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INTRODUCTION

Linear algebra is a branch of mathematics that deals with linear equations
and their representations in the vector space using matrices. In other
words, the study of linear vectors and functions is what linear algebra is
all about. It is one of the most important mathematical issues. The
majority of contemporary geometrical ideas are based on linear algebra.
Engineering and physics both rely heavily on linear algebra since it makes
it easier to simulate a wide range of natural events. The three most critical
elements of this topic are vector spaces, matrices, and linear equations.
The many concepts related to linear algebra will be covered in more detail
in this article.

Students are introduced to the fundamentals of linear algebra in
elementary linear algebra. Simple matrix operations, different
computations that can be performed on a system of linear equations, and
certain characteristics of vectors are all included in this. The following
list of key terms related to basic linear algebra includes

Scalars — A scalar is a quantity that only has magnitude and not direction.
It is an element that is used to define a vector space. In linear algebra,
scalars are usually real numbers.

Vectors — A vector is an element in a vector space. It is a quantity that
can describe both the direction and magnitude of an element.

Vector Space — The vector space consists of vectors that may be added
together and multiplied by scalars.

Matrix — A matrix is a rectangular array wherein the information is
organized in the form of rows and columns. Most linear algebra properties
can be expressed in terms of a matrix.

Matrix Operations — These are simple arithmetic operations such
as addition, subtraction, and multiplication that can be conducted on
matrices.

COURSE COMPETENCIES

The Course

As a 3-credit unit course, 11 study units grouped into 4 modules of 4 units
in module 1, 3 units in module 2, 2 units in module 3 and 2 units in module
4,

A quick synopsis of the entire course materials is provided in this course
guide. Vector spaces and linear transformations, which are primarily
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concerned with finite dimensional vector spaces over the set of real
numbers, R, or set of complex numbers, C, are the two basic building
blocks of linear algebra.

Adding vectors and multiplying them by numbers or scalars gives
required linear combinations. The study of certain mappings between two
vector spaces, called linear transformations are also initiated in this
course.

We shall also demonstrate how a linear transformation can be used to
obtain a matrix associated with it, and vice versa. Additionally, by
focusing on the corresponding matrix, certain aspects of a linear
transformation can be analyzed more clearly. You will find, for instance,
that it is frequently simpler to extract a matrix’s characteristic roots than
a linear transformation.

WORKING THROUGH THIS COURSE

You are required to read the study units, set books and other materials
provided by the National Open University to complete the course. You
will also need to work through practical and self- assessed exercises and
submit assignments for assessment purposes. The course will take you
about 60 hours to complete at the end of which you will write a final
examination.

This course consists of the following eleven study units:
Having gone the course content, what then is a matrix?

STUDY UNITS

Module 1  Vector Spaces

Unit 1 Vector Spaces

Unit 2 Linear Combinations
Unit 3 Linear Transformation |
Unit 4 Linear Transformation 11

Module 2 Matrices

Unit 1l Matrices |
Unit 2 Matrices 11
Unit 3 Matrices 111
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Module 3  Determinants

Unit 1l Determinants |
Unit 2 Determinants 11

Module 4  Eigenvalues and Eigenvectors

Unit 1 Eigenvalues and Eigenvectors
Unit 2 Characteristic and Minimal Polynomials

The first four units deal with vector spaces and linear transformation
which are the two fundamental elements that form the basis of linear
algebra which is an area of mathematics that deals with the common
features of algebraic systems made up of sets, as well as a logical concept
of a “linear combination” of element in the set. The remaining seven units
involve matrix theory which occupies an important position in pure as
well as applied mathematics.

Each study unit involves specific objectives, how to study the reading
materials, references to set books and other related sources and summaries
of vital points and ideas. The units direct you to work on exercises related
to the require reading and to carry out solutions to some exercises where
appropriate. A number of self-tests are associated with each unit. These
tests give you an indication of your progress. The exercises as well as the
tutor-marked assignments will help you in achieving the stated learning
outcomes of each unit and of the course.

