsaae of a function
of a single variable, how to find the first derivat and that of the
second derivative treated under higher-orderedvadives. In this part,
which is about optimality of values by economic rige we seen how
the two (the first and second derivatives) are daei to be used as
tools to resolve optimisation problems.

5.0 SUMMARY
In a nutshell, in this unit, we have consideredftt®wing:

. We have explained that optimisation is about thesgdor the
best amongst given alternatives by economic agesush as
households, firms, nations, and many more.

o We also discussed convexity and concavity as a ¢ase
optimisation. That at the second derivative of angdel or
equation and when evaluated at their critical @ué could be
either positive or negative. If the sign is postiit shows that the
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model or equation is convex but, if otherwise, gans that the
model or equation is concave.

o We equally discussed relative extrema and inflecgoints. You
will recall that we said relative extrema and inflen points are
modes of analysing optimisation problems. Thagtret extrema
is of two extremes, the maximum and the minimum. &t
particular instance in the life of a function or aed there is
always a transformation that is, minimum changmgnaximum,
or vice versa. At that very point where the transfation occurs
on model or function, is referred to as inflectfint.

6.0 TUTOR-MARKED ASSIGNMENT

1. Based on your understanding of optimisation, skepaphs to
show the followings: i) a rising function, ii) alliag function, iii)
a concave model, and iv) a convex equation.

2. Given thaty = 2x — 3¥ + 11x — 30 Examine the equation &t
4, and show if it is falling, rising, or static.

3. Determine the critical values, relative extrema.(maximum or
minimum), or possible inflection point of the eqoatz = - (a —
8)*.
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1.0 INTRODUCTION

In module one, where we discussed basically devesand integration,
and in the preceding unit to this unit, you willsdover that all the
functions, equations or models treated thus farnaainly a case of one

parameter or a variable, that 5= g(x) or jf(x)dx, and so on. From

the equations we have seen so far, there is alwagsindependent
variable on the right-hand side of the equatioruoction deciding the
fate of the dependent variable on the left-hane.sithis is what the
author referred to as anono-variable/parameter function.In this
section, we shall be looking at a situation wher shall be having
more than one variable or parameter as independerdbles on the
right-hand side of the function or equation. Wheve have two
variables sayz = g(x, y),it is called‘functions of two variables'where
it is more than two variables lik®" = g (p,, i, ps, n), is referred to as,
‘functions of several variables. ‘When cases likese are treated, any
problem with multi-product organisation can suct@isbe resolved by

applying it.
20 OBJECTIVES

At the end of this unit, you should be able to:

o explain the difference between a single-variablecfion and a
multi-variable function

o discuss the essence of partial derivative in timrakiable
models

53



ECO 256 MATHEMATICS FOR ECONOMISTS I

o explain the procedures for resolving problems withulti-
variable models.

3.0 MAIN CONTENT
3.1 Functionsof Several Variables

To restate the obvious, what you have done softlva preceding units
as mentioned in the introduction of this unit wesstricted to a function
of a single variable (i.e. exogenous variable) sash = g(x). In the
field of economics, a lot of economic activitievatve models of more
than one exogenous variable or parameter. Forniostan production
theory, the production function has more than omgenous parameter,
Q =g (L, K). This model is defined as a model of two exogenmus
independent variables if there exist one and onky walue ofQ in the
range ofg for the pair of real numbe(&, K) in the region 0§.Q is the

endogenous variablévariable that is determined within the modél);
andK areexogenous variable@wariable that are determined outside the
model). This is a typical example of ‘function @fd variables.’ In the
main time, we will be discussing more of this.

Supposing we have a function or an equation lilkkedhe stated earlier
in the introduction, where = g(x, y) This equation or function can be
analysed in a way that, we can investigate the ainpathe exogenous
variables individually on the endogenous varialbleis analysis is most
often referred to measurement of changes betweeentogenous and
the exogenous variables. One basic mode of carrong this
measurement is the use of a mathematical methdddcdpartial
Differentiation.” It measures the effect of a change in an indididua
exogenous variablé or y) on the endogenous variab(g) in a two-
variable function. The partial differentiation af with respect tox
measures the sudden rate of change wfith respect tox while the
exogenous variabkeremains unchanged.

3.1.1 Partial Differentiation with Two Variables

When the rate of change between the endogenoushandxogenous
variables in a two-variable function is to be meady partial

differentiation is of paramount importance. Unliat we saw when
we hady = f(x), a situation of one-variable function. The notasidor

partial differentiation or derivative are as follew

Q, ﬂ, f.(xy), f.or z —whereyis held constant

OX OX
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oz ﬂ, f,(x.y), f, orz, — wherexis held constant

oy’ oy
Therefore, ifz=f(x, y), thenoz/ox( 6z/ dy) shows the derivative 1§k, y)
with respect tx(y) wheny(x) is held constant. Note, to find the partial

differentiation of a function as given above, géy assumes that the
X
variabley does not exist in the function, and differentidte function

with respect to (w.r.t. X) only. The same operation goes%ez;r. Partial

differentiation is mathematically expressed thus:

bz _ lim fix+ Axy)- fxy) :

ax  Ax=0 e With y held constant
2 _ lim Teyr V- T)  \with x held constant
iy Ay—=0 Ay

Partial differentiation with respect to one of #weogenous variables in
any function follows the same rules as ordinaryedéntiation while the
other exogenous variables are treated as con§tansider the examples
below:

Example 1: The partial derivatives of a two-variable functsuch ag
=5x%y*are determined thus:

Solution

0] When differentiating with respect tq treat they variable as a
constant term, then:

0z
— =10
OX XV‘

(i)  Now, differentiate with respect tg, treat thex variable as a
constant term also, and you will have:

0z

== =20%y°

oy
Example2: To find the partial derivatives for this two-véla
functionz = 7x° — 3%+ By*:
Solution

0] When differentiating with respect tq let the variable y be held
constant as in example 1, then:
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0z
£ =21¥-6
OX X);

(i)  Now, differentiate with respect tg, treat thex variable as a
constant term also, and you will have

0z
~Z =-6X+24
Y, - 24y

SELF-ASSESSMENT EXERCISE
Determine the partial differentiation of the follong:

. g(w, X, y) = 4W + 10wxy — y + x*
i.  h(p, n)=10p + 6pr’ + 7n°

3.2 Rulesof Partial Differentiation

In the worked examples just treated above, one gfaifte basic rules
was taken into cognizance. These rules are reféored rules of partial
differentiation, just as we have in differentiatiproper in unit one and
two of the preceding module. Now, we are goingdosider these rules
one after the other.

Rulel: Product rule

This rule is similar to the earlier treated versinrihe previous module.
The only and remarkable difference is that, whiles tversion is done
with caution because of its nature of multivariabsse, the former is
not.

Givenz = g(x, y). h(x, y),

%=g[x_.y).%+ h[x,y).g Where y is held

constant

dz ﬁ 13'_,1? ;
a_}_g[x,y)_ .y h [x,y).ay Where x is held

constant
Example 1. if z = (5x + 2)(4x + 3y)partially differentiate the model.
Solution

Using product rule as given above, first differateiw.r.tx, then w.r.ty.
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% = (5x+ 2)(A)+ (4+ 3y)(5=40X + 8 + 15y
% = (5x + 2)(3) + (4x + 3y)(0) = 15X + 6
Rule 2: Quotient rule

Again, the variation between this rule and the ey one treated in
module one is in the mode of application. Like wentioned under rule
one in this section, its application is done witime measure of caution
because of its multivariable nature. In this cadetimes a variable is
held constant while the other is allowed to chaage its rate of change
measured.

Given thatz = %where h(x, y)is not equal to zero.

iz i hixy)dg /82 -g (x.y).3h/8x

dor [h(x.y)] wherey is held constant

fz  h(xy).Bg /8y -g (x.y).8n/8y
gy [h(x.3)]2

wherexis held constant

Example2: Given thatz = (7x + 6y)/(3x + 5y), use rule 2 to partially
differentiate the model or equation.

Solution

Using the quotient rule as already indicated in theestion; first
differentiate w.r.t tog, and then w.r.t tg thus:

iz i (Zx+ 5¥0(7)- (Tx+ 650(2)
dx (3x+5)°

21x+35y-21x-18y o 17y
(3x+5y)2 T (3x+5y)°

iz i (Za+ 5y)06)- (Tx+ 630(5)
iy (3x+5y)2

18x+30y-35x—-320y o —17x
(3x+5y)2 T (3x+5y)°

Rule 3: Power -function rule univer salised

This rule is similar in operation to the versiomealddy seen in the
previous module. The main difference is in the neambf exogenous
variables in the function, in which the operatiorl Wwe done based on
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one variable in use, while the other is held camsias we have observed
in the already discussed rules.

If we have = [h(x, y)]",

a ] :
a_i = n[h[x,}f)]"_i-a—: wherey is held constant

z_z = n[h(x, 1;)]'"—1_? wherex is held constant
¥ N ¥

Example 3: Supposingz = (¢ -5y°)°, find the partial derivatives?
Solution

We can only find the partial derivatives of thisnétion except the
power-function rule universalized is applied. Fidstferentiate w.r.tx
and then w.r.y. thus we have:

dz . -

— =5(x* —5y¥)* =« (2x) = 10x (x* — 5y%)*
0x : :
oz _
dy o
asterisk is multiplication sign)

5(x% — 5y*)* = (15y%) = 75y%(x* — 5y*)*(Note  that, the

SELF-ASSESSMENT EXERCISE

Use any of the rules just discussed to determiee1thorder partial
differentiation of the following equations:

i q = 4p°(4p + 9i)
2+i2
ii. q= D -
2p-3
4
i, 2= X299
2X+ 4y

3.3 Second-Order Partial Derivatives

What we have done so far in this unit is the foster derivative of the
functions, models or equations given. Now in thastpwe want to see
how the initial derivative (i.e. the ®1derivative result) can be
differentiated further (i.e. second time) to gebther result that will be
different from the initial result. The differentianh of the first-order
derivative’s result is called second-order derwatiGiven a functioz =

h(x, y), the second-order (direct) partial derivative whothat the

equation has been differentiated partly with respec one of the
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exogenous variablés yXwice while the other exogenous variable has
been held constant:

o(@) 7z
ox\ox) 0¥

o).
oy\oy) oy

The notations above show that, in effeigt, (0x,0x) measures the rate
of change of the first-order partial derivatikg with respect tox whiley

is held constant. Alsdh,,,, (dy,dy) is exactly opposite of the previous

one.

However, there are instances where we have whandly referred to
as crossed partial derivatikg, andh,,,which means the first the initial

equation has been partly differentiated w. r. t eaeable and then their
partial derivative, have in turn been partiallyfeli€ntiated with respect
to the other exogenous variable:

ofoz|_oz
ox\oy) 0y

g(@j_ 0’z
oy\ox) Oyx
In short, a crossed partial, derivative measuresréite of change of a

1%-order partial derivative w. r. t the other exogeswariable. Let us
see one or two worked examples.

Example 1: Determine the i) % -order, ii) 2% -order, and iii) crossed
partial derivatives of the equatior= 5p° + 11pi + 2*,

Solution

In tackling this problem, what is required on thertpof the learners’
(students) is patience and sense of reasoning.

