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FMT 204 INTRODUCTION TO MATHEMATICAL ECONOMICS

1.0 INTRODUCTION

This unit will discuss Matrix, types, Crammers rules, Gaussian
elimination and solutions to simultaneous equations using Matrix
Approach.

20 OBJECTIVES
At the end of this unit, you should be able to:

identify rows and columns of a Matrix

classify different types of Matrices

perform operation on Matrix

describe Determinant

solve simultaneous equations using Matrix and Crammer srule.

3.0 MAIN CONTENT
3.1 Matrix

Definition 1:

A Matrix isatriangular or rectangular or square array of objects or items
or numbers (real, complex, rational, irrational, natural numbers) in rows
and columns enclosed within brackets, subject to certain rules of
operations.

A Matrix having m rows and n columnsiscaledan"mbyn" or m n
and isreferred to as having order m n.

Example 1.
ail a2 @3 . . ain |\
as1y a» adsy . . fap
A=
Ipml Gm2 Ay - . Oyg /lmxn

In the above Matrix, the numbers or functions g; (n = g; ) caled its
elements. In the, double subscript notation, the first subscript indicates
the row and the second subscript indicates the column in which the
element stands. Matrix or aMatrix of order m n.

Suppose
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1 3
B:(E é) and C=1] 4 6
? 2%2 7 0

w2

Wesay that Bisa2 2 MatrixwhileCisa3 3 Matrix.

[ a ey G o

3.2 Typesof Matrix

3.2.1 SquareMatrix

Definition 2:
This is the type of Matrix in which the number of rows equal number of
columns.

Example 2:
If

C = L2 isa 2 x 2 Matriz
3 4 D

|

and

—_ T =
e B T e
— = D

) is a3 x3 Matriz
3x3

3.2.2 ZeroMatrix
Definition 3:

A zero or null or Void Matrix is Matrix each whose elements is zero is
called zero or null or Void Matrix

Example 3:

&3

Il
——

oo

oo

o o

0 0 [l)‘,,m3

3.2.3 Diagonal Matrix
Definition 4:

It is a square Matrix that has its diagonal elements to be non-zero while
other elementsre zero. In order wordsthe elements a; are called diagonal
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elements of asquare matrix (a;; ).

Example 4:

S
Il
oo~
SO
w oo

) 3x3
Isadiagonal Matrix.
It should be noted that, the diagonal elements is a diagonal matrix may
also be zero as shown below:

A= ( 00 ) B = ( g g ) are also digonal Matrices.
2x2 2x2

3.2.4 ldentity Matrix

Definition 5:

A diagona matrix whose diagonal elements are equal to 1 (unit) is called
identity matrix or unit matrix.

Example5:

1 00
A:(é [1}) : B=|010
22 o001 4y

3.3 Triangular Matrix
Definition 6:
A triangular matrix is asquare Matrix g; elements g; = 0.

It is referred to as LOWER TRIANGULAR Matrix whenever i < j and
UPPER TRIANGULAR MATRIX whenever i > |
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Example 6:
100 0 3
A=14 20 B = are lower triangular matrices
4 2
362/, ., 2x2
and
1 3 4 { 92
C=|025 2 D= are upper triangular matrices
03
003)/),., 2x2

3.4 Scalar Matrix
Definition 7:

Thisis adiagonal matrix whose diagonal elements are equal.

30 4 0 0 000
A= ( 0 3 ) B=1040 C=1000 are scalar matrices
2x2 00 4 3x3 000 3x3

3.5 Row Matrix

Definition 8:
It is amatrix which has exactly one row.

Example7:
A=(123)

3.6 Column Matrix

Definition 9:
It isamatrix which has exactly one column

Example 8:

.
Il
L R =
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3.7 Algebraof Matrices

3.7.1 Equality of Matrices
Definition 10:

Two matrices A and B are said to be equal if:
(@ Both A and B are of the same order.
(b)  Corresponding elements in both A and B are the same.

Example 9:

4 1 3 4 1 3
A= 10 2 5 and B = 025 then, A =B
3 4 2 3 42/,

%3

3.7.2 Sum and Difference of Matrices
Definition 11:

If A=(a;)andB=(b;)aetwo Matrices, th eir sum or difference (A —
+B) is definition as the Matrix C = (c;; ), where each element of C is the
sum or difference of the corresponding elements of A and B. Thus, A —B
= (a—Dbjj ) . Two matrices of the same order are said to be conformable for
addition or subtraction.

Example 10:
Suppose

A:(}[?g) and B:(
3=x3

142)
314/, .
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Solution:
Find (i) A+B (ii))A-B

; 1 0 3 1 4 2
(i) A+B= ( ) + ( )
4 1 3 92 31 4 2

_(1+1 0+4 3+2) _(245) o
14+3 1+1 3+4 ), “\727) |
(ii)
103 14 2
a-r=(iv3),, (G 1)
113), \314),

:(1—1 0—4 3—2) :(0—4 1)
4-3 1-13-4) . 10 -1/,
3.7.3 Multiplication of Matrix

Definition 12

Scalar Multiplication:

If K isany complex number and A , agiven matrix then KA isthe Matrix
obtained from A by multiplying each element of A by K. The number K is
called scalar.