PRESENTATION SCHEDULE

The weekly activities are presented in Table 1 while the required hours of
study and the activities are presented in Table 2. This will guide your
study time. You may spend more time in completing each module or unit.

Table I: Weekly Activities
Week | Activity
Orientation and Course Guide
Module 1 Unit 1
Module 1 Unit 2
Module 1 Unit 3
Module 1 Unit 4
Module 2 Unit 1
Module 2 Unit 2
Module 2 Unit 3
Module 3 Unit 1
0 Module 3 Unit 2

PO NP WIN|EF
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11 Module 4 Unit 1

12 Module 4 Unit 2

13 Response to Exercises
14 Revisions

15 Examination

The activities in Table | include facilitation hours (synchronous and
asynchronous), class works and assignments. How do you know the hours
to spend on each? A guide is presented in Table 2.

Table 2: Required Minimum Hours of Study

Hour Hour per
S/IN | Activity per Semestper
Week
1 Synchronous Facilitation (Video 5 26

Conferencing)

Asynchronous Facilitation (Read and
2 respond to posts including Facilitator’s | 4 52
comments, self-study)

Assignments, mini-project, laboratory

3 practical and portfolios 1 13

Total 7 91
ASSESSMENT
Table 3 presents the mode you will be assessed.
Table 3: Assessment

S/N Method of Assessment Score (%)

3 Computer-Based Tests 30

4 Final Examination 70

Total 100

ASSIGNMENTS

Take the assignment and click on the submission button to submit. The
assignment will be scored, and you will receive feedback.

EXAMINATION
Finally, the examination will help to test the cognitive domain. The test

items will be mostly application, and evaluation test items that will lead
to creation of new knowledge/idea.

vii
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HOW TO GET THE MOST FROM THE COURSE

To get the most in this course, you:

) Need a personal laptop. The use of mobile phone only may not
give you the desirable environment to work.

o Need regular and stable internet.

) Need to install the recommended software.

. Must work through the course step by step starting with the
programme orientation.

. Must not plagiarize or impersonate. These are serious offences that
could terminate your studentship. Plagiarism check will be used to
run all your submissions.

o Must do all the assessments following given instructions.

o Must create time daily to attend to your study.

FACILITATION

There will be two forms of facilitation—synchronous and asynchronous.
The synchronous will be held through video conferencing according to
weekly schedule.

During the synchronous facilitation:

) There will be two hours of online real time contact per week
making a total of 26 hours for thirteen weeks of study time.

o At the end of each video conferencing, the video will be uploaded
for view at your pace.

) You are to read the course material and do other assignments as
may be given before video conferencing time.

. The facilitator will concentrate on main themes.

o The facilitator will take you through the course guide in the first

lecture at the start date of facilitation.

For the asynchronous facilitation, your facilitator will:

) Present the theme for the week.

Direct and summarise forum discussions.

Coordinate activities in the platform.

Score and grade activities when need be.

Support you to learn. In this regard personal mails may be sent.
Send you videos and audio lectures, and podcasts if need be.

Read all the comments and notes of your facilitator especially on your
assignments, participate in forum discussions. This will give you
opportunity to viiiocialize with others in the course and build your skill
for teamwork. You can raise any challenge encountered during your
study. To gain the maximum benefit from course facilitation, prepare a

viii
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list of questions before the synchronous session. You will learn a lot from
participating actively in the discussions.

LEARNER SUPPORT

You will receive the following support:

) Technical Support: There will be contact number(s), email
addresses and chat bot on the Learning Management System
(LMS) where you can chat or send message to get assistance and
guidance any time during the course.

o 24/7 communication: You can send personal mail to your
facilitator and the study centre at any time of the day. You will
receive answer to you mails within 24 hours. There is also
opportunity for personal or group chats at any time of the day with
those that are online.

) You will receive guidance and feedback on your assessments,
academic progress, and receive help to resolve challenges facing
your studies.