. 3 - . i .
i) £=qp= (15p* + 111) a—j=qi=11p+813
oy B0 _ ¢ .2
I'I"} ﬂp“ - Qpp - SGTJ gi* =qu = 241
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... 9%¢q ﬂ(@q) 0 ) ,

= — (=)= =(15p% + 110) = g, = 11
i) 5ap ~ 3i\ap 57 15P" +110) = ¢y
. 9%°q 9 dq\ 0 |
) opoi E(?): ap (1P +8°) =g, =11
SO’Qpiz’QEp'

3.4 Multivariable Functions and Optimisation

In unit one of this module, we discussed optim@satof functions in
which the exogenous variable [i.e. variable(s) loa ight hand side of
an equation] was just one, that ys= f(x). In that scenario, we have
been able to determine the relative extrema, ihflecpoint, etc. The
same goes for a function or equation with more tbhaa exogenous
variable. For such a function wheee= g(x, y), to be at a relative
extrema, three conditions must be fulfilled. Thass

a) The T-order partial must equal zero at the same timés 3tows
that at the given point, often referred to as caitithe function is
neither rising nor falling but is at a relative l@bke form.

b) The 2%order partial, when estimated at the critical pomust
both be negative which shows it is at maximum andimum
when both are positive. This indicates that frorat ttable-like
form, the function is concave when the curve bedwsnward in
the case of relative maximum and convex when idbamward
in the case of minimum.

C) The product of the"-order partials estimated at the critical point
should surpass the product of the crossed patistscalculated
at the critical point. This is required to rule can inflection
point. In summary:

Relative maximum Relative minimum
Gx» Gy =0 G2 9y =0

Gacaes gyy <0 g-m"g}‘}‘ >0
g.x.x'gyy = [g.x;rj'z g-m"g}‘}‘ = [9-75}‘]2
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d) If g.-gyy < (gy)° Wheng,, andg,, have the same signs, the
function is at an inflection point; whem,, and g,, have

different signs, the function is at an inflectionirt.
e) If gx-gyy = (guy)? the testis inconclusive.

f) If the function is strictly concave (convex) xmandy, there will
be only one maximum (minimum), called an absoluteylobal
maximum (minimum). If the function is simply con@fconvex)
in x andy on an interval, the critical point is a relative local
maximum (minimum).

SELF-ASSESSMENT EXERCISE

Determine i) the % -order, ii) the 2 -order, and iii) the crossed partial
derivatives for the equation

q = 4pfi°

Also, determine the critical values and if the fume below is at a
relative maximum or minimum, given that,

q=2°-p*+ 14 -54 + 12.
4.0 CONCLUSION

We stated earlier at the starting of this unit tedtat we studied in unit
one was a case of one endogenous parameter beegtad by just a
single exogenous parameter too. However, thereeateeme cases
where a single endogenous parameter is affectedndme than one
exogenous parameter. That had led us to the stuidytwo-
variable/multivariable functions. With what we hagiscussed thus far
in this topic, we can confidently apply this tos®lproblems associated
with multi-products ventures.

5.0 SUMMARY
In sum, we have in this unit, considered the foltayv

o We have studied functions of several variables.ré&ised that,
a single endogenous variable could be influencednbye than
one exogenous variable. This will assist reseaschertackle
optimisation problems in a multi-products organdat

o We also have discussed partial derivatives. Thait iss about
observing the influence of the exogenous varialdes the
endogenous variable, while the rest are held cotséad vice
versa. In the application of partial derivativesime fundamental
rules were studied.
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o We equally discussed relative extrema and inflecpoints in
multivariable functions. We have discussed the g to be
met to be able to determine the relative extrenth iaflection
points in a function that has more than one exogemparameter.

6.0 TUTOR-MARKED ASSIGNMENT
Find the 2*-partial and crossed partials of the following:

1)  q=3pi'+5p°
2) q — p0.7i0.3
Find the critical values, and determine if theséues/points in the

function is at relative extrema, inflection poiot, inconclusive. Given
that,

q(p, i) = 3p' — 8% — 120p + 40i + 100
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1.0 INTRODUCTION

In this section, we shall still continue our dissios on the concept of
optimisation, but with a difference. In the precggisections (that is,
units one and two) of this module, we studied oaton where we
determined the relative extrema of an objectivecfiom of two or more

choice variables. One basic feature of this forrogifmisation is that all

the choice variables were independent of one anotibere this form

of undependability is found among the choice vdesiin optimisation,

this form is generally referred to as free or urstcained optimisation.

However, in the field of economics, certain prolbdemeeded to be
optimised. In some cases, variables involved aenatquired to satisfy
certain constraints. For instance, the amounts ifferdnt items
demanded by a buyer must fulfill the budget comstraf the buyer (in
this case, the buyer’s income can be seen as &raois This unit will
introduce us to optimisation with constraint. Irtpaular, the method of
Lagrange multipliers will be studied to understamalv problems in
optimisation are resolved using it.

20 OBJECTIVES

At the end of this unit, you should be able to:

o state the difference between unconstrained opttiarsand the
constrained type

o describe the module operands pertaining to optimisawith
constraint

o express the usefulness of Lagrange multipliers piinosation
discussion.
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3.0 MAIN CONTENT
3.1 Constraint: Its Effect

You will recall that, we have mentioned at the tatgr of this module

that, optimisation denotes the quest for the béstmatter how bad any
economic activity may look, there will always be @ptimum point, if

we apply the concept of optimisation. Basicallydoonomics, every
economic activity is all about limiting factors wehi hinder or constraint
the ability or power of any economic agent to daaie things. So, in
concept of organisation these limiting factors drgy recognised as
constraints.

Let us consider the popular utility concept in theory of demand. This
concept is about the study of the satisfactionasfsamer(s) subject to
their income level, which is always referred toBaglget constraint. Let
us study a buyer with simple utility function:

U=XX+ 2X]_

What we have stated above is a total utility fumctof a buyer. The
marginal utilities can be determined by taking pfaetial derivatives of
the total utility function(U) w. r.t x, andx,. In this case, the buyer’s
utility is maximised without any constraint. Whicheans, the buyer is
able to any of good he/she deems fit. This scerdidaot consider the
income of the buyer as a limiting factor. The casgresented has very
little or no pragmatic relevance in economics. Takenthe case relevant
in economics, the income of the buyer should berpmrated into the
function. Assuming, the buyer intends to expendtal tamount ofi¥
120, on the two itemggand %), and if the prices of the items ate= 8
andx, = 2, we can now express this limiting factors (incoamel prices)
that have been incorporated in a linear form thus:

8X1 + 2X2 =120

With this constraint, the items, andx, are now mutually dependent.
The next thing is to maximise the utility functistated earlier, subject it
to the constraint just derived.

In trying to observe the relative extrema of bdtle tonstrained and
unconstrained organisation, the difference betw#en two can be
illustrated in a three-dimensional graph (see grdmiow). The

unconstrained extremum is the peak point of theeedbme, while, the
peak point of the inverse u-shaped curve denoteadthténe constrained
extremum. Also, in terms of values, the value of tmconstrained
maximum is expected to be bigger than that of tlestained

maximum. At rear instance, the two maxima may héreesame value.
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However, the constrained maximum is not expectedutpass that of
the unconstrained maxima.

Free maximum

/ Constrained maximum

Constraint

(Adopted from Chiang and Wainwright, 2005).
SELF-ASSESSMENT EXERCISE

I. The organisation of a consumer’s utility without nstraint
amount to little or no economic sense, discuss.
. State the limiting factors in the study of utiltgncept.

3.2 Constrained Organisation with Lagrange Multiplier

From our discussion under constraint, by now weukhde able to

explain what constrained organisation is all abéutsum, constrained
organisation is the quest for the best in the midsavailable (limited)

resources. That is, a consumer who tries to maeirhis/her level of

satisfaction bearing in mind the limiting factoiitere are many ways
constrained problem organisation can be resolvea/9/8uch as through
the method of substitution and elimination of vaks, etc. However,
some constraints could be complicated function,whien there are
several constraints to be considered, the methédsulostitution and

elimination of variables become ineffective. Toalgs problems of this
nature, a method that is best applicable is Lagrangltiplier.

3.2.1 TheMethod of Lagrange Multiplier

The essence of the Lagrange multiplier is to cdaneerconstrained-
extremum problem into a form that can be resolvpplyéng the -

order condition. A typical economic instance of @anstrained
organisation problem is about a buyer who decid®g imuch of his/her
incomel is to be spent on an item sayhose price ig,, and how much
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income is to be left over for expenditupgy on other item y. In this
situation the consumer is faced with some limitiagtors, which in this
case is represented with budget constrdtX(+ PyY = ). Assuming
the buyer’'s preferences is represented by thayufiinction U (X, Y).
Therefore, there is a problem of preference orgdiois among the
available items by the buyer subject to the lingtifactor (budget
constraint). This can be expressed in mathematcals as:

Max U(x, y) subjectto P,X+P)Y=I

Where U(x, y) is the utility function,P, X + P,Y = | is the budget
constraint. What we have just seen, is a classiastcaned
maximisation problem. In this instance, we can aediw eithery or x.
When this happens, the problem becomes uncondlrairaximisation
which can be solved by the method of substitutiosh @imination.

However, where the constraint is complicated, oerglthere are several
constraints to be considered as mentioned earer, substitution

technique becomes ineffective. In such circumstamteer systems
should be employed. Of particular interest to ecoists is the Lagrange
multiplier approach. Essentially, the same modefien employed by

economists even for problems that are quite easyeXpress as
unconstrained problems. The major reason behindigleeof Lagrange
multipliers by economists is its clarity in econaminterpretation.

Besides that, the introduction of Lagrange mukiigdican be modified in
a number of more complicated constrained orgawisgiroblems, such
as those expressed in terms of inequalities.

Now, assuming we have the functib(x, y) subject to a constrai(x,

y) = k wherek is a constant item. From these, we can combine the
objective function and the constraint function & g new function. This
new function is arrived at thus:

(@)  Set the constraint function to equal to zdrent

(b) Multiply the function in step (a) by (the Lagrange multiplier),
and

(c)  Add the product (the result) to the objectiwection.

(Note that the signh is a Greek letter often callethmbda in
mathematical sciences, and is the Lagrange melt)pli

Thus we have:
Fix, y M) =fx, ) +r[k-hx Y |
/ Objective functio\
Lagrange function Constraint function
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From the equation stated abo¥, y,2) is the Lagrange functiori(x,

y) is the objective/ original function, ank(x, y) is the constraint
function. Note that the constraint function is thie time equal to zero,
with the multiplication ofd to formA[k - (X, y)] is equally set to zero
and its addition does not change the value of thginal function.
Meanwhile, X, Yo, and A, are the critical values that optimise the
function. They (the values) are determined by par(partial)
differentiating the functior- w. r. t all the three mutually dependent
variables Xo, Yo, and kp), setting them equal to zero, and resolve
simultaneously, that is:

Fu(X, y,A) =0 Fy(x,y,A) =0 F. (X, y,A) = 0.
Let us see one or two worked examples.

Example1: Optimise the functiorq = 8° + 6pi + 14%subject to the
constraintp +i = 112.

Solution

To optimise the function, the steps given abovednbe followed
strictly.

0] Set the constraint equal to zero by subtractingvtlre@ables from
the constant value

p +i=112 set this equal to zero thus, we have 1p2 =0

Multiply the result in step (i) by and add the outcome of the two to the
original function to form the Lagrange functignthat is,

q=8°+6pi + 13%+ A (112 —p - i) (a)

(i)  Now, take the %-order partials, set each equal to zero, and solve
simultaneously

Gp=10+6-1=0 (b)
G=6+24-2.=0 ©)
g.=112-p-i=0 (d)

Subtracting (c) from (b) to get rid afgives
10p-18=0

p=1.8

Substitutegp = 1.9 in (d),

112-1.8-1=0
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2.8 =112

i =22 = 40i, = 40
2.8

We then work with the value of to getp, and, therefore

Po =72 Ao = 1,392 (this measures the effect of increasing th
constraint constant by a unit g

Now that we have determined our critical valuegfssitute them in (a)
we will have,

o= 8(72f + 6(72)(40) + 12(46)+ (1,392)(112 — 72 - 40)
= 8(5,184) + 6(2,880) + 12(1,600) + 1,392(0) = B2,9

Example 2: Optimise the function’ + y* + Z subject to

x+2y+2=30 {a)
2x—y—3z=10 )]
Solution

Again, to optimise this function, follow the stegisen above.