Example 11:

If

1 2 3
(112)
4 5 6 -
and K=4. Find KA
Solution:
1 2 3 4 8§ 12
ol 33) (53 5)
4 56 a3 16 20 24 a3
Example 12:
i 1 2 3 3 6 7T
a=(113)  m=(103),,
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Find the value of 2A4+3B

Solution:

1 2 3 2 46

-2 13),,-(821)
4 1 2 - 8 2 4 a3
3( 3 6 7 ) _ ( 9 18 21 )
1 45 - 3 12 15 a3
{249 4418 6+21 11 22 27
2‘4_'—38_(84-3 2410 4415 )313_(11 12 19 )3x3

Example 13:

If

oL

I
o= b
[uky QYN

22

Find Matrix Bsuchthat A B

Solution:

bii bia

B=| b ban
bai  bao

2+b1 1+bs
A= 44by 44 by
6+by; 54by

It implies

2+4bi1 =0= by = -2
1+ba=0=bn=-1
44by=0= by =-4
3+byn=0= by =-3
6+ bqy = bgyy = —6
5+b32;"bgg=—5
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by bio -2 -1
:(b'll 522)2(—4 —3)
ba1  bso —6 —5

3.7.4 Multiplication of Two Matrices

Definition 13:

The product of AB of two Matrices A and B is defined only when the
number of columns of A isthe same as the number of rowsin B. If A and
B wereorder m nandn p respectively, thenthe product AB isamatrix
of order n p.
Example 14:

If

=

[
o
o

7T 1
) andB=] -2 9
2x3 4 2 320

Find (i) AB (i) BA

Solution:

r 2
aus G X G
()(

{2xT)+(4x-2)+(6x4) (2x1)+(4x9)+(6x3)
((3x7}+(9x—2}+(5x4] x 1) (9x9}+{5x3])

(14 8+24 6- 8—|—4)

21 —18+20 3481+15 23 QQ)
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Example 15:

1 2
If A= ( 5 -2 ) find A® + 34 + 51 where I is unit Matrix of order 2.

3 4
1 2 1 2
A=|5 21]|5 -2
3 4 3 4

( Ix1)+(2x3) (1x2)+((2x0) )

Solution:

(-3x1)+(0x3) (-3x2)+(0x0)
Bx3)+(4x6) (3x4)+(4x2)

f 1-6 2+0 Y\ [ -5 2
~\-3+0 -6+0 /) \ -3 -6
3.8 Transpose Matrix

Definition 14:

The transpose of a matrix is where the rows change to columns and
column change to rows.

If A =(a)mn then AT or A'=(a;) where AT = A" =transpose of A.

Example 16:

Also if

3.9 Symmetric Matrix
Definition 15:

Let A be asquare Matrix. If A=AT | then we say that A is asymmetric
Matrix.
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Example 17: If

5 3 -1 5 3 -1
A=1 3 2 8 AT = 3 2 8
-1 8 7 -1 8 7

Hence AT = A which impliesthat A is a symmetric Matrix.
3.10 Skew Symmetric Matrix
Definition 16:

Suppose A is a square Matrix, then A is said to be a Skew symmetric
Matrix if A= A T They are only valid for square Matrix (i.e. symmetric
and skew symmetric Matrices).

Example 18:

Let

Solution:

Then,

- 0 —a 0 a
_ AT — _ _ _
A= ( a 0 ) B ( —a 0 ) = A
3.11 Determinant of a Matrix

Definition 17:

With any square Matrix there is associated a number  which is
calculated from products of the elements of the Matrix . Thusif
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a b
c d

then, determinant of A is

A=lal=|% 2

g b ‘:{axd}—{cxb}:ad—bc]m

represent determinant of A or
Example 19:

Find the determinant of Matrix A. Given that

A:(; g)|A|:{1x7)—{3x5}:?—15:—8

Consider a3 3 Matrix

Using first row to expand

A=A

R v AR

Al = a

Il-s

=alei — fh) — b(di — fg) + c(dh — eq) = aei — afh — bdi + bfg + cdh — ceg
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Alternatively, if
a b c
A=|d e f
g h 1
Al =a N f|—i—b|"r d|+c d e 2
h 4 i g g h

= alei — fh) +b(di — fg) + e(dh — eg) = aei —afh + bdi — bfg + cdh — ceg

Note:
The minor of the element &; isthe Matrix obtained by deleting the i™ row
andj™ column.

Example 20: The minor of the element

1 2 3 { 3
am=|4 5 6|= S
73 9
minor of the element
1 2 3
1 2
an=|4 5 6| = v 3
7T 8 90
minor of the element
1 2 3
2 3
ayzy3=|4 5 6 |= £ 6
789
Example 21:
Calculate the value of the determinant of Matrix A, if
2 I 3
A—=11 8 3
5 =1 @
2 1 3
lAl=|1 0 3 :2'_{11 g‘—1 . g|+3 : _01|
5 _1 2 2
—204+3)+1(2—-15)+3(-1-0)=2(3) + 1(13) + 3(-1) =6+ 13— 3 =16
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Using the first column to expand

|A] =

=a

h <

cb+bc
i h|T9e

=l =

L =T~ =]

f Ef’—d.

= alei — fh) — d(ch — bi) + g(bf — ce) = aei — afh — dch + dbi + gbf — gce

Alternatively, if
a b ¢
A=|d e f
g h i
e f b ¢ b ¢
A =a h é’+d‘h P f

= alei — fh) + d(ib — ch) + g(bf — ce) = aet — afh — dch + dbi + gbf — gce

3.12 SarrusRule
Definition 18:

Sarru srule can be applied in getting determinant of a Matrix.
If Suppose Matrix

e

Il
o R R
= m o
pa, e O

then, using Sarru srule, we have

a b c a b
Al=|d e f d e|ls 17
g h i g h

Note:
Here we have added first two columns in each row to the row now giving
us a 35 matrix the map (or cross) as indicated to get.

|A| = aei + bfg + cdh — ceqg — afh — bdi
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Example 22: Given that Matrix

2 1 3 2 1 3 2 1
A=|1 0 3|=]/1 0 31
5 —1 2 5 -1 2 5 —1
[A=2x0x2)+(1x3%x5)+3x1x-1)—(5x0x3)—(-1x3x2)—(2x1x1)