COURSE INFORMATION

Course Code: MTH212
Course Title: Linear Algebra
Credit Unit: 3 units

Course Status: Compulsory

Course Blub: This is a basic course designed to help students master the
contents of a first course in Linear Algebra. Its availability, make it widely
used for self-study especially independent student in an online
programme. The materials in this course are standard in that the topic
covered are vector spaces, linear maps and transformations, matrices,
determinants, and eigenvalues and eigenvectors. Another standard is the
audience’ friendly attribute of the material as well as the numerous
examples following each topic

Semester: Second Semester

Course Duration: 13 Weeks

Required Hours for Study: 91 hours
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MODULE 1

This module shall define the mathematical object which experience has
shown to be the most useful abstraction of this type of algebraic system.
There are two aspects to linear algebra. Abstractly, it is the study of vector
spaces over fields and their linear maps and bi-linear forms. Concretely,
it is matrix theory, since matrices occur in all parts of mathematics and its
applications and the diagonalization of a real symmetric matrix is a skill
that is required of everyone working in the mathematical sciences or
associated fields. Therefore, it is important to discuss both the abstract
and concrete aspects in a course of this kind, even when applications are
not covered in great length.

Unit 1 Vector Spaces

Unit 2 Linear Combination
Unit 3 Linear Transformation |
Unit 4 Linear Transformation Il

UNIT 1 VECTOR SPACES
Unit Structure

1.1  Introduction
1.2 Learning Outcomes
1.3  Vector Spaces
1.3.1 Definitions and Examples of Vector Space
1.3.2 Spaces Associated with Vector Spaces
1.3.3 Definitions and Examples of Vector Subspace
1.4 Summary
1.5  References/Further Readings

N1.1 Introduction

Vector spaces and linear transformations are two fundamental elements
that form the basis of linear algebra. The strength of mathematics
typically comes from the ability to abstractly formulate a wide range of
situations, and that is exactly what shall be done throughout this module.
The area of mathematics known as linear algebra deals with the common
features of algebraic systems made up of sets, as well as a logical concept
of a "linear combination” of element in the set.

Vector spaces, linear maps, and bi-linear forms are dealt with on the
theoretical side. Vector spaces over a field F are particularly alluring
1
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algebraic objects, since each vector space is completely determined by a
single number, its dimension (unlike groups, for example, whose structure
is much more complicated). On the practical side,the subject only
concerns matrix. A matrix must be used to express any calculation
involving a linear map or a bilinear form. As a result, matrices can
represent a variety of objects.

@

1.2 Learning Outcomes

By the end of this unit, you will be able to:

Define vector space over a field

Define vector subspace

Cite examples of vector spaces and subspaces

State and prove theorems involving vector spaces and subspaces

1.3 Vector Spaces
1.3.1 Definitions and Examples of Vector Space

This unit will mainly be concerned with finite dimensional vector spaces
over the set of real numbers, R, or set of complex numbers, C.

Note that the real and complex numbers have the property that any pair
of elements can be added, subtracted or multiplied. Division is also
allowed by a non-zero element. Such sets in mathematics are called field,
thus the sets of rational numbers, Q, real numbers, R, and complex
numbers, C, are examples of field and they have infinite number of
elements. But, in mathematics, we do have fields that have only finitely
many elements. For example, consider the sets Z, = {0,1,2,3} and Zs =
{0,1,2,3,4}.

In Z,,Z<, we define addition and multiplication, respectively, as

+ 0 1 2 3 x 0 1 2 3
0 01 2 3 0 0 0 0 O
1 1 2 3 0 and 1 0 1 2 3
2 2 3 01 2 0 2 0 2
3 3 01 2 3 0 3 2 1
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Then, we see that the elements of both Z,and Z; can be added, subtracted
and multiplied.

Thus, Z,and Z: indeed behave like a field. So, in this module, F will
represent a field.

Examples of fields are the set of complex numbers, the set of real
numbers, the set of rational numbers, and even the finite set of “binary
numbers”, {0,1}.