() Let the constraints be equal to zero
(i) 30-x-2y-z=0
10-2x+y+3z=0

Multiply the result in step (i) by and add the outcome of the two to the
original function to form the Lagrange functiénthat is,

FOX, Y, =X+ yV+Z - (X +2y +Z2-30-2(2x -y —3z-10  (c)

(i)  Now, take the %-order partials, set each equal to zero, and solve
simultaneously

aF

= - 24,20 (d)
Z=2y- 24+ 2=0 (e)
X =22-3+ =0 (f)

dz

In this instance, there are five unknowrsy, z, 4, and i, to be
determined, so simultaneously solving (d) and ¢e), and?, gives
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N V-
M=X+Y, he =Xy
Inserting these expressions &f andi,into (f) and rearranging yields
X-y+2z=0

This equation together with (i) and (ii) constitsita system of three
linear equations in the unknowmsy, andz Solving this system by
elimination gives

x° =10, y° =10, =0, Ap=12and% =4
SELF-ASSESSMENT EXERCISE

. Optimise the functiof(x, y)= 8X — 4xy + 12§ subject tax + y =
36
. Optimise the functiof(x, y, z)=2xyZsubject tax +y + z = 112

3.3 Lagrange Multiplier: ItsImplication to Economists

We have discussed extensively Lagrange multiplieyoh for resolving
organisation with constraint. Some examples haea selved using this
tool (Lagrange multiplier). The question now is,vdfat interest is this
method to economists in the analysis of econonsiges? The Lagrange
multiplier A as is commonly referred to helps to estimate tlaegmal
impact on the objective function as a result of amall change in the
constant of the constraint. In the worked exampdspecially example
one, ourA equals to 1,392.Means for instance, that any nisgt (drop)
say a unit in the constant of the constraint wifluenceq to rise (fall)
by 1,392 units (see worked example below). Lagramgéipliers are
often referred to as shadow prices. In producti@aoisation subject to
inputs constraint, Lagrange multiplier will help to estimate the
marginal productivity of an additional input.

Example 1: To prove that a unit change in the constant otcthestraint
will cause a change of approximately 1,392 unitQinn the earlier
worked example.

Solution

Reverse to the initial objective functicqm = 8° + 6pi + 12% and
optimise it subject to a new constraxt y = 113 in which the constant
of the constraint has risen by one unit.
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Q =8p”+ 6pi + 122+ M(113 —p —i)
Q=16 +6-1=0
Q=6p+24-1=0
Q,=113-p-i=0

By solving simultaneously, this gives:
Po =73.28 io = 40.72 Ao =1,416.8

Substituting these values in the Lagrange functjimes Q = 79,351.6
which is 1,399.6 | bigger than the old constraiogdmum of 77,952,
close to the approximation of the 1,392rise suggkbtly the Lagrange
multiplier (A).

SELF-ASSESSMENT EXERCISE

Discuss the impact of one unit change in constanstrtaint on the value
of the objective function.

40 CONCLUSION

We have seen the case of constraint organisatmhhaw the Lagrange
multiplier was used to resolve the problem. Whathage discussed in
this part, is a pure instance of pragmatism. Imeaacs, indeed human
wants are many, but, the resources to meet thetmated (the limiting
factors). With what we have studied thus far alh@agrange multiplier,
one can submit that, Lagrange multiplier is indaedtal mathematical
tool useful in economics, and it is a measure ofgmal impact in
applied economics.

50 SUMMARY
In sum, we have in this unit, considered the foltayy

o We have studied constraint and its effect. Thatstraints are the
limiting factors that would not allow a consumer louyer to
purchase all he/she desire to get. For instanee ptlte of an
item, the consumer’'s income, and a lot more caristit
constraints.

o Also, we have discussed constrained organisatidrat\We have
studied before this very unit were cases of frearmonstrained
organisation, so as to ascertain the relative mdrddowever, we
have found out that that is not practicable. Sthwur discussion
on constrained organisation, we have seen howifeaconomic
issues can be resolved.

o Lastly, we studied a method often used by Econenétesolve
constrained organisation problems. The method igrdrage
multiplier. It is about subjecting the objectiven@ition to constant
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constraint, and by this mode, the variables areemadtually
independent with one another. This method helps&wists to
ascertain the marginal effect of a phenomenon.

6.0 TUTOR-MARKED ASSIGNMENT

1. OptimiseU(x, y) = xysubject ta2x + y = 50
2. State the Lagrange function K, L) subject toK + wL = |

7.0 REFERENCESFURTHER READING

Adams, R.A. (2006)Calculus: A Complete Coursth ed.).Toronto,
Ontairo: Pearson Education |r€anada.

Chiang, A.C. & Wainwright, K. (2005)Fundamental Methods of
Mathematical Economics.(4th ed.). New York: McGraw-
Hill/lrwin, NY, USA.

Dowling, E .T. (2001).Introduction to Mathematical Economic&rd
ed.). McGraw-Hill: Schaum’s outline series, USA.

Ekanem, O.T. (2000Mathematics for Economics and Busing2nd
ed.). Benin City: Uniben Press.

Lial, M.L. Greenwill, R.N. & Ritchey, N.P, (2005)Calculus with
Applications. 8th ed.). Boston, MassachusettsPearson
Education, Inc.lUSA.

Sydsaeter, K & Hammond, P. (2002ssential Mathematics for

Economic AnalysisEdinburgh Gate: Pearson Education Ltd,
England.

71



ECO 256 MATHEMATICS FOR ECONOMISTS I

UNIT 4 DIFFERENTIALS
CONTENTS

1.0 Introduction

2.0 Objectives

3.0 Main Content
3.1 Differentials and Derivatives
3.2 Total and Partial Differentials
3.3 Total Derivatives
3.4 Derivatives of Implicit and Inverse Functions

4.0 Conclusion

5.0 Summary

6.0 Tutor-Marked Assignment

7.0 References/Further Reading

1.0 INTRODUCTION

We have seen in the just concluded unit how rdalifsues can be
mathematically modeled based on our understandimganomics, and
resolved some issues using a mathematical methad Liagrange
multiplier that has been incorporated in it thesal fife issues. In unit
two, our study was mainly on partial differentiati@nd its modus
operand. This has enabled us resolve simpler catipasstatic issues,
where equilibrium of a model, function or equaticen be stated in a
reduced form. That is, with partial differentiatjothere exists no
relationship among the exogenous parameters.

Still discussing comparative-static analysis, theme limits in which the
partial differentiation will no longer be effectivd-or instance, in a
simple national-income equation with two endogenqaameters
(variables)Y & C:

Y=C+l,+G,
C=C(Y, 1)

These equations can be reduced to a single equation
Y=C(Y, D) + 1, + G,

In this form of equilibrium condition where an eijl solution is not
possible, partial derivative will be ineffective its application. Instead,
total differential will be more appropriate in ré8og economic
problem of this kind.
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20 OBJECTIVES

At the end of this unit, you should be able to:

o explain what differentials is all about
o apply the use of differentials in resolving economssues
o distinguish between total and partial differengati

3.0 MAIN CONTENT
3.1 Differentialsand Derivatives

At the start of module one precisely in unit onerivhative dy/dx was
expressed as a single notation representing thié difmAy/Ax as Ax
approaches zero. The derivattWdxcan as well be expressed as a ratio
of differentials wherebyly is the differential oly anddx the differential

of x. supposing we have a model of one exogenous psedrnaiabley
=f(x), the differential ofy is dy, and it measures the rate of changgais

a result of a small change»xnwhich is denoted bgix.

Differentials as a mathematical method as the sdurelamental
characteristics that would help our understandinigsmperations. (i) In
differentials, whiledy is an endogenous variabléx is exogenous. In
this instancedy is dependent or anddx This is because the varialde
has changed location. (ii) Sinaty is dependent omlx, it therefore
means that itlx = 0, thendy = 0. But, wheredx = 0, we then dividedy
by dx to obtainf(x) or multiply dx by f(x) to havedy. (iii) the
differentialdy can only be expressed in terms of other diffeed(sl) like
dx.

Now, assuming we have the equatipr 4p° + 11p + 4, the differential
of q will be obtained by first differentiating w. r. t, this measures the
rate at which variablg is influenced by a small change in the varigble

dg _
d_p_&)-'-ll

Then multiply this outcome by a specific changegifdp) to get the
actual change ig(dg).

dg= (8 + 11)dp a differential or simple change
Change inq = rate at whichg changes for a smali in pxa small
change im.
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Let us see a worked example.

Example 1: Assuming we have the functian= 5p° + 4p* + 20, find
the differentials?

Solution

To find the differentials, note that, it is the idative of g w. r. tp
multiply by the little change ip.

Therefore,
j—g: 15¢°+8p  derivative ofgw. r. tp

Then multiply it with the little change indenoted bylp, and we have
G =da= (157 + &p) dp

SELF-ASSESSMENT EXERCISE

Find the differential of the following functions:

. q = (8p — 30§
; _18p-4
' 10p

iii. g=(6p+3)(5p-12)
3.2 Total and Partial Differentials

Total differentials as a concept can be discussedeference to a
function of two or more exogenous variables. Tothfferentials
measure the rate of change in the endogenous lenabasioned by a
little/small change in the individual exogenousiahles. Supposing we
have an economic model of the form @, L), that is a production
function, where Q is output, K is capital, L is ¢aln. We can measure
the influence of K or L on Q which is the endogemowariable
individually by a process of partial derivativé(/aK or dQ /dL) (see
unit 2). This gives the marginal impact of the aates K and L on the
endogenous variable Q. For any change in any otvwleeexogenous
variables, the resulting change in Q can be estithafoQ/oK)dK,
which is the same adg = g’ (k) dk The same goes for the variable L.
therefore; the total influence of the two exogenwasiables on Q is
their differentials, and is mathematically exprekssais:
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40= 2 4k+ Qa1
KA

Or, state differently as

dQ = QdK + Q_dL

WhereQx and Q. are the partial derivatives @ with respect to (w. r.
t)K andL respectively, andx andd, are small changes K andL. The
partial derivatives have played the role of a cot@rewhich helped in
arriving at the total change @ occasioned by the individual change in
the two exogenous variables. In sum, the totakdhfftials can thus be
determined by partially differentiating the functiw. r. t the individual
exogenous variable and substituting these valueshen objective
function.

Example 2: Determine the total differential for production @iions
below:

() Q(z, ) =xzn+yznand (iQ (a, ) =zf + zZ + z,z,. Note, X,
yare greater than zero

Solution

To find the total differential, take the partialrdative of the individual
exogenous variables, multiply it with little/smatthange in the
individual left-side variables, and then sum thé&comes thus,

i) R-qg-x and2-q-y
oz,

0z,
Therefore,
dQ = Qdz + Q.dz = xdz + ydz.
G .
(if) £=Q1=221+ z, agam,é:Q2 =3Z2+z
Therefore,

dQ = Qudz + Q% = (22 + 2) dz+ (3 2+ 2 d.
However, if one of the right hand variables in greduction function

earlier treated is held constant (for instandie,= 0), we then have a
partial differential:

dQ = Q« dK.
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By definition, a partial differential measures tia¢e of influence on the
endogenous variable for a two or multivariable tiorcoccasioned by a
small change in one of the exogenous variablesingisg other right-

hand variables are held constant.