04154 (—3)—0—(—6)—2=15-3+6—-2=16
Note: Sarru sruleisthe only applicableto 3 3 Matrix

3.13 Propertiesof Determinants

(1) If we add (or subtract) a scalar multiple of a row or column to
another then the determinant does not change.

e.g.
Let

A= o d

zj‘ and B =

a+te b+td '
|B| = (a+te)d — (b+ td)c = ad + tdc — cb — ted = ad — be = | A
(2) |4] = |A"|

(3) If we interchange two rows (or column) then the sign of the
determinant changed.

a b
A:(C d)=|A|=ad—cd

po(c4). -

(c) = (4)

or {a, b) and (c, d)are linearly dependent if and only if the determinant of

cod|_ . L _
. b‘—bc ad = —(ad — bc) = —| A|

(4)

e d

(5  If any two rows or two columns of a square matrix are the same,
then the determinant will be zero .e.g. if

a b
a=( p)-hi=

-

ia
a

::|=ﬂb—ab=ﬂ
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(6) The determinant of a diagonal Matrix A is equal to the product of
its diagonal elements.

(7)  The determinant of the product of two Matrices is equal to the
product of the determinant of the two Matrices.e.g |AB| = |A|.|B|
where A and B are two given Matrices.

3.14 Singular and Non-Singular Matrix

Suppose A is a square Matrix A is said to a singular Matrix if its
determinant is equal to zero i.e. |JA| = 0. Matrix A is said to be
non-singular when its determinant is not equal to zeroi.e. if JA| = 0.

Example 23: Show that A isasingular Matrix given that |A| = 0.

2 1 2
A=[101
2 12
01 11 10
|A|:2‘1 2‘_1'2 2 2 1‘

A =2(0—1)—1(2—2) +2(1 —0) =2(—1) — 1{0) + 2(1) = —2—0+2=0

4

Example 24:
Given that
| 2z-5 —1
A_‘ 9r o2 (0.1)

where A isa Singular Matrix, determine the values of x.

Solution:
Since Matrix A is singular

z?(z —5) — (—22) =0
=1 — bl + 22 =0
z(z? -5z +2) =0

dividing both sides by x, we have x* 5x + 2 = 0 which is a quadratic
eguation using factorisation, we have:
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X2 X 4x+2=0
X(2x 1) 2(2x 1)=0
x 2 (2x 1)=0
(x 22=0o0r(2x 1)=0
x=2o0r x=12
3.15 Cofactor of aMatrix

Given an n-square Matrix A. i.e.

aj; a1z 413 . Ain
az; dapp 093, a3

ml @m2 b3 . Qmn

Thescalar C; = (1) ™ [M;; |is called the cofactor of the element g; of the
Matrix A, whereM and (1) ™ are called minor and scalar respectively.

Hence the cofactor of ay; = ¢yy = (1) ***

a»n 123
a3z 133
and the cofactor
a2 = €12 = (—1)1+2
gy oy
a3y a3

Note: cofactor is ascalar while the minor is aMatrix.

3.16 Adjoint of a Matrix

The transpose of the cofactor of a Matrix is known as the adjoint of the
Matrix.

Example 25:
Given that Matrix
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21 0
A=]113 2
31 -1

(a) Determine the cofactor of A, and hence find
(b) Its Adjaint.
Solution:

(a) Cyy = (~1)"*|M

ij

=T 2 = (-12-3-2)=1(-5) = -5
o= (-1 3 % = (0¥ -1-6)=-1(-1)=7
es= (D" = (-D){1-9)=1(-8) = -8
et = (—1)2*! i _“1 = (—1)}(=1-0) = —1(=1) =1
en= (122 O = (1)'(-2-0)=1(-2) = 2
en =13 | |= (D=3 =-1-1=1
= (0| 3 5 [='e-0) =10 =2
= (1| T ) |= (—1)%(4 —0) = —1(4) = —4
cn=(—1)**| 3 1 [: (—1)(6— 1) = 1(5) = 5

-5 T =8B
Cofactorof A = 1 -2
2 —4 5

(b) Adjoint of A is the transpose of the cofactor of A

-5 1 2
A= T -2 -4
-8 1 5
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3.17 Inverseof aMatrix

(Using adjoint and determinant)
Suppose A is asquare Matrix, theinverse of A denoted A* is given by
-1 _ Adi(A)
A e | ‘1| .
It can be shown that AA~'=A"1A=1
Al = % or A= A—L_—
Also A(Adj(A)) = (Adj(A))A = |A|]

where 1 is the identity Matrix and A and I are of the same order.

Example 26:
Given that Matrix

a b
=(0a)
show that the inverse of Matrix A is denoted by

’ T ad—be\ —c a

Solution:

Now to find the cofactor of A
Cu = (-1)%|d| = 1(d) =d
Cia = (—1)*¢| = —1(c) = —¢
Cy = {—1)3|b| —1(b) = -b

Co = (=1))a| = 1(a) = a

Hence, cofactor of

Example 27:

Find theinverse of A, given that
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Solution:

1 -1 3 -1

3 2 ‘_1'1 2

=(-3-2)—1(—1—6)+0(1 —9)
= 2(—5) — 1(=7) + 0(—8)
— —104+7+0=-3

|A| = -3
q-1 . Adi(4)
A
-5 1 2
Adj(A) = T —2 —4
-5 1 5
as obtained in Example 27: above.
Hence .
p (812 I a5
Al=—1| 7 2 4 |=]|% % 4
-3\ _ S A
g8 1 5 T =5 -3
Example 28:

A and B are Matrix such that

12 bl
Az(z 1) and (52)

where by, b, are non-zero numbers. Determine the values of K which
satisfiesAB = KB

Solution:
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k= (12) () -x(8)

by + 2k = Ky (1)
2y + by = Kb (2)

from equation (1) we have

b — Kb +2=0
S (1-—K)bh +2b=0 (3)

from equation (2)we have

2bi+b— Kby =10

=254+ (1—K)bh=0 (4)
Multiplying equation (3) by 2, we have
2(1 — K)by 4 4by = 0 (5)
Multiplying equation (4) by (1 — K), we have
21— K)by + (1 — K)(1 = K)by =0 (6)

Subtract equation (6)from to equation (5) to get
dh —(1-K)(1-K)bp =0
=4 =(1-K)(1 - K)b
Dividing both sides by by, we have
4=(1-K)(1-K)
=4=1-K-K+ K,
= K*-2K-3=0
= (K+1)(K-3)=0
K+1=0or K—-3=10
K=—1lor K=3
Therefore the values of K for which AB = Kb are —1 and 3

Example 29:
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Given that

=(31)-(3)

a#0,b#0 and AB = KB show that (5 — K)a + 2b = 0 By finding another
equation satisfied by a and b,show that K? —6K +1=10

Solution
h 2 i} - a
2=(21)(3)-=(3)

Sa+2b= Ka
==ba—Ka+2b=0
= (5 — K)a + 2b = O(required) (1)
AlsoZ2a+ b= Kb
=2 +b—Kb=0 (2)
2a+(1— K)b=0
Multiply equation (1) by (1 — k) to get

(5—K)1—-Kla+2(1 - K)b=0 (3)
Multiply equation (2) by 2 to get
da+2(1-K)b=0
Subtracting equation (4) from equation (3), we have
(5—K)(1— K)a—da=0

= [(5—K)(1-K)—4]a=0
Dividing both sides by a to get

(5-K)(1-K)=4

55K —K+K*—4=0
K2 —6K +1=0 (proved).

Example 30:

Solve for x, v, z in the matrix equation

(2 9)+(5v)-( )
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Solution:
z+T7=4dy
= z—dy=-7 (1)
T+y=—y
=r+2y=0 (2)
—y+6=4
y=6—4y=2
and
zt+x=—3

r+z=-3

substitute ¥y = 2 in equation (2), we have
r+2(2)=0

r=—4

also substitute y = 2 equation (1)in to get

z—4(2) =7
z=—-T+8
= z=1

Therefore x =—4, y=2 and z =1

Example 31:

Given that Matrix

Find A2 —3A+5

Solution
e_aa_(24 2 4 (4+20 8-4) (24 4
Ae=dmt=LE 1 51 )7 V10-5 2041 )7\ 5 2n
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i (24 4 2 4
A —3,1+5_(5 1 )-3l 5 )45
_(n 1)_(6 12),,
=l 5 2 15 —3 )71

18 -8 18 -8
=(—1u 24)+5=(—1{) 24)+5"’

where
10
i=(0 1)
_18—8+51ﬂ_13—3+5ﬂ
TN10 24 0 1)  \ —-10 24 0 5
. 23 -8
L —10 29
Therefore
2 (23 -8
A 3A+5= ( 0 29 )
Example 32:

Let A and B be 3 x3 Matrix with A = (a;) and B = (b;) where a; =
3i—j and b; = 2i +3j Find (i) A+ 28 (ii) AT (iii) 34+ B — 20 (iv) B~ '(v)
(A+ B)'+ I, where I is identity Matrix.

Solution:
Consider
dyp @3 3
A= an ax dam (0.2)
az a3z a3g

then, since A = (a;;) and a; =3i—j
ap=3(1)—-1=3-1=2, a;3=3(1)-2=3-2=1, g;3=3(1)—-3=3-3=0

an=3(2)—1=6—1=5, a22=3(2)—2=6—-2=4, a=3(2) —3=6—3=3

a31=33)—1=0-1=8, ag=3(3)—2=0-2=7, aza=3(3)—3=0-3=6

210
A=]154 3
B 7 6

Hence
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also Let

byy by By
B=| by ba by
by byy by

Since then, B = (b;) and b;

2(1) +3(2) =2 +6 =8, bla=2(1)+3:(3

% 485 by = 2D +3(1) =2+3=35, by =
y=2+9=11

bat = 2(2)+3(1) =443 =7, by = 2(2)+3(2) = 446 = 10, by = 2(2)+3(3) =449 =13

bay = 2(3)+3(1) = 6+3 =9, bay = 2(3)+3(2) = 6+6 = 12, by = 2(3)+3(3) =649 =15

Therefore,
3 8 11
B=17 10 13
9 12 15
(i)
210 5 8B 11
A+2B=15 4 3 |+2| 7 10 13
8 7T 6 9 12 15
2 1 0 10 16 22
5 14 3 | +2)| 14 20 26
8 7 6 18 24 30
12 17 22
19 24 29
26 31 36
(i) If
210
54 3
B 7T 6
the
2 5 B
AT=|1 47
03 6
(ii)



INTRODUCTION TO MATHEMATICAL ECONOMICS

FMT 204
6 3 0 5 8 11 11 11 11
=] 15 12 9 + | 710 13 |—-20=1] 22 22 22 | —20
24 21 18 4 12 1h 33 33 33
11 11 11
=\ 22 22 22 | —20]
33 33 33
Where
1 00
I=|010
001
0 0
0

11 11 11 20 0 -9 11 11
=] 22 22 22 | -1 0 20 = 22 2 22
33 33 33 0 0 20 33 33 13

(iv) and (v) are to be taken as exercises. Answer are at the end of the chapter

Example 33:
Given that
21
A=13 6 B= 132
- 2 4
4 5
{i} Find x, if AB (ii] If AB =
4 4 8
AB=1] 15 -3 30
14 2 28
find x
Solution