Definition 1.3.1: A field is an algebraic system consisting of a non-empty
set F equipped with two binary operations + (addition) and
(multiplication) satisfying the conditions:

(Recall from MTH103 that the vectors in RZand R3satisfy the conditions)
1) Vector Addition: To every pairu, v € R3, there corresponds a
unique element u + v € R3

(Called the addition of vectors) such that

a) u + v = v + u (Commutative law)

b) (u+v)+w=u+ w+w) (Associative Law)

C) R?3 has a unique element, denoted 0, called the zero vector
that satisfies u + 0 = u, for every u € R® (called the
additive identity).

d) For everyu € R3, there is an element w € R® that
satisfiesu + w = 0.

2) Scalar Multiplication: For each u € R® anda € R, there
corresponds a unique element
a - u € R3 (Called the scalar multiplication) such that
a) a-(B-u)=(a-p)- u,foreverya,p € Randu € R3
b) 1-u = uforeveryu € R3; where 1 € IR.

3) Distributive Laws: Relating vector addition with scalar
multiplication
For any a,f8 € R andu,v € R3; the following distributive laws
hold:
a) a-(u+v)=(~(-u)+ (a-v)
by (@+pB)-u=(@ v+ v)
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For the above properties to hold for any collection of vectors, we have the
following definitions:

Definition 1.3.2: A vector space V over F, denoted by V(F) or in short
V (if the field Fis clear from the context), is a non-empty set, in which
vector addition, scalar multiplication can be defined.

In other words, a vector space is composed of three objects; - a set and
two operations.

Further, with these definitions, the properties of vector addition, scalar
multiplication and distributive laws (see items 1, 2 and 3 above) are
satisfied.

Remarks:
A. The elements of F are called scalars.
B. The elements of V are called vectors.
C. The zero element of Fis denoted by 0 whereas the zero element of
I/ is also denoted by 0
D. Note that the condition 1d) above implies that for everyu € V, the
vector w € V such thatu + w = 0holds, is unique.
I. Forif, w,w, € Vwithu + w; = 0, fori = 1,2.
then by commutativity of vector addition, we see that
wi=w;+0=w; + (u+w,) =w, +u)+w,
=0+w, =w,
ii. Hence, we represent this unique vector by —u and call it the
additive inverse.

E. If V is a vector space over Rthen Vis called a real vector space.

F If VV is a vector space over C then Vis called a complex vector
space.

G. In general, a vector space over Ror Cis called a linear space.

For better understanding of the conditions given above, the following
theorem and proof are presented:

Theorem 1.3.1: Let V be a vector space over F. Then,
I. u+v=uimpliessv=20

il a-u=0ifandonlyifeitheru =00ra =0
iii. (=1)-u=—u,foreveryu e V.

Proof:

Part 1: By Condition 1d) and Remarks D above, for each u € Vthere
exists —u € V suchthat —u 4+ u = 0.

Hence u+v=u implies 0 =—-u+v=—-u+@w+v)=_~(-u+u)+
v=0+4+v=vw

4
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Part2: As0 = 0 + 0, using Condition3,a -0 =a - (0+0) = (a - 0) +

(a+0)

ByPartl,a-0=0foranya € F

Similarly, 0-u=(0+0)-u=-u)+ (0-u) implies0-u = 0, for

anyu elv.

Now, suppose a - u = 0.

If « = 0 then the proof is over.

Assume that « # 0,a € F, then, (a)~ € F and using

1-u =ul-u = uforevery vector u € VV (see Condition 2b), we have
0O=@t0=@ 't (a-w)=(0) " a) u=1-u=u

Thus,ifa #0and a-u = 0thenu = 0.

Part 3:

As0=0-u=(1+(-1D) - u=u+ (-1 u,

Then, (—1) -u = —u

The following is one of the two most important definitions in the entire
course.