SELF-ASSESSMENT EXERCISE

Find the total differentials of the followings:

. q=7p"+pi-3°
il. z=(2x-Yy)I(x+2)

3.3 Total Derivatives

We have discussed instances of partial derivapagtial differential,
and total differential. Individually, these term amedifferent things in
mathematical operations though, their pronunciatiomay sound
similar. For total derivative, its modules operamlinot in any form
similar to that of total differential. Let us asseiwe have a model or
function whereq = g(p, 1) andi= h(p), that is, wherp andi are not
exogenous, a changeprwill influence g directly through the functiog
and indirectly through the functidm This process is diagrammatically
represented below for better understanding. To ureabe influence of

a change irp on g whenp andi are not exogenous, the total derivative

must be determined. The total derivative measureslirect effect op
on g, plus the indirect influence @f onq throughi, that isZ—?* z—; .Ina

nutshell, the total derivative is:

dq _ a
r.Ip_ Qp—i_ q’-rip
p|—h—| i |—o—|q

A channel map showing the directions of impactsveen variables

Example 3: Find the total derivativeg/dp given the functiorg = f
(p, i) = 1+ 14

Wherei= g (p) = 8° + 6p + 16.
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Solution
We will apply the total derivative methodology &solve this problem.

Therefore, the total derivative df/dpwith respect te is

dg _ dt
ap - Qp + q; ap
Whereq,= 36%, g = 14, and di/dp= 16p + 6. Substitute all these into
the model above, we have,

j—; — 36p° + 14(16 + 6) = 3G° + 224 + 84

As a check, we substitute the functgpmto the functiorf, to get
q=120°+ 14(&° + 6p + 16) = 1D°> + 11 + 84 + 224

Thus: j—i = 36p% + 2240 +84.

SELF-ASSESSMENT EXERCISE
Find the total derivative afz/dpfor these functions:

. z = 12[F+30pi+3i? wherei = 14p®
i. z=(11p-16if wherei = p+6

3.4 Derivativesof Implicit and I nverse Functions

Recall that in the beginning of this module, weateel the explicit
function in which the endogenous variable is onléfiehand side of the
equal sign, and the exogenous variable is situanetthe right hand side.
For instance, the function or equation of the fayms f (p) expressy
explicitly in terms ofp. However, as we advanced in the module often,
we came across implicit functions, in which theiakles including the
constant term are all on the left hand side of ¢geal to sign (=).
Consider the function of the forfr(p, g =0. If an implicit functiorf (p,

g) =0 exists and, # 0 at the point around which the implicit functisn
defined, the total differential is simpfydp + f, dg= 0.

We have stated earlier that a derivative is a matidifferentials. Having
said that, we can then rearrange the total diffealsnto get the implicit
function rule:

45 _ f

dr I
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Notice that the derivativdg/dpis the negative of the reciprocal of the
corresponding partials.

ﬂ__fp_ 1

do fp  fulf

If we have the function = f (p), the inverse function will bp = f *(q),if
individual value ofq produces one and only one valuepofAssuming
we have an inverse functiothe inverse function rule states that the
derivative of the inverse function is the reciprioo&the derivative of
the original function.So, if Q = f(P) is the original function, the
derivative of the original function 8Q/dP, the derivative of the inverse
function [P = f %(Q)] is dP/dQ and

ap _
dg  dg@/dP

AG
only |f; # 0.

Example4: Find the derivative of the implicit function: 24— 2y = 0
Solution

Remember the implicit rule of derivative. Therefotiee derivative of
the function is found as follow:

dy [

dx Ty

Heref, = 28 andf, = -2. Substitute this in the model above,

Do B
dax -2

Example 4: Find the derivative for the inverse of the funct@r 80 —
5P.

Solution

Know that the derivative of an inverse functiorthe reciprocal of the
derivative.

Therefore,
£: 1
dQ dQ/dP
WheredQ/dP= -5. Thus,
afg _ 1 _ 1
dg -5 5
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4.0 CONCLUSION

In this unit, we have seen that differentials ao¢ derivatives. While
derivative is the ratio of differentials, differgadtis the differential of

the variables. For examplely is the differential ofy and dx is the

differential ofx. However, in a situation where an explicit solatie not

possible, partial derivative will be ineffective ifis application.

Differential becomes more appropriate in resolvisigch economic
problem. In sum, differential is the mathematicadthod that assists
economists to resolve economic issues with implagitn.

50 SUMMARY
Thus far in this section, we have treated the Yaithg:

o Differentials and derivatives. While derivativese abasically
employed to tackle functions, models or equatitvas are largely
explicit in form, differentials work where derive#i is less
effective.

o The derivative of implicit and inverse functions. héfe the
derivative of the implicit functiondg/dp is the negative of the
reciprocal of the corresponding partials, the dene of the
inverse functior(p = £1(Q)) is the reciprocal of the derivative of
the original function.

6.0 TUTOR-MARKED ASSIGNMENT

1. Find the derivative of the inverse functidr/dy Wherey = 1000
-3¢

2. Find the derivative of the functidix, y) =4¥ + 3xy + 6y, using
implicit rule.
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1.0 INTRODUCTION

In the just concluded module, that is module twdick centered on
organisation, we have learnt that organisatiorbmsuaithe quest for the
best among the available few. Organisation is kbdgicof two
categories, the constrained and the unconstraifieel.former is about
factoring what is generally referred to as the tiing factors into the
organisation model in order to arrive at the solutiWhile the latter
looks at organisation with the view that the questthe best can be
gotten without recourse to any limiting factor. §hcategory of
organisation is not practicable in the real serfskfea We have seen
organisation in terms of two or more variables. Néwe also discussed
Lagrange multiplier as a tool that is always applie resolving issues
which has to do with constrained organisation.

In this part of the module, we shall be discussimagrix algebra. A lot
of economic models used in analysing economic saue derived from
mathematical models that ultimately involve a syst®f several
equations. If eventually these equations are iadidr, the study of such
systems of equations belongs to an area of matiheeatlled linear (or
matrix) algebra. Also in this part of the moduleg whall be treating
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topics like matrix and vector, matrix operationsatnx inversion, and
many more.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

o explain what linear equation is all about
. define certain matrix terms such as rows, coluretts,
. state the laws in matrix.

3.0 MAIN CONTENT
3.1 Systems of Equations (Linear)

Perhaps in your elementary mathematics or in yoathematics for
economists I, you might have been introduced tatesys of two
simultaneous linear equations in two variables. Hor purpose of
refreshing your memory, here is an example of suslgstem, whereby
the two unknowns are designatedxpyandx,,

X+4y=4
4x -2y = 8

A solution to this system is a pair of numbétsy) which satisfies both
equations. One known technique of resolving thisnfof mathematical
iIssue is byelimination Take on the first equation, and makethe
subject of the equation. Then we have - 2y + 2 Then inserix into
the second equation, and we hdye2y +2) — 2y = 8 By way of simple
mathematical manipulation, we shall haye 0, and thex; =- 2(0) + 2
= 2. The only solution is therefolg, y)= (2, 0).

In sum, the notation for any system which has twedr equations with
unknown parametersandy is always in the form below:

biX + by = ¢
X + by =

What we have seen is a case of two equations with unknown
parameters. However, there are instances in mafrerations as we
shall soon see in which we consider a large nurmb&quations with
unknown parameters or variables, and then we d$fllooking at a
notation that will be suitable for that instanae suich instance, we shall
be exploring a linear system of equations withequations anch
unknowns. In such a system of equations,nthis always larger than,
equal to, or less tham Assuming we have a case where the unknowns
are represented by...... %, such a system of equation will be denoted
thus:
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P1Xg + biXo+ ... +bypX =y

Xy + DX + ... + X = C

bniX1 + DX + ... + BuXa = Cy

In this elaborate notatiomn; 4, bys...., by, are referred to as coefficients,
while ¢c;....G, are known as the right-hand sigaesd they are always real
numbers or constants. It is very important we motite subscripts used
in the notation. Universallyp; is the coefficient in théth equation of
the jth parameters/variables §tands for the row whil¢ stands the
column). At times, most of these coefficients aiwags zero (0).
Meanwhile, as we progress in this study, the sutsds; or by, will be
better explained in matrix terminology.

3.2 Definitions and Terms

We have mentioned in section 3.1 of this unit thgitrix is another
name for linear algebra. In the real sense, whataix and its essence
in mathematical sciences and economics? By singfiaition, amatrix

is a rectangular array of numbers, parameters,adaees, eactm of
which is placed orderly in the matrix. The numb@srameters or
variables) are calledlementsof the matrix. These elements (numbers)
are orderly placed in rows and in columns (thamigndn as seen in
section 3.1). The elements orderly placed horidlyntae referred to as
row elementsand the ones placed vertically are knowncatumn
elementsThe number of rowsr and column# shows the scopes of the
matrix (m x n), this is pronouncean by n meaningm rows byn
columns. It is vital to note that in matrix, thewmumber always come
before the column number. That is what we have bgeahe termm by

n matrix.

However, there are instances where the rows and¢dhsnns are the
same (that is equal). square matrixs a good example of such a case.
Here (square matrix) the number of rows equal tmaber of columns
(that is,m = n). Another instance in matrix is a case of singimn
matrix where the dimension is such that itmsy 1. In this case, it is
termed acolumn vectarAlso, we can have a case of a single row, With
by n dimension; this is a case w vector There are times we need to
make some manipulations in mathematics. Supposing matrix, we
decide to make some manipulations by way of transfay the rows to
columns and the columns to rows, what we havedase is known as
transpose matrixLet us see one or two matrix examples.
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Examples 1:Given

biy  byy by 8
A:[bﬂ by, bzal B= é é 3] C= 9] D=[o 4 5l
byy by bag 10
3x3 2%3 3x1 1x3

The matrices as shown above have given us somesooglimensions
of matrices to be exposed to, even larger onesinatided in the
scenario. Matrix A is more or less a special ont#h8by3 dimensions.
By this, the matrix is thus a square matrix (seedéfinition above).You
will notice that all the elements in the matrix ameanged orderly in
horizontal and vertical dimensions having subssripttached which
gives the address or placement of the individuaineint. The subscripts
are themby n earlier discussed. They tell us the row and colann

element is placed. For instands; is an element which is placed in row
3, and column 2,5 is an element sited in row 1, and column 3.

In the case of matrix B, its dimensionZgy 3 That is, it has two rows
and three columns. The matrix has real numbersedsments; therefore
the site of the numbers can easily be ascertaisgd) uhe explanations
above. For example, its; element is 7; it9,; element is 1, and many
more. The matrices C and D are column and row vecteith
dimensions of3 by 1 and 1 by 3 respectively. Notice that, the
composition or the numbers of element in a matar be determined
via the dimension of the matrix. A matrix ®fby 2has a composition of
4 elements or the numbers of element in that matex4.

Recall that, we have mentioned that a matrix isgpased when the
rows are transformed into columns, and columns iows. Let us see
practical instance using matrix B that ha @y 3 dimension. The
notation for transpose matrix in the case of malix written B (or
B'). The transpose of matrix B as given above is:

B' =

1 5]
2 6|3x2
3 7

In this situation (that i®"), we can see that the dimension of the matrix
has changed upon the transformation that took plattead of the
initial 2 by 3 what we now have is a matrix 8fby 2dimensions. Also,
the positions of the elements have changed exeapbf that still

maintained it initial site. Apart from a square mqtthe dimension of a
matrix changes anytime the matrix is transposed.
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SELF-ASSESSMENT EXERCISE

I. What is matrix, and how is it different from angile linear
equation?

. On your own, design a five by four matrix, transpasand state
its dimension.