2 1 1 3 2
AB =
4 (3 g)(g > 1)
2x1)+(1x2) 2x3)+(I1xz) 2x2)+(1x4)
AB:( ])
)

B3x1)+(6x2) Bx3)+(6xzx) 3x2)+(6x4
dx1)+(5x2) Ux3)+(Bxzx) Ax2)+(Bx4

242 64 x 4+4 4 6+ = 8
AB=| 3+12 946z 6+24 | =] 15 9+6x 30

4+ 10 12+5x 3+ 20 14 12+ 5z 28

But
4 6+4zx 8 4 4 8§
AB=1 15 9+6z 30 |=] 15 -3 30

14 12+5x 28 14 2 28
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=6+x=4 or 9+6zxz=-3 or 12+5x=2
= xr=4d—6orbzx=-3—-9o0or bx=2-12
= xr=—20or b6r=-12 or bxr=-10

2

= r=-2 or:r:% Oor & =
r=—-2o0orx=—-2o0r z=-—2
Trivially,the Matrix above has shown that = =

Example 34:
Suppose Matrix

g

(i) Find the value of x for which A is a singular Matrix and (ii) Hence

determine the Adjoint of A.

Solution

-3
1

—10
5

2

1 ek

(i) If Alisasingular Matrix then, |A| =

=

= 2(6 — 0) — a(—18 + 4) + 2(0

= 2(6) — z(—14) +2(1) =0
=12+ 14z +2=0

= 14+ 14z =0

ldz = —14

1
0

4
6
+

H

2
4
G

0

-2

MODULE 3
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To determine the cofactor of A

114

o= (0" =| g g =260 =@ =6

arz = (~1)*?| 2 ;'={—1}3(—13+4)={—1](—14]=14

mn= (%] T =0+ = -1

an = (-1 | F 2 | = (~1)}(~6—0) = (~1)(~6) = 6

an= (-1 % 7 | — (—1)'(12 4 2) = (1)(14) = 14

an = (-1)"2| 20 |= (~D*0—-1) = (-1)(-1) =1

=0 7 G [ 0ia-2 - -0 - -

ags = (—1)**2 _?3 i|= (—1)%(8 + 6) = (—1)(14) — 14

ags = (-1)*** _23 _11 |=(—1J“{2—3)=(13(—1)=_1

Hence, cofactor of

6 14 1
A= 6 14 1
—6 —14 -1

6 6 —6
A=1] 14 14 —-14
1 1 -1

3.18 Solutions to Simultaneous Equations using Matrix
Approach

Therefore adjoint of

Using Inverse of a Matrix

The inverse of Matrix can also be use to provide solution to a
simultaneous linear equation. In this section we are going to consider
simultaneous equation with two and three unknowns.
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Example 35:

(a) Given that

(@ (i) Find AB, (ii) Find the inverse A
(b)  Using the inverse of A in (a)(ii)above, or otherwise, solve the
following simultaneous equation.

X+2y 22+8=0
X 3y+3=0
2xXx+y 3z+9=0

Solution:
(a) (i)
3 2 =2 8 4 —4
AB=]11 -3 1 =5 -5 -5
2 1 =3 ¥ 1 -11
24+10—-14 12—-10—2 —-12—-10+22
= 8—16+47 4+15+1 —-4+4+15-11
16+5—21 5—5-—3 —8—-5+33
20 0 0 1 00
= 0 20 0 =201 0 1 0 | =201
0 0O 20 001
(ii)
AlA=1= A= L
"l
but 20f
AB=2DI=}-A=?
Now ;
-1 _ @1
A - B
Si
1nce q_i
208
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;8 4 ¢4 2
Al=—1|5 -5 -5 |=| =
b )

20\r 1 —11 1E:

(b) Re-writing the equation, we have:

e —"
I
o

] Lo~
|l
SR

B3] L8]
SICHETN
b || ]

3x+2y 2z= 8
X 3y+z=3
2xXx+y 3z=9

Write the equations in Matrix form we have:

J 2 -2 €T —&
1 -3 1 y |l=] -3
2 1 -3 2 -0

Let
3 -2 -2 T —&
A=]11 -3 1 |[C=]|» and K=| -3
2 1 -3 2 -0
Hence
A'K=C
But B & o
P W W
-1 _ 8 —=1 =3 = G e
A¥ = ( ? T E ) as oblained above,
] 0 20



FMT 204 MODULE 3

Hence
B4 —d
e B el Bl
% W W —9 z
ER I AT
= | A —alebds
ENE N 5200 ’
20 I T o Bl =
T)_(2)_(°
30 2 2
r=-2, y=1 and z=2
Example 36:

Using the inverse of a Matrix solve the system of the equations

2X+3y=7
X+2y=3

Solution

Writing the equation in Matrix form, we have

(12)()-()
-(i3) 2= (3) mee-(5)

Al =2(2) - 1(3) =4-3=1
To find the cofactor of A we have

an = (=1)"*2 = (-1)*(2) = Z.ann = (1)1 = (-1)*|1] = —1

ag = (—=1)*1[3] = (—1)*B] = =3, a2 = (-1)***]2] = (-1)***|2| = 2
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Hence co-factors of

A=(_23 _21) Adj{“"}:(—zl _23)

e =|‘1?|‘4dj{ﬂ)=%( _21 _23)=(—21 _?3)

Now to solving the equation

=5, y=-1
Using Matrix inversion method via adjoint of a Method to solve the following
system of equation completely.
2y — 2o+ a3t Ta=1
w +3wg —x3+ 224 =2