Definition 1.3.3:

Suppose that V is a set upon which we have defined two operations: (i)
vector addition, which combines two elements of V and is denoted by (+),
and (ii) scalar multiplication, which combines a complex number C with
an element of V and is denoted by (:). Then V, along with the two
operations, is a vector space over C if the following ten properties hold:
I. Additive Closure

i, Ifu,veV,thenu+vev

ii.  Scalar Closure

Iv. IfaeCandueVthena-ueV

V. Commutativity

Vi. Ifu,veV,thenu+v=v+u

vii.  Additive Associativity

viii. fu,v,weV,thenu+ @wW+w)=wW+v)+w

IX. Zero Vector

X. There is a vector,0, called the zero vector, such that u + 0 = u, for
allu e V.

Xi. Additive Inverses

xii.  If u € V, then there exists a vector —u € V such that u + (—u) =
0

xiii.  Scalar Multiplication Associativity:

xiv. Ifa,pecCandueV,thena-(f-u)=(a-p)- u.
xv.  Distributivity across Vector Addition:

xvi. Ifa€ecCandu,veV, thena-(u+v)=a-u+a-v.
xvii. Distributivity across Scalar Addition:

xviii. Ifag,peCandueV, then(a+p) - u=a-u+p-v.
XiX. One: IfueV,thenl-u=u.
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The objects in I are called vectors, no matter what else they might really
be, simply by virtue of being elements of a vector space.

Examples

1. The Euclidean plane R? is a real vector space. In other words,
two vectors can be added together as well as multiply a vector by
a scalar (a real number).

There are two approaches to explain these definitions.

a) The geometric definition: Think of a vector as an arrow starting at
the origin and ending at a point of the plane, then addition of two
vectors is done by the parallelogram law (see Figure 1.3.1). The
scalar multiple av is the vector whose length is |a| times the length
of v, in the same direction if a > 0 and in the opposite direction if
a<o.

.
Figure 1.3.1: The Parallelogram Law

b) The algebraic definition: The points of the plane are represented
by Cartesian coordinates (x, y) such that a vector v is just a pair (X,
y) of real numbers. Now we define addition and scalar
multiplication by
(1, ¥1) + (x2,¥2) = (X1 + %2, 1, ¥2)
a(x,y) = (ax, ay)
Let’s check that the rules for a vector space are really satisfied, for
instance, we check the law
a(v+w) =av + aw.
Let (xq, y1) + (x2,¥2)
Then, a(v + w) = a[(xy,y1) + (x2,¥2)]
= a(x; +x2,¥1 +¥,)
= (ax; + ax,, ay, + ay,)
= (axy,ay,) + (ax,, ay,)
= av + aw.

In the algebraic definition, we say that the operations of addition and
scalar multiplication are coordinate-wise, that is, two vectors can be
added coordinate by coordinate, and similarly for scalar multiplication.
The generalized form of this example using coordinates is given by the
next example:

6
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The n-tuple, F™:
Let n be any positive integer and F be any field, and let V = F™,
be the set of all n-tuples of elements of F. Then V is a vector space
over F where the operations are defined coordinate-wise:
Let @ = (x; + x5, ..., x,) Of scalars x; and B = (y; + Vo, o) V)
The sum of aand f is defined by
a+ :8 = (xl + X2, "'lxn) + (yl + Y2 "'Jyn)

= (X1 + Y1, %2 + Yoy s X + V)
The scalar multiplication condition would be ca =
(cxq,CXp, wen) CXy)
The product of a scalar ¢ and vector « is defined by ca =
(cxq,CXp, wen) CXy)

The fact that the vector addition and scalar multiplication satisfy
conditions (1) and (2), it is easy to verify, using the similar
properties of addition and multiplication of elements of F.

The space of (m x n) matrices F™"

Let F be any field and let m and n be positive integers. Let F™*"

be the set of all (m x n)

matrices over the field F.

I. The sum of two vectors A and B in F™" is defined by
(A+B);; = Ajj + By

ii.  The product of a scalar ¢ and the matrix (4 + B);; is
defined by

c(A+ B);j = cA;j + cB;j

Self-Assessment: From what you just read, can you recount the definition
of vector space over C and some of its properties?