3.2.1 Linear Algebra: Its Roles

Recall we have stated before now that, we shalldiseussing the
importance of matrix or Linear algebra in mathegststudies. One can
reliably or confidently state that, matrix operatis a higher version of
simple linear equation. As a result of this, matas a part of
mathematics fills the following gaps in mathemdtstadies:

a) It allows complicated system of equations expresgsed form
that is understandable. That is, equations thatremes than two
or three system of equations which look clumsy difitcult can
be made simplified with matrik. ]

b) With matrix or linear algebra, one can easily deiee if a
particular mathematical problem is resolvable befat is
attempted. Like the case where we have numerousmnsgsof
equations to solve could appear not solvable. Biih whe
understanding of matrix, one could determine if $iteation is
solvable.

C) Matrix provides a way by which systems of equatians dealt
with. It can only be applied to systems of lineguations. In
most case, many relationships in economics arecdisilinear
equations and where they are not, can be easigftraned into
a form that is linear.

A good instance where matrix is applicable is aadibn where a dealer
in all forms of airtime or recharge cards has aofoshops, say 5 where
he/she sells. He/she can have a concise stockngepithe items in
those shops by means of matrix operation. Seelsléow:

SHOPS GLO MTN  AIRTEL ETISALAT

A 100 150 80 200
B 250 300 100 150
C 234 200 120 220
D 350 270 300 400
E 450 250 275 356
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From the matrix above, the dealer can have an igleall the stock of
each network airtime he/she has in the five shBpsinstance, across a
row of the matrix, the dealer can ascertain thelle¥ stock of each item
in a particular shop. Then down and up of a columtte matrix, gives
the total stock level of any item in the five shops

3.3 Matrix and Vector Operations

You will recall that matrix is about the arrangermesf numbers
horizontally and vertically (that is, in rows amd golumn). Vectors are
special forms of matrix that has its feature digcand magnitude. As a
result, vectors are suitable for the applicatioralbfthe algebraic tasks
already discussed. There are two forms of vectdrixad hese are the
row and the column vectors. The former is one inctvithe numbers are
arranged laterally. While the latter, is the aremgnt of numbers in a
matrix in vertical order.

3.3.1 Multiplication of Vectors

An m x 1 column vectora, and al x nrow vectorb, yield a product
matrix ab of dimensiormxn.

For example, supposing that:

a= [i] andb =[2 4 ], going by the principle of multiplication, we

have matrixa times matrixb. we therefore have,

5(2) 5(4) 5(6
ab:[zEz% 2%4% 2%6%]:[1: s 12

Now, the dimension of outconab is a2 by 3matrix. Remember that
matrixa is & by 1, while matrixbis al by 3matrix. When we compare
these matrices dimensions with the outcome’s dimensve can see a
sort of resemblance in the dimensions. In matridtiplication, the
dimension/scope/magnitude of the resultant magia icombination of
the rows(m) and columngn) of the individual matrix. Notice that in
vector operation, & by nrow vectora and anmn by 1column vectob,
the productb will produce a matrix of dimensiadhby 1

It is important to note that for matrices to be foomable, the number of
columns in thdead matrix(matrix that comes before the other matrix in
any matrix operation, e.g. Matexas in the example above) must be
equal to the number of rows in theg matrix (a matrix that comes after
the lead matrix, e.g. matrhy).

Supposing we have
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a=[s 2]andb :[g], by matrix multiplication, the resultant matrixHvi
be

ab=[5(6) + 2(9)]=[48]. The scope of this resultant matrixlidy 1
as already indicated. This outcome (that is,lthy]), is a good example
of a scalar matrix that has just magnitude onlyt{maab is known as
singleton).

SELF-ASSESSMENT EXERCISE

I. What are vector matrices?
. Distinguished between a vector matrix and a scaktrix.

3.4 Laws in Matrix

In matrix, there are laws that guide its operatioftgese are universally
referred to as laws in matrix. These laws are cotative, associative,
and distributive in nature. Let us understand hbasé laws work. It is
important to note that both multiplication and dddhi in matrix are
done in line with commutative, associative, andtritigtive laws.
Firstly, with commutative law, matrix addition is (+ b = b + a).
However, since the addition is merely the summatioh the
corresponding elements of the matrices involvea, d¢inder of their
summation is immaterial. Still discussing commugtilaw, matrix
multiplication with vector is not commutative (thatab # ba), just with
few exemptions. But, in case of scalar multiplicati the law (i.e.
commutative) is followed (that ixsd = dc). Secondly, in the case of
associative law, matrix addition ia{b) + ¢ = a + (b+c). In the case of
multiplication, the law(that is associative) is apg only when the
matrices are in order of conformability. Thatxy)(z = x (y2). Lastly, as
we have seen in the laws already discussed, ioatbe of multiplication,
the distributive law ix(y + 2) =xy + xz

However, it is worthy of note to state that, matsibtraction is also
cumulative and associative. This is so becausehef donvertibility
principle involved. That is, matrix subtraction-{d) can be transformed
to matrix addition a + (-b).

Let us consider some worked examples applying traygs.

Example 1: Given that:
K P R

Show that the matrix addition and subtraction ammutative by (i) a +
b=b+a,and(i)a—b=-b+a.
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Solution: Note the calculations are done in conformity widw| of
commutative. See workings below.

0wl AR Jeveefid 21
1 9

e R
£ 3

From the workings above, the matrix addition anoktigction in line
with the commutative law as discussed earlier le@s shown using
numbers.

Again, we want to show that the multiplication cgt@n in matrix is not
commutative as stated at the beginning.

Example 2: Supposing we have:

a:[g 10 11]

14 b= [4 g]. The dimensions of the two matrices are

very vital in matrix multiplication. For matrix &,is a2by3 while
matrix b is3by 2

Solution

It is always advisable to check if the matricesolwed are conformable.
In this case the two matrices are conformable an, tine numbers of
columns in matra is equal to the numbers of rows in matsjx
therefore:

b= 9(2) +10(4) + 11(3) 9[1}+1u[6)+11§3)] [ 15?
W= o@) +7@ +143)  s@+76) +148) | les 159
2by?2 2by2

29) +1(5) 20100 +1(7) 211+ 1(14)] 123 27 36
ba=|4(9) +6(5) 4(10) +6(7) 4(11) + 6(14) :[66 82 123]
3(9) +8(5) 3(10) +8(7) 3(11) +8(14)] 58 56 137

3by3 3by3

Considering these outcomes, we have been ablenforaahatab # ba
In multiplication operations, there is what we refe aspre-multiply
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andpost-multiply In this instanceap), the matrixb is pre-multiplied by
matrix a, while matrixa is post-multiplied by matri.

We have said concerning the associative law of irmatnat, in
multiplication operation, it is applicable if theatnices order is in
conformity. See below the applicability of the lawith numeric
example.

Example 3: Given that we have,

1 5 1
2 13 4

X=|3 2 y= zZ=1|2

s o ye B Y =y

3by2 2by3 byl
Solution

1(2) +5(3) 1(13) +5(7) 14 +5(91] 117 48 49
xy=[3(2) +2(3) 3(13)+2(7) 3(4)+2(9) :[13 53 30

6(2) +4(3) 6(13)+4(7) 6(4)+4(9)] 124 106 60

17 48 49
(xy) z= [12 53 SU] 12(1) 4+ 53(2) + 30(3) 208
24 106 60 24(1) + 106(2) +60(3)] L416.

-1] [ 17(1) + 48(2) + 49 [3)] [250-
2= =
3

40

_ [2[1) +13(2) + 4(3)] _ ]
Y2130 +72) +93) ] " laa

1 5 10 [1(40) 4+ 5(44) 260
X (yz)= Ia iJ 44]5 3(40) +2(44)| = 2{]8‘
6 |6(40) +4(44)| l416

From the calculation above, it therefore holds thatassociative law in
the case of multiplication is true, if order of tmatrices conforms.

SELF-ASSESSMENT EXERCISE
I. Determine (i) a—b and (ii) —b + a if

5 8 12 2
4 6 b={3 11

9 3 6 9

a=
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i.  Find (i) xyand (i) yxif

4
x=[7 10 13] y:H
9

4.0 CONCLUSION

At the start of this part, we defined matrix asarmay of numbers in
rows and in columns. We further stated that, thesabers are located
in a particular position in the matrix. This lo@ati can be found by
simply tracing the rows and the columns in the mafrhis shows that
the placement or location of number in a matrixesy vital in matrix
operation.

5.0 SUMMARY

In this module, which is basically about linearedga, we started by
treating matrix as one of the units that forms drthe entire module.
In sum, in the unit we have considered the follgvin

o Systems of linear equations. We discussed in thast p
simultaneous equation with two models or functioasgd how
issues in it could be resolved by the method omielation.
However, there are instances where the equati@snare than
two, and three; in that case, matrix algebra conagsly as a way
out.

o We have defined matrix and some basic terms inviile matrix
operations. Terms such as square matrix, rows ahgmos,
transpose matrix, and a lot more.

o Also, we discussed the roles of matrix in econostidies. We
emphasized that matrix amongst others helps ec@t®nto
simplify complicated systems of equations.

o We equally considered the laws in matrix operatiditese laws
are commutative, associative and distributive iturea And we
also have discussed their applicability to econassaoes.

6.0 TUTOR-MARKED ASSIGNMENT

1. Discuss therows and column in matrix. Whatroles do they
perform in matrix operation?
2. What does dimension/scope/sizef matrix mean in matrix

operation?

3. In afour by threematrix, how many columns and rows are there
in the matrix, and what does this say about theix?at

4. Design a3by2 matrix on your own using numbers, find the

transposeof the matrix, and state itBmension
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1.0 INTRODUCTION

We rounded up the preceding unit, by considerirggl#ws in matrix.
These laws are commutative, associative and distvd in nature.
These laws guide whatever any mathematical oper#tiat needs to be
done in matrix operation. We have treated some abrxamples in
line with these laws. In this unit, we shall conm@nour discussion
looking at more mathematical explorations under rixabperations.
Under this topic, we shall be considering sub-tepstich as linear
dependence, scalar and vector operations, transpasatrix, and many
more.

You will recall that, we had earlier defined matag a rectangular array
of numbers in rows and in columns. That a matrikt always have an
m-by-r{also written asmxn) order or dimension. Recall also that, in
matrix operationsm stands for the number of rows a particular magrix
having, whilen indicates the number of columns in that same matri
For instance, &8-by-2 (3 x 2) order matrix has three rows and two
columns. With the order or dimension of matrix, @@ compare two or
more matrices to determine if they are equal or mbts brings us to
equality of matrices.

Equality of matricesstates that, two or more matrices are equal ¥ the
possess the same order/dimension and if all themresponding
elements are equal. That is if we have two matrXesd Y, and their
orders are3- by- 3(i.e. Xgx:and Yaxs), it then means that matrix X is
equal to matrix Y(X =Y).

2.0 OBJECTIVES
At the end of this unit, you should be able to:

o discuss linear dependence amongst matrices
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o explain and conduct operations as regard transpicsenatrix
o distinguish between identity matrix and null matrix

3.0 MAIN CONTENT

3.1 Linear Dependence

In matrix operation, a set of vectoxs to x,can be said to bknearly
dependentf and only if any of the set of vectors can bgressed as a
linear combination of the other vectors; if not et of vectors will be
linearly independent. In other words, if two or matectors (either row
or column) are examined mathematically to be edaah particular
vector matrix, it means that there is linear depewce among the set of
vectors. See the example below:

Supposing we have three vector matrigegandz, where one sayis a
linear combination ok andy. if:

X :lg] y :E] and z:[g] Matrix z is linearly dependent on the

remaining two matrices andy. | know for sure someone will ask how:

2X -y = [186] - E] = [g] = z to further verify our result, we can again

work on these matrices to have a zero or null matvhich shows that
these matrices are linearly dependent. How?