— 7+ 239 — 239 — g = —3
bri+ o0 — 2324 = —9
Writing the above equations in matrix form, we have

2 -2 1 1 T 1

A— 1 3 -1 2 T | 2

Tl -1 2 —2 1 3 | | —3

5 1 0 -2 T4 —9

Let

2 -2 1 1 T 1
_ 1 3 -1 2 | =z _ 2
A= -1 2 -2 -1 B = I3 €= -3

5 1 0 -2 4 —9
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Now, we find determinant of A, that is

2 -2 1 1
1 3 -1 2
M= 2 2 4
5 1 0 -2
3 -1 2 1 -1 2 1 3 2 1 3 -1
=2|2 =2 -1 |—-(-2)| -1 -2 —1|+1|-1 2 —1|-1|-1 2 -2
1 0 -2 5 0 -2 5 1 —2 5 10
-2 -1 2 -1 2 -2
_2(3‘ 0 _2|+1|1 o2 o ’)
-2 -1 -1 -1 -1 -2
a(1| 2 2|3 22 2]
2 -1 -1 -1 -1 2
+1(1|1_2 -3l . o |t2| 1.)
2 -2 ~1 -2 -1 2
_1(1|1 o |75 o7 s 1|)

=234+0)+1(—4+1)+2(0+2)
+2(1(4 +0) + 1(2+ 5) + 2(0 + 10))

+1(1(—4+1) —3(2+5) + 2(—1 — 10))
~1(1(0+ 2) — 3(0+ 10) — 1(—1 — 10))

2((3(4) + 1(—3) + 2(2))
+2(1(4) + 1(7) + 2(10))
+1(1(—3) — 3(7) + 2(—11))
—1(1(2) — 3(10) — 1(—11))

=2((12—-3)+4)+2(4+7+20)
+1(—-3—21-22)
—1(2—-30+11)
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= 2(13) + 2(31) 4 1{—46) — 1(—17) = 26 + 62 — 46 4 17 = 59

Therefore, |A] = 59
Cofactor Cy = (—1)*H|M;;]

-1 3
en=(-1)*|2 —2
1 0 -2

= R | - U | 2 -2
=[—1)2(3‘ A _2‘—1‘1 _2|+2|] X U
=1(3(40—-0)+1{—4+1)+2(0+2))
=1(3(4) + 1(-3) +2(2))
=(1){12—3+4)=(12—3+4)=13

1 -1 2
612={—]1+2 —1 -2 -~
5 0 =2

-2 -1 -1 -1 -1 -2
-0t (1 3 Sl 3 ST 7))
=(—-1)(1{44+0)+ 1(245) + 2(0+ 10))
= (—1)(1(4) + 1(7) + 2(10)) = (—1)(4 + 7+ 20)

= (—1)(31) = —31
1 3 2
ca= (=) -1 2 -1
5 1 —2

-0 (7 5l 3 S 3 1))
= (1) (1(—4+0) +3(2+5) + 2(—1 — 10))
= (1)(1(=3) = 3(7) + 2(11))

= (1)(—3 — 21 — 22) = (1)(—46) = —46
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(|

cu= ()" -1 2 -2

-3

2
1

—2

0

-1 —2|_,|-12
5 0 5 1

= (—1) (1(0 + 2) — 3(0 + 10) — 1(—1 — 10))
= (—1) (1(2) — 3(10) — 1(11))
(—1)(2—30 4 11) = (—1)(=17) = 17

ey = (_]2+1

e

—2

0

-1
—2

-2 1 1
2 -2 -1
B =2

2 —1 2 —2
=5 =i )

=(-1)(-2(4+0) — (-4 + 1) + 1(0 +2))
= (—1)(—2(4) - 1(=3) - 1(2))
=(-1)(-8+3+2)=(-1)(-3)=3

€23 =

(]

0
0

{_ )2+2

=1
—2

2 1 1
=1 =2 I
5 0O -2

-1 -1 -1 -2
|5 =] )

= (1) (2(4 + 0) — 1(2+ 5) + 1(0 + 10))
= (1) (2(4) — 1(7) — 1(10))
= (1)(8—7+10) = (1)(11) = 11

cn = (—)

5 2
(1

-1
—2

2+3

2 -2 1
-1 2 -1
b 1 =2

—.. = -1 2
+2| 5 S hal T 1))

= (—1) (2(—4+ 1)+ 2(2+5) + 1(—1 —10))
= (=1)2(=3) +2(7) — 1(-11))
=(—1)(-6+14—-11) = (-1)(—3) =3

MODULE 3
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2 -2 1
-1 2 -2
5 1 0

2 -2 -1 -2 -1 2
- (o} V]S ] )
= (1)(2(0 +2) +2(0 + 10) + 1(—1 — 10))

= (1)(2(2) + 2(10) + 1(—11))
= (1)(4+20—11) = (1)(13) =

Cag = {—JEH

-2 1 1
en=(=)*" 3 -1 2
1 0 -2
. 1 2| .3 2 3 -1
RS EIE R HET )

= (1)(=2(2-0)—1(—=6—2) +1(0 + 1))
=(M(=2(3) - 1(=8) - 1(1)) =(1)(-4+8-1) = (-1)(5) =5

-2 1 1
3 -1 2
1 0 -2

1 2 1 -1
(] 3 5[5 Slels T
= (—1) (2(2 — 0) — 1(=2 — 10) + 1(0 + 5))
= (—1) (2(2) — 1(—12) + 1(5))
) =

cap = {_}3+2

= (—1)(4 + 12+ 5) = (-1)(21) = -21
2 -2 1
= (-1 3 2

5 1 -2
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P 3 2 1 2 13
= (—1) +2‘1_2 +25_2 +151

= (1) (2(-6 —2) +2(-2—10) + 1(1 - 15))
= (1)(2(-8) + 1(—12) + 1(—14))
= (1)(—16 — 24 — 14) = (1)(-54) = —

2 -2 1
ew= (=1 3 -1
5 1 0

={—1)“(2H _.]1'”‘; _ul‘”Ll'é ?')