2x—y—z=0 that |<[3] This is a null or zero vector matrix.

Also, we can have row vector matrices say two ttaat be linearly
dependent. Assuming,

a=[2 5]andb=[g 20], these vector matrices are linearly dependent
because

4a=4[2 s5]=[8 20]=h

The concept of linear dependence has a simplepnetation. Two
vectorsa and 4a —one being a multiple of the other —are obviously
dependent. When more than two vectors in the 2espag considered,
there emerges this significance conclusion: oncehaxe found two
linearly independent vectors in the 2-space (sagndy) all the other
vectors in the space will be expressed as a lio@abination of thesex(
andy). Furthermore, by extending, shortening, and =wgrthe given
vectorsx andy and then combining these into various parallelogram
we can generate a vast number of new vectors, whiltlexhaust the
set of all 2-vectors. Because of this, any sethodéd or more 2-vectors
(three or more vectors in a 2-space) must be lipekpendent. Two of

93



ECO 256 MATHEMATICS FOR ECONOMISTS I

them can be independent, but then the third muatllveear combination
of the first two.

3.2 Addition and Subtraction of Matrices

Addition (subtraction) of two matrices + y (X — ) entails that the
matrices be of equal dimensions or order. For nt&atwo or three
matrices to be added or subtracted must be unifortheir scope (i.e.
Xaxs, Y3x3 €tc.). In this case, the matrices have equal nusnberows
and columns. Therefore, this enables each entrgnef matrix to be
added to (subtracted from) the corresponding elénoénthe other
matrix. In the worked example belowg; in X will be added to
(subtracted fromy; in Y; X;o toy;o; etc.

Example 1: Given matricesx and y below, determine the sum of
matricesx andy.

Solution: Ensure that the matrices are of the same dimesnsioarder.

1 4 8 2 6 8 1+2 4+6 8+8
X=[2 5 9] y=|5 3 4|thenx+y=

245 543 944 |=

3 6 10 7 2 1 3+7 6+2 10+1
3by3 3by3 3by3

3 10 16

7 8 13

10 &8 11

3by3

Example 2: Given two matrice& andj of the same order, the entries of
the two matrices can be subtracted thus:

B 22 =B 7 men=[E=2 227 24)-

3—1 4—3 6—8
S

Note that in matrix operations for addition and tsattion, the
order/dimension of the matrices involved, and tlae® of the elements
in the matrices are important.

3.3 Matrices Multiplication

In matrix operations, the multiplication of two orore matrices with
dimensionsthbyn,, (mbyn,. .., fnbyn,necessitates that the matrices
concerned be conformable. Thatng,= m,, or the number of columns
in matrix 1, the lead matrix, equal the numberaWs in matrix 2, the
lag matrix. The analysis in matrix operations agrd multiplication is
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simple. Each row vector in the lead matrix is timealtiplied by each
column vector of the lag matrix, in accordance wikie rules for
multiplying row and column vectors already discussa unit one
Section 3.3.1. The row-column products, referredsanner products or
dot products, are then used as entries to fornpthduct or resultant
matrix, such that every entry of the product of mleev matrix is a scalar
derived from the multiplication of thiéh row of the lead matrix and the
jth column of the lag matrix.

One quick way for test for conformability in matriaperations as
regards multiplication, before undertaking any agen, is to place the
dimensions/scope in the order in which matricestaree multiplied,
then see if the number of columns in the lead matrihe same with the
number of rows in the lag matrix. If the numbers aqual (i.e. the
same), it means the two matrices are conformableenT the
multiplication can take place as proposed.

For instance if two matricesandy of order4by3and3by4respectively,
are to the multiplied. The first thing is to detémmthe conformability
of the matrices. In this case of matriceandy, the number of columns
of the lead matrix is equal to the number of rows in the lag mayrix
Therefore, they are conformable, and are said tefieaed However, if
we have a case of matricesand y having a dimensior8by4 and
2byJespectively, here, these matrices are not confolenaecause the
lead matrix number of columns is not equal in nuntbeéhe number of
rows in the lag matrix These forms of matrices are not right for
multiplication, andnot defined For worked example as regard matrices
multiplication, see worked example 3 in unit onetea 3.4.

SELF-ASSESSMENT EXERCISE
i Find the sums of matria and matrixb below:

9 4 2 3
2 6| b=|3 5

8 5 5 7

a=

il Find the difference between matoxand matrixd below:
_J1o 2 6 -3
c= [ ) _g] d= [g _g]

ii. Show ifxy is defined, indicate the scopes of the productimat
and determine the product of the matrix if possibl
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4 5 1 5
X=13 2| y=|2 0
1 3

3.4 Identity and Null Matrices

Identity Matrix

An identity matrix is a square matrix withsin its principal diagonal
from left to right and0s everywhere else. It is designated by the $jgn
or |, where the subscript assists to show its row (as well as column)
dimension Qbyn). Therefore,

1 0 1 0 0
I, = 0 1] I.=|0 1 0| However, we can simply represent the two
0 0 1

by | instead otl, andls.

This class matrix is very special because of tlee tfaat it plays a role

similar to that of the number 1 in scalar algelttar instance, for any

number sax, we have ) = x(1) =x. in the same vain. For any matrix
sayZ, if we multiply by an identity matrix, we have

IZ=7Z1=Z

4

Example L if Z = E f 5

] andl :E 'ﬂ estimatdZ

Solution

Remember that matrix is an identity matrix and a special form of
matrix that has the features of number one in alekherefore,

1 n] 2 3 4]_ 1(2) +0(2) 1(3)+0(1) 1(4) +0(5)]_

1z = o tdlz 1 sl lo(@ +1(2) o0(3)+1(1) o(4)+ 15"
2 3 4]22
2 1 5

This has proved that special feature about idemtigtrix is right as
stated. That, any matrix multiply by an identity thhg equals that
matrix.

Identity matrix, because of its special nature, irdurprocess of
multiplication, it can bensertedor deletedfrom the matrices, and the
product matrix will not be affected. For instance,

A I B _ 4 B
(man) (nxn) (rap) ~ VB = (mn) (nap)

This shows that the inclusion or absence of antigematrix in the
operation above did not change product matrix. @lesthat dimension
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conformability it preserved whether or not an idgntnatrix appears in
the product.

Assuming we havé& to be equal td,, then we will have:
Zl,= ()= 1,

This tells us that an identity matrix squared igado itself. Universally
written as,

(=1, (=1,2,...n)

This is a case atlempotent matrixA situation where an identity matrix
remains the same when multiplied by itself any nemdf times ZZ =
2).

Null Matrix

Just as seen in matrix operation with identity matrhere it plays the
role of the numbet in algebra, awull matrix or zero matrixrepresented
by O, also plays a role in matrix operations. In thigtmx, all elements
are) unlike that of identity matrix which i%. A null matrixis simply a
matrix whose entries are all zero. Unlike identrigitrix, the zero matrix
is not a square matrix. Therefore,

[0 0 0

and  0,,5= ]

_Uﬂ] 0 0 0

GZXZ_ 0 0

A square null is idempotent, but a non-square smt. This is because
null matrices obey the rules of operation (subjectonformability) as
stated below with regard to addition and multigiica:

z o o0 z _  z
(m x n) +|:m xn) (m xn) +[m xn) (mxn)

z o 0 q O Z _ 0
(mxmymxp) (mxp) °C (gxm)mxn) _(qxm)

Note that, in multiplication, the null matrix togHeft of the equals sign
and the one to the right may be of different dinnems
8 2] + 0 U] _[8 2]

5 4 00_5422

Examplel Z+0=

0
Example 2Z 25303 1y= [g 151 i] [U] = [31 = 0p2x1)
0
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SELF-ASSESSMENT EXERCISE

State the main distinguishing differences betweemlbmatrix and an
identity matrix.

4.0 CONCLUSION

Basically, this unit is wholly about exploring fulithe operations as
regards the earlier stated laws in matrix in ung¢.0Ne have also looked
at some special forms of matrix such as identitd anll matrices.
Indeed going by what we have discussed concerriaget classes of
matrices, one can conclude that these matriceis arelass of theirs.

5.0 SUMMARY

In this unit, which centres on matrix operation® tave treated the
following:

o We discussed linear dependence. We discovered cirddin
matrices are somehow a product of the combinatednsne or
more matrices through a process of some matherhatica
manipulations.

. We looked at addition and subtraction in matrix.isTtve did
bearing in mind the laws in matrix. We saw that d&oldition or
subtraction to be possible in matrix, the dimensiorders of the
matrices matter. The same applies to multiplicatiormatrix.
The order of the matriceasustconform before any mathematical
computation can start.

o Furthermore, we treated identity and null matricébat an
identity matrix is one in which the diagonal of th&trix from
left to right is1 and zero anywhere else. On the other hand, a null
matrix unlike an identity matrix has all the entri® be zeros.

Lastly, we looked at transpose and inverse matriteshe case of
transpose, it is like having the direct oppositéhef initial matrix. While
an inverse matrix, when multiplied by any matrisuks in an identity
matrix.

6.0 TUTOR-MARKED ASSIGNMENT

1T 6
2 9

4 7

1. Givenx:[z ;],y:[ 5 6

], andz = [ ] verify that

()  (x+y)+z=x+(y+2)
(i) xX+y)—z=x+(y-2)

2. Givenx = [_Ul _42 g],y:

6 -
3], andz = [Zl :
0 2
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3. Determine: a)XlI b) IXc) 1Z, and d)ZI. Where'l’ is an identity
matrix.

7.0 REFERENCES/ FURTHER READING

Chiang, A.C. & Wainwright, K. (2005)Fundamental Methods of
Mathematical Economics(4th ed.). McGraw-Hill/lrwin: NY,
USA.

Dowling, E .T. (2001).Introduction to Mathematical Economic&rd
ed.). McGraw-Hill Schaum’s outline series, USA.

Ekanem, O.T. (2000Mathematics for Economics and Busing2nd
ed.). Benin City: Uniben Press, Nigeria.

Sydsaeter, K & Hammond, P. (2002Essential Mathematics for
Economic Analysis England: Pearson Education Ltd.

99



ECO 256 MATHEMATICS FOR ECONOMISTS I

UNIT 3 MATRIX INVERSION
CONTENTS

1.0 Introduction
2.0 Objectives
3.0 Main Content
3.1 Determinants and Non Singularity
3.1.1 Determinants of'8 Order
3.2 Matrix Multiplication
3.3 Identity and Null Matrices
3.4 Transpose and Inverse Matrices
4.0 Conclusion
5.0 Summary
6.0 Tutor-Marked Assignment
7.0 References/Further Reading

1.0 INTRODUCTION

In unit two, we discussed basically the mathemhtioperations

(addition, subtraction, and multiplication) invotyen matrices. We have
seen the intricacies involved in matrix operatidast instance, we saw
the case of the special forms of matrix (that e tdentity and null

matrices) where their inclusion or exclusion froratrix operation make
the product matrix unchanged or changed. Stilltimgalinear algebra,

we shall continue our discussion by looking at ‘xaiversion”.

Matrix inversion in linear algebra is primarily aliodeterminants and
Non singularity of matrices. We do know that matmversion or

inverse matrix is the reciprocal of the matrix wmegtion. And it is (i.e.
matrix inversion) required to put mathematical apens right in linear
algebra for easy application. For example in ecdosnrsome models
are required to be formulated by means of matrnseision before any
matrix operation can be fully applied.

2.0 OBJECTIVES

At the end of this unit, you should be able to:

. define and explain determinants

o discuss what non singularity means in matrix

. explain other terms in matrix such as minor, cafgcdjoint, and
many more

o apply Cramer’s rule to matrix operations.
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3.0 MAIN CONTENT
3.1 Determinants and Non Singularity

A determinant is a scalar specially associated wiskquare matrix. For a
given matrix, sayZ, The determinant of it has a notatic|z|.

Determinant is only operational when we have a sgjumatrix. The
determinani|Z [for a 2by2matrix, which is a square matrix, also refers to

as second-order determinant. This is arrived amijtiplying the two
entries on the principal diagonal and subtractiognfit the product of
the two entries off the principal diagonal. Assughwe have &by?2

matrix
211 212
z=[1 7]
21 222

. , _ |E11. 12
The determinant is |z| = |331N332 | = Zy1Z33 — Z12Z2q
From the calculation above, the matrix determingngotten by the
product ofz;; andz,, minus the product of, andz,;. Note thatz;; and
Z,, elements aren the principal diagonal while,, andz,;, are on theff

the principal diagonal.

The determinant is a scalar and is found only éprase matrices. If the
determinant of a matrix is zero, it means thatdbterminant vanishes
and such matrix is referred to amgular matrix By definition, a
singular matrixis one in which there exists linear dependencesdxt
at least two rows or columns. So, if the determinaf matrix is not
equal to zero, the matrix is said to bensingularand all matrix rows
and columns are not linearly dependent.

If linear dependence exists in a system of equstidnshows that the
system has more than one possible solution, makingique solution
impossible. Hence, our duty is to see that lineddpendence does not
arise in our models. To do this, we follow the diengeterminant test to
finish out potential hitches. Assuming we have atey of equations
with coefficient matrixZ, to test for linear dependence of the equation,
find the determinant, and observe the followings:

() If |Z| = 0, the matrix is singular and there is lineapatelence

among the equations. Therefore, solution to ibispossible.
(i)  However, If [Z] # 0, the matrix is nonsingular and there is no

linear dependence among the equations. Therefoeemnttrix is
solvable through a unique solution.
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This brings us to the issue of matrix ranking. oderstanding and
clarity, the rank of a matrixs defined as the highest number of linearly
independent rows or columns in a matrix. The ran& matrix can also
be tested for too. To do this, we assume a squatexnof dimensiom,

we therefore observe the followings:

(i) If p(Z) =n, Z is nonsingular and there is no linear dependence.
(i)  If p(Z) <n, Z is singular and there is linear dependence.

Example 1. Evaluate the following matrices below, and deteerihe
singularity and non singularity of the matrices:

_[12 8]

“l1a 18 =[ 12]’

vl = 12 18

x|

Solution: Going be the rules of determinant,
Ix| = 12(18) — 8(14) = 104

The determinant of the matrix is non-zero, meafXhg 0. Therefore,

the matrix is nonsingular, and there is no existeniclinear dependence
between any of its rows, or columns.

However,
vl =8(18) —12(12) =0

In this case, the determinant of matrix Y is zdrmlicatingy| = 0.It

therefore shows that matri is singular, and there is the existence of
linear dependence between its rows and columns.

3.1.1 Determinant of 39 Order

We have just treated how to find the determinantadtbyamatrix,
otherwise known as second-order determinant. Now, want to
consider 8by3 matrix, commonly calledthird-order determinant If
we have matrix Y as shown below,

+ - +

Y =|V21 Vaz Vaz

VY21 Vzz Va2

Y11 Vaiz }’13]

It is called a third-order determinant, which i taddition of three
products. These three products are derived thus:
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0] Take the first entry of the first row,,, and mentally erase the
rest entries in the row and column in whighis located. See (1)
below. Then multiplyy,; by the determinant of the remaining

entries, which is @ by 2matrix.
(i)  Take the second entry of the first rgys, again mentally erase

the remaining entries in the row and column in Whig, is sited.
See (2) below. Then multiply,,, by -1 times the determinant of

the rest entries.
(i)  Finally, take the third entry of the first row,, mentally delete

as usual the rest entries in the row and colummviich y,,
appears. Again multiply,; by the determinant of the remaining
entries.

) ) @)

Y21 Vaz  Vaz Y21 ¥Va2z Vaz Y21 ¥Vaz Vaz
Y21 Vzz  Vaz Y21 ¥Vzz  Vaz Y31 Vzz  Vaz

(1) (@) 3)

From the outcome we have above the determinanteofnatrix Y is
estimated thus:

Y11 Vaiz }’13] [}’11 Y1z }’13] [}’1; Y1z }’13]
+ - L

Y22 }’zal Y21 }’zal Y21 }"zzl
= + . (- .
| M1lyy,  yaa vz (1) Yar Yaal T Ylyay v
= i1 (FaaVaz — Ya3¥a2)  — V2 (VaiVaz— Vazva)  t Via

(V21¥32 — Y22Va1)
= a scalar.

Warning: In calculating the determinant of any mxawof third-order,
before commencing the estimation of the produats, gre to mentally
allocate the signs (+ and -) to the entries onfitts¢ row of the main
matrix such as you see it done in case of matras¥$hown above. The
same goes for the case4ify4and so on. Also, the determinantsibf/4
and5by5matrices are the sum of four and five productpeesvely.

Example 1: Given matrix X, find the determinant

4 1 5
X=la6 2 3

2 3 1
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Solution

This a3by3matrix, the warning holds. Remember to mentallycate
the plus (+) and minus (-) signs. Therefore, themeinant is
determined thus below:

X =22 el 3 sl 2

= 4[2(1) - 3(3)] - [6(1) — 3(2)] + 5[6(3) — 2(2)]
= 4(-7) — (0) + 5(14) = 42.

The matrix X's determinant is a non-zero numberjciwvhndicates that
the matrix is nonsingular.

SELF-ASSESSMENT EXERCISE

I Distinguish between a second-order matrix and &d-hider
matrix.
. What is the rank of a matrix?

3.1.2 Main Properties of Determinants

We can now define and discuss the term with oentts and colleagues.
We have equally seen how determinants are estinfabea a given
matrix. The onus on us now, is to discuss the nm@wperties of
determinants. These properties will provide us witd ways in which
matrices can be explored to simplify the entries z&ro, before
determining the determinant:

(1) The interchange of rows and columns does not hanpdidation
on the determinant’s value. That is, if mati¥ss given, the
determinant of matrixyis not different from the determinant of
matrix Y transpose.

(i)  When any two columns or rows are interchangedydhege of the
determinant remains the same, except for the sigas will
change.

(i) Multiplying the entries of any column or row by anstant will
alter the value of the determinant by the constant.

(iv) Adding (subtracting) any non —zero multiple of ac@umn or
row from another column or row, will not affect tkialue of the
determinant.

(v)  The determinant of a triangular matrix, that is atmx with zero
entries everywhere above or below the principafaimal, is the
same as the product of the entries on the prindigajonal.

(vi)  If in a matrix, the entries of any row or columm aero, the value
of that matrix determinant will be zero.
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3.2 Minors and Cofactors

In section 3.1 subsection 3.1.1, we discussed timatfinding the
determinant of a third-order matrix, the entry e tfirst row of the
matrix as we have in matriXx will be taken, while the rest entries in the
row and column where the first entryi{) as in matrixy above will be
deleted. The entries of the matrix remaining after deletion form a
sub-determinant of the matrix often referred tarasor. And the first
entryy,,, will therefore turnM;, M;,and so on, see detail below. Thus, a
minor is the determinant of the sub-matrix formgddeleting theith
row andjth column of the matrix. Using the matri in section 3.1
subsection 3.1.1 as our guide, we have:

IM..| = |}"22 }’zallm | = Va1 }"zal
110 7 lygz Yazl 7120 7 Ve Vig
¥ Yuz
IM13| = 1}} 1}} |.
Va1 Va2

Observe that|M,,| is the minor ofy,,, |M,,| the minor of,,, and
IM, | the minor ofy,;. The determinant is therefore as stated below,

lvl = }’11|M11| + }’12('1) |M12| + }"13|M13| = }’11|M11I'}’12|M12| +
V13IMy;|

A cofactor is a concept that is related to the ephaf minor. The
notation for a cofactor |§U- | and is a minor with a prescribed sign. The

rule for the sign of a cofactor is

|cz'j| = (_1)i+j|ij|

Thus if the sum of the subscripts is an even nurlthel = [M;;], since

-1 raised to an even power is positive.iIfr j is equal to an odd
number|c;;| = —[M;;|, since — 1 raised to an odd power is negative.

The cofactors af,,,C;,, and:,;; for the matrix Y in Section 3.1
subsection 3.1.1 are as follows:

1) |C11| = (_1)1+1|M11|
Since(—1)**'= (—-1)* = 1,

Y22 }’zzl

IC1y | = My, | = |}"32 Va3

Note the superscript 1+1 above. It means row Ljooll.

105



ECO 256 MATHEMATICS FOR ECONOMISTS I

2) izl = (—1)"2 My,
Since(—1)*'*=(—1)* = -1,

Y21 Vaz
Iclgl = _IM:LEI = iy |

S ya e

Also, the superscript 1+2, means row 1, column 2.
3) ICyal = (—1)**¥|My5]|

Since(—1)*3=(—1)* =1

Y21 }’zzl
Va1 Vaz

€13l = M| =

The superscript 1+3, again means row 1, column 3.
SELF-ASSESSMENT EXERCISE

Define a cofactor and a minor; state the main dbfiee between the
two.

3.3 Cofactor and Adjoint Matrices

In section 3.2, we looked at the concepts of manruat cofactor as they
relate to matrix determinant. At the end of thetise¢ we saw how a
cofactor was worked from a minor. There is jushg tine of difference
between the two concepts. Still we continue ourdyston matrix
inversion; we shall be looking at cofactor and adjanatrices. A
cofactor matrixis a matrix in which every entrieg is substituted with

its cofacto|'cz-j . If it happens that this matrix (the cofactor matis
transposed, whereby the rows are transformed tanumd, and the

columns to rows, the new matrix so formed is kn@sadjoint matrix
See example below:

[P I o) I [ P [Cial €] ICql
C=1lCql €l [Cyl Adj X =c" =€l 1€l el
|Co1| €55l Gyl ([P I [ B [
Example 1: Given matrix X, estimate the cofactor and the idjof
the matrix.
1 3 2
X=12 4 1
3 2 4
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Solution
Hints:

In find the cofactor of a matrix, the allocation tife signs is very
important. Meanwhile, see the section on minor @sfdctor concerning
signs determination and allocation. There is atstwtras regards signs
distribution in a cofactor matrix. Once the min@¢k4;) are determined
using the first row of the matrix, and the signstlbése minors are
known via the cofactor, needless calculating theons of the remaining
rows. The sign already determined will be used.pdsmg we used for
the first row + - +, the second row will definitebg, - + -, and so on.

Therefore, replacing the elements with their cafexciaccording to the
laws of cofactors,

4 1 _2 1] |2 4
2 4 3 41 I3 2 4 5 _g
c=|-B 2 Y -t Yl=|=e =2 7
2 4 2 1 2 2
3 2 |12 |1 3 -5 3 -2
4 1 2 1l l2 4

The adjoint matrix AdK is the transpose @ (C~).

14 -8 -5
AdjX=¢cT=|-y —2 3
-8 7 =2

SELF-ASSESSMENT EXERCISE

Structure a third-order matrix; find the minorse tbofactor matrix, and
the adjoint matrix.