=(—1)(2(0+1) +2(0+5) +1(1 — 15))

= (=1)(2(1) +2(5) + 1(-14))
= (—1)(2+ 10— 14) = (-1)(-2) =

-2 1 1
C = {_]dH 3 -1 2
2 -2 -1

-1 2 3 2 3 -1
-c (=2 2 A2 A2 2))
= (1) (—2(1 +4) —2(-3—4) + 1(—6+2))
= (=1)(=2(5) = 1(=7) + 1(—4))
= (1)(~10+7—4) = (-1)(-T) =7

2 1 1

Cdﬂz{_)d-i-? 1 _1 2

-1 -2 -1
B 12| |1 1
- —2 —1 -1 -1 -1 -2

=(1)(2(1+4)-1(-1+2)+1(—2-1))
= (D(2(5) = 1(-1) +1(=3))
=(D(10-1-3) = (1)(6) =
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-2 1

1 3
-1 2

ca3 = {_]d+3

-1

Sl € PR R L )
= (—1)(2(-3—-4)+2(-1+2) + 1(2+3))

= (—1) (2(=7) + 2(1) + 1(5))
=(-1)(-14+2+5)=(-1)(-T) =7

2 -2 1
-1 2 -2

-cor(of2 3[4 2] 4]
=(1)(2(—-6+2)+2(—2—-1)+1(2+3))

= (1)(2(~4) +2(~3) + 1(5))
= (1)(-8—6+5) = (1)(-9) = -9

Hence cofactor of

13 =31 —46 17 3

A— 3 11 3 13
Tl s 21 -k 2
T 6 T -9/
Adjoint of
13 3 5 T\
A— —31 11 -21 6
Tl —46 3 54 7
w13 2 -9/
Therefore,

13 3 5 7
1| —31 11 —-21 6
50| —46 3 —54 7

17 13 2 -9

Al Adjoint of A) =

1
:E(

Il

|Inm
Bl 8| BB e
RSN
] Ll el



FMT 204
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Now, solving the system of equation completely
13 3 5 7 1 x
E 1
i ﬂ —“:?1 E 2 T
ANC=B=| % ¥ § ¥ 3 | =
7875 8|
W % W % —9 T4
N
B e U T3
E B 7
adlIE S B o e
5 E 7 AT
ﬁ + % - Fﬁg'f' %} Ly
~ Ty
NE A
7] T3
) T4
Therefore, ;3 =—1, x3=0, z3=1, and x4 =2

3.19 Crammer sRules

Crammer s rule is another Matrix method of solving a simultaneous

linear equation. This approach is applicable only for square Matrix.
Given A X = K wherewhile K is coefficient.

iy tya L ] 3 R 4 1 X1 Kl
L 5 O 1 S s Xq
i K:!
i.ed = ’ ’ ' T ' =
' K
Qi Ap2 O3 - - Ogpp Xﬂ- "
Then

Xi = LZ f{j;‘iij
|-’1| =1

where the summation is the expansion of determinant of A by its ith

column if the element of the i™ column of A are replaced by
K1KoKa,...... Kn i.e

Ki ap aa . . ain
Ks as a»n . . am

f“1:1 Am2 Om3 . . Omn
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Example 37:
(a) Find the values of w for which

w 0 2
3 -1 4 | =16
6 2w 0

(b) By substituting the integral value of w as obtained in (a) above, use
Crammer s rule to solve the system of equation.

WX +2z2=3
X y+4z=4
6X + 2wy = 4
Solution (a)
w 0 2
3 —1 4|=16
6 2w 0
w 0 2
=03 -1 4|=w w ;i é|—{}|g ﬁ‘ﬂ‘g 2‘:‘ =16
6 2w 0

w(0 8w) 0(0 24)+2(6w + 6) =16
w(8w) (24)+ 12w +12=16 8w 2+ 24+ 12w+ 12=16
8wi+12w+12 16=0
8wZ+12w 4=0or
8w’ 12w +4=0
42w? 3w+1)=0
Dividing both sideby 4, wehave 2w? 3w+1=0
2w 2w w+1=0
2w(w 1) 1w 1)=0 w 1)(2w 1)=0
w=1 or w=%o

(b) Theintegral value of wis1lwithw =1the system becomes wx+2z=

3
X y+4z=4
6X + 2wy = 4

Writing this equation in Matrix form, we have
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Let

|A] = 16 (given) Using Crammer’s ruler
Replacing column 1 with the values of K, we have

3 0 2
1 1( —1 4 4 4 4 -1
r=—] 4 -1 4 |=— (3' |—0'_ ‘+2._ |)
1(—1(_4 9 0) 16 2 0 4 0 4 2

— %(3(0—3} —0(0+ 16) +2(8 — 4))

1 1
= —(—24—-0+8)=—(—16
T6¢ +8) = 1=(-16)
16
=—=—]_
—16

Replacing column 2 with the values of K. we get

13 2
1 44 3 4 3 4
=52 4 a=w (] A s]-fe aleefd A ))
T D T: 10 6 0 6 —4
iﬁ[[u—{—15))—3{n—24]+2{—12—24)]

1 :
= 15 (1(16) — 3(—24) +2(—36))

(=1

16
=16(16 +72-72) = 7= =1
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Replacing column third with the values of K

(10 3
s=—|3 -1 4
1616 2 _4

1 1 4 3 4 3 —1
s G U P
=%[1(4—8}—[][—12—2:L]+3{6+B}]

1
= 75(1(—4) — 0(-36) +3(12))

1
= —(—4—0+36
T + 36)
16
=—=2
32

Therefore, x = -1, y=1 and =z=2
3.20 Gaussian Elimination

Thisis another method of finding the inverse of anon-singular Matrix. It
IS a Situation whereby a square Matrix been converted to the identity
Matrix by series of row operations or by a series of column operations.
The same series of operations performed on the identity Matrix will
change it (identity Matrix) to the inverse of the square matrix.