3.4 Transposes and Inverses Matrices

Recall we had mentioned in the starting of the nmdprecisely in the
first unit a little about matrix transpose, and eggially mentioned that it
will be discussed fully in the latter part of tmsodule. When the rows
and columns of any matrix are interchanged, suct iis first row
becomes the first column, and vice versa, the p@ses of that matrix is
obtained. Universally, the notation for any trarsg matrix say A is
represented by’ ora’.

Example 1:Find the transpose of the matrix below:

A:[_31 —25 g]zbys
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Solution

The transpose of this matrix is to transform the/sdo columns, and
columns to rows. See the transposed matrix below:

3 -1
—5 2 |3by2
0 4

Atord" =

From the solution, the initiaby3 matrix, after transposed, is now a
matrix of dimensiorBby2. This shows that, if a matrix is of the order
mbyn,after transpose, the matrix mustrii®ym For a square matrix, the
dimensions remain the same.

We have seen how a matrix can be transposed. Wiecsimdinue our
study in this part by looking at thaverse of a matrixFor any given
matrix, the transpose is always derivable. In thees vein, the inverse
of a matrix also a “derived” matrix, may or may eaist. The inverse of
a matrix has a notation represented thiIs, assuming we are dealing

with matrix A, and is defined only i is a square matrix, in which case
the inverse is the matrix that satisfies the coowlit

AAT=ATA=|

That is, whetheA is pre- or post multiplied bj™, the product will be
the same identity matrix. This is another exceptmthe rule that matrix
multiplication is not commutative.

4.0 CONLUSION

This section is concerned about matrix inversiarthe start of this part,
recall we mentioned that in economics, certain rwodmuld be

cumbersome, making evaluations difficult. Howeweith inversion of

matrix, these models are made less cumbersome, eatichation

becomes easy. We have seen how determinants oficesatare

determined, minors of matrix estimated, cofactadjoint matrix, and

many more. One can emphatically submit that, tas iade simple the
cries about matrix inversion.

5.0 SUMMARY
In summary, in this unit, we have done justiceli® following:

o We started by looking at determinant of a nonsiaguhatrix.
That a matrix is nonsingular when there is no lindgpendence
between the rows or columns. Only a matrix thataasingular
has determinant.
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o We treated the concepts of minor and cofactors.fovad out
that, the difference between the two conceptsifiethe algebra
signs.

J Finally, we took a swift at cofactor matrix and @df matrix. In
that part, we saw that adjoint matrix is a transpoka cofactor
matrix.

6.0 TUTOR-MARKED ASSIGNMENT

1. Find the determinants for the matrices below:
5 8
7 11 ..
2. X:[ ] @i X=|e6 gl
13 16 - 1
3. Find the minors and the cofactors of the entriehénsecond row

of the matrix below:
7 8 4
Z=|2 3 &l
5 10 3
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UNIT 4 ECONOMICS APPLICATIONS OF MATRIX
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1.0 INRODUCTION

The unit we just rounded off was mainly on matrixvarsion. It
basically opened up the way to resolve real issuesatrix algebra. It is
in fact, the climax in linear or matrix algebraalission. In that section,
we started by looking at how to find the determisasf matrices, such
matrix as 2° order and 8 order. We also discussed Non singularity
matrix, and discovered that, only a nonsingularrixdtas determinant.
We equally treated other vital areas like minord aafactors, cofactor
and Adjoint matrices, etc.

However, we shall continue our study in this last of this module by

applying what we have learnt so far in the moduiest especially in

unit three to solving some basic economic issuesarihile, we shall

be starting our discussion in this section by lagkat inverse matrices,
and its applications.

2.0 OBJECTIVES
At the end of this unit, you should be able to :

. discuss inversion of matrix based on their undaditey of the
topic apply it (matrix inversion) into solving matrix eafion

. define and explain Cramer’s rule

. demonstrate the use of matrices to resolve simplems
equations.

3.0 MAIN CONTENT

3.1 Matrix Inversion

For a given matrixA, an inverse of the matrix which is represented by
A~ may or may not be found. A necessary but not aefit condition
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for the existence of an inverse matrix is that sachatrix say matriA
must be a square matrix, which means that the difaeror order of
matrix A should beAn, wherem = n (that is, the number of rows equal
the number of columns in matr&). We have seen a case of necessary
but not sufficient condition for the existence af &verse matrix.
However, there is a necessary and sufficient camdfor the existence
of an inverse matrix requires that a matrix musstpgared, and that the
set of vectors that make up the matrix must bealiyandependent.
When a matrix has no inverse, the matrix is reteie as a singular
matrix. Recall that, for singular matrix, the detarant is always zero.
The formula for deriving the inverse of a matrix is

-1_ i .
A |A|AdJ A.

Note that if the determinant of an inverse matsizéro, that i4| = O.

It therefore shows that a singular matrix has neise. The inverse of
matrix A, is represented bi*, is defined only ifA is a square matrix, in
which case the inverse is the matrix that satighescondition.

AAT=AT A=

That is, whetheA is pre- or post-multiplied bp™, the product will be
the same identity matrik. This is another exception to the rule that
matrix multiplication is not commutative.

About four (4) steps are involved in the estimatodran inverse matrix.
These steps are as follows:

) Estimate the determinant of the given matrix, sasimatrix A|

i) Evaluate the minors and cofactors of the matriguestion

i) Based on the outcome of step two above, get theidtdmatrix
from the cofactor matrix.

iv)  Finally, divide the Adjoint matrix so derived inegt three by the
determinant in step one to arrive at the inverséhefmatrix in

question (i.e% =AY,

Let us see one or two worked examples.

Example 1:AssumingZ=|0 2 3 determinez —*

2 0 o

42—2]

Solution

What we shall be doing here is to determine thernse of the matrix by
following the steps stated above:
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2 3]
0 6
= 4(12-0) -2(0-6) -2(0-4)
= 4(12) -2(-6) -2(-4)
=48+12+8

US]

0 UE]

-2 2 0

0 lzl=4 -2

=68

(i)  Minor & cofactor matrix =

Mll:[z 3] Ml?.:—[u 3] M, ._ 2]

0 6 2 6 2 0
M - M - M
21:—[3 52] 22:[: 52] 23:—[: g]
M31:[§ N Maz:—[g N Mz 7]
12 (s] —
;:U-:[—u 28 4]
10 -—-12 8

12 —12 10
(iii) AdjointmatrixZ:[ﬁ 28 —12]

—4 4 8
12 -1z 10
adjz 1 12 -1z 10 Eﬁg gg —5192
-1 = = —_ = —_ —_ e =
z = @ T es|® 28 12 62 62 &8
—4 4 3 -4 4 2

62 62 it

0.0882 0.4118 —0.1754
—0.0588 0.0588 0.1176

01764 —01764 0.1471 ]
SELF-ASSESSMENT EXERCISE
i Find the inverse of the matrix below:
22 13
X =[ - |
ii. State how the outcome of an inverse matrix canolodéirened.

3.2 Linear Equations with Matrix Algebra

We have just discussed inverse matrix, and howorks&: One vital role
of inverse matrix in matrix algebra is that, itused to resolve matrix
equations. Assuming

ZoxXnxa = Ynxa
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If the inverse of matriX exists, then multiply both sides of the equation
by the matrix inverseZ '), having in mind the conformability laws and

we will have

z;kgznxp(nxl = Z-1 Y., Remember that, the multiplication of an

X

inverse matrix with the matrix produces an identitgtrix. Therefore,

lnxeXrwt = Zok Y e, Also recall that, an identity matrix multiply
by a matrix equal to that matrix. In that sense,

Xt = ZZ2 Y OF Xoa = (Z7YY) naThis implies that the

XTI

coefficient of the inverse matrix multiplied by tleelumn vector of Y
produces the equation’s solution.

Supposing we have a system of equations as sholew b&ith more
than two unknown, how do you go about this? The walyis simple,
express the equation in a matrix form, determine Aldjoint of the
matrix, and multiply it by the column vector on thght hand side of
the equation.

12x -12% +10x; = 10
6x+ 28% -12% = 14
Axq +4%, + 8X3: 9

Therefore, in matrix form, we have

DR IR E

If the determinant is 68, therefore:
10
14

12 —-12 10
= 6 28 —12
9

8

[ 12(10)  —12(14) + 10(9)
=—|6(10) + 28(14) — 12(9)
—4(10) + 4(1D+  8(9)

120 — 168 + 90
=—| 80+ 392 — 108
—40+ 56+ 72

; [ 42 0.6176
~ e 344| = |5.0588
L 58 1.2941
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~x; =0.6176x, = 5.0588 anc;, = 1.294.
3.3 Cramer’s Rule for Matrix Solutions

Cramer’s rule provides a simplified method of sotyia system of linear
equations through the use of determinants. Itss amployed to solve
linear equations in unknowns. The rule states

|yl

.'X.'!- - H
Wherezx; is theith unknown variable in a series of equatidja], is the
determinant of the coefficient matrix, aipd,| is the determinant of a

special matrix formed from the original coefficiem&trix by replacing
the column of coefficients af. with the column vector of constants.

Example 1. Cramer’'s rule is used below to solve the system of
equations

6x; + 5v, =49
3xy + 4x, = 32

1. Express the equations in matrix form
AX =B

5 2lle]= 0]
2. Find the determinant &
Al =6(4)-5(3)=9

3. Then to solve far,, replace column 1, the coefficientsaqf with
the vector of constant, forming a new matriA .

r=ly

Find the determinant ¢f,,
|A,|=49(4) - 5(32) = 196 — 160 = 36
and use the formula for Cramer’s rule,

la,| 26 _

iy = =—=
17 jal o
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4. To solve foi,, replace column 2, the coefficients:of from the
original matrix, with the column vector of const®B, forming a

new matria ,.
_[6 49
A:713 32]

Take the determinant,
|A,| = 6(32) — 49(3) = 192 — 145 = 45

and use the formula

lag| _ 45 _

x_ pu—
27 Al o

SELF-ASSESSMENT EXERCISE

Use Cramer’s Rule to solve the following equations:

I. 2x+y=4
X+2y=8

il. 4x + 3y =12
3x-y=10

iii. 2x+y—-z=10
X-2y +3z =14
2X—-2y—-z=9

4.0 CONCLUSION

This unit concludes our study of linear or matrigedora. We have seen
that our statement at the start of this module, et essence of linear
algebra is to proffer solutions to cases where sgysg&ems of equations
maybe complex and applying simple elimination mdtho solving it
may be impossible. However, with matrix operatiotigat complex
systems of equations, is solvable. That is bagiedtlat matrix inversion
and Cramer’s Rule is all about.

5.0 SUMMARY
In summary, in this unit, we have done justicehi following:

o We started by treating inversion of matrix. In aigscussion, we
found out that the necessary and sufficient comditior the
existence of an inverse matrix is that a matrix tmes squared,
and that the set of vectors that make up the manst be
linearly independent.
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o We considered linear equation with matrix algelbmaour study,
we discover that, to solve systems of equation$ vaatrix
algebra, the inverse of the matrix derived from dugriation is
crucial to solving the problem.

o Finally, our discussion in this unit culminated studying of
Cramer’s rule. The method is one of the severalhous of
solving equations in algebra. The rule is a simgaifmethod of
solving a system of linear equations through the us
determinants. In short it is commonly referred ®aarule of
‘determinant over determinant

6.0 TUTOR-MARKED ASSIGNMENT

1. Find the inverse of matri® below:
4 3 4
D=3 1 &
8 7 9

2. Apply Cramer’s rule to solve the unknown variables the
equation below:

10p—-p-pk;=30
-pL+ 4P, -2 = 26
-p1— 3 + 9ps = 20
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