The procedures of obtaining the inverse of a square Matrix using
Gaussian elimination are as follows.

Step 1:

Put the square Matrix and its equivalent identity intheform [A/l] i.e
adjoining the Matrices A and I, where A is a square Matrix and | is the
identity Matrix and label Ri(wherei=1,2,3 ,R = row) on the left
hand sidesegR;, R,, R; ifAisa 33 Matrix.

Step 2:

Dividethefirst row of the Matrices (i.€. that of the square and identity) by
the element in the first column of the square Matrix (i.e. a;1), then use the
result obtained (for this new row) to obtain zeros in the first column of
each of the other rows. Continue the labelling of the rows on the left hand
sidefromwhereyou stopi.e. R, R,R; ifAisa 33 Matrix for
example.

Step 3
Divide the second row (in step 2 abovei.e. Rs for 3 3 Matrix)by the
element in its second column to get R8 and use the result obtained for this



FMT 204 MODULE 3

new Rgto obtain zero in the second column of each of the other rows (R,
and Rgfor a3 3 Matrix).

Step 4:

Divide the third row (in step 3 above, i.e. Ry )by the element in its third
column to get Ry, and use the result obtained in Ry, to get zero in the
third column of each of the other rows (i.e. Rp and Ry; for a 3 3
Matrix).

The process will continue till the nth  row depending on the type of
Matrix oneis considering. In other words step (n + 1) will be: Divide the
nth row (in step n) by the element in its and use the new row obtained to
get zero in the "™ column of each of the other rows.

NOTE:

(2) it should be noted that when considering the above procedure, if for
examples at the(r + 1) step the element in the rth column is zero, you
need to interchange that particular row with subsequent row that is having
anon-zero element in the rth column and proceed with the (r + 1) step.
(2) Theresult will bein theform A and | is the identity Matrix.

Example 38:

Given that Matrix

Find the inverse of A, using Gaussian elimination method.
Solution

Step 1:

Step 2:
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Step 3:

Step 4:

Hence

Alternatively (for better understanding)

Step 1:

Step 2:

Step 3:

Ry 1
R 1]
He

Rl = =t glba

I,u.'-lb:-
w e,
o= = PETE

[

el

e
2 ko=

Ry

Ry
Ry

Rio
Ru

r.-:-l-—-:.-:-|':nnlt~.'u

—
=

=
—_

o B
Ll
| i e 1

[ B
[l R ]

e S

o] Lpally
Lol gnf—

eul!

wales| hef b —

L] b)) =

—
[~

||
|fes

=
=
=

=

=

Ll

S =
=] -f.::| R
|

g
—
&

2] i e 0

INTRODUCTION TO MATHEMATICAL ECONOMICS

3Hs
R»i—R,E
2Ry — Ry

FRs+ Ry
11 Rs

1Rs— Ry

%Rm—I-R?
ﬁﬁ'ﬁ + Rs

T

2
= 0
50

1

|

11

_TQR'? + Rq
0

[=] :.1|_'_

) LR+ R

4
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Hence
-
_A_I: I ﬂ ﬂ
(i 4
20 20 20
Example 39:

Find the inverse of Matrix A, if
0 —4
A=11 -1

2 3 4

using Gaussian elimination method.

noba
R

Hence solve the system of the equations:

2z —dy =12
x-t—-’f-z:y-l-%
2243y + 42— g =0 completey

Solution:

Ry 0 —4
Ha 1 -1

Ra

It can be noticed that the element in the first row, first column of Matrix
A is zero, hence there is need to interchange the first and second rows,
which will now look like:

Ry 1 -1 51100
R ( 0 —4 2] 010 )
Hs 2 3 47001
Ry 1 -1 5|10 0
R 0 —4 2101 0
He ( 0 -5 6|0 2 =1 ) 2R — Ry
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R 10 % _Ti 0 0 Hs + Ry
5 Hfd 3 —?‘ T+ 10 R
Re \0 0 2|22 -1/ 5Ri+Ry
Rp (1 00 ﬁ _T" % SR+ R,
Ru g1 0 —_TF 3 :T? §H522+H3

1 -1 g

|-§ ‘E T

Al=132 &

(ﬁ i é)
4 T i

CHECKS:

To confirm whether the inverse is correct or not
NOTE

AA'=ATA =1 ie

Also

Now to solve the system of equations, firstly, we need to rewrite the
equations, that is, equations.

2z 4y =2
X+5z=y+%
2x+3y+4z *=0
becomes

4y +22=2
X+5z=y+%

2x + 3y +4z="3

Now, writing this in Matrix form,we have

0 —4 2 x
SR
2 3 4 z
0 —4 2
A:(]—l 5) B=
2 3 4

—_—
oWy
—
[ICTN L FTL = e
—
]
Il
o
Loloma| on B
—
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It can be seen that A is the same as the oriMatrix A given and from
the working above, we have

Example 40:
Using Gaussian elimination method to solve the &gug

2X1 2Xo+ X3t X =1
X1+ 3% X3+2%=2
X1+2% 2X3 X4= 3
5X1 + X% 2X4: 9

Solution:
Writing the above equations in Matrix form, we h