1.3.2 Spaces Associated with Vector Spaces

A)

The space of functions from a set to a field:

Definition 1.3.4: Let F be any field and S be any non-empty set.

Let V be the set of all functions from the set S into F, then,

I. The sum of two vectors fand g in V is the vector f + g,
i.e., the function from S into F is defined by (f + g)(s) =
f(s)+g(s)

i The product of the scalar Cand the function f is the
function cfdefined by

(cf)(s) = cf(s)
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B)  The space of polynomial functions over a field F
Definition 1.3.5: Let F be a field and let VV be the set of all
functions f from F into F which have a rule of the form: f(x) =
Co + C1X + cx% + -+ + ¢, x™, where ¢, cq,Cy,...c,, are fixed
scalars in F(independent of x). A function of this type is called a
polynomial function on F.

N.B: Let addition and scalar multiplication be defined as in definition
3.2.1.

One must observe here that if fand gare polynomial functionsand c € F,
then f 4+ g and cfare again polynomial functions.

Definition 1.3.6: Let R"={(ay..,a)":q; ER1<i<n}u=
(ay,..,a,)T, v=(by,...,b,)TEV and a € R, we define u+v=
(ay + by, ...,a, + by)Tand a - u = (aay, ...,aa,)” (called component-
wise operations), then, V is a real vector space.

The vector space R™ is called the real vector space of n-tuples.

Definition 1.3.7: Let m,n € Nand My, (C) = {Apmxn = [a;;] € C},
then, with the usual addition and scalar multiplication of matrices,
M, .»(C) is a complex vector space.

If m = n, the vector space M,,.,,(C) is denoted by M,,(C).

Definition 1.3.8: Let S be a non-empty set and let RS = {f} such that f
isa function from Sto R. For f, g € RS and a € R, define (f + ag)(x) =
f(x) + ag(x) forall x € S, then, RS is a real vector space.

In particular, for S = N, observe that RN consists of all real sequences
and forms a real vector space.

Let C(R,R) = {f: R — R}, such that f is continuous.
Then C(R,R) is a real vector space, where (f + ag)(x) = f(x) +
ag(x)Vx € R.

1.3.3 Definition and Examples of Vector Subspace

Definition 1.3.9: A subspace is a vector space that is contained within
another vector space. In other words, every subspace is a vector space in
its own right, but it is also defined relative to some other (larger) vector
space.

The principal definition of subspace is presented below:

Definition 1.3.10: Suppose that V and W are two vector spaces that have
identical definitions of vector addition and scalar multiplication, and that

W is a subset of V, that is, W < V, then W is a subspace of V.
8
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Let us look at an example of a vector space inside another vector space.

Vector Subspace

Definition 1.3.12: Let V be a vector space over F. Then, a non-empty
subset W of V is called a subspace of V if W is also a vector space with
vector addition and scalar multiplication in W coming from that in V
(compute the vector addition and scalar multiplication in V and then the
computed vector should be an element of W).

Theorem 1.3.2: Let V(F) be a vector space and W € V,W # @. Then,
W is asubspace of V ifand only if au + fv € W whenever a, f € F and
u,vew.

Proof: Let W be a subspace of V and let u,v e W. Asu,ve W is a

subspace, the scalar «, € Fand au + v € W.

Now, we assume that au + fv € W, whenever a,f € Fand u,v € W.

To show, W is a subspace of V/:

I. Takinga =0and g = 0= 0 € W. So, W is non-empty.

i. Takinga =1and f = 1,weseethatu + v € W, foreveryu,v €
w.

ii.  Taking § = 0, we see that au € W, forevery a € Fandu € W.

iv.  Hence, using Theorem 1.3.1(iii) above, —u = (—1)u € W.

V. The commutative and associative laws of vector addition hold as
they hold in V.,

vi.  The conditions related with scalar multiplication and the
distributive laws also hold as they hold in V.

Theorem 1.3.3: A non-empty subset Wof V is a subspace of Vif and only
if for each pair of vectors «, § € Wand each scalar ¢ € F the vector ca +
BeEW.

Proof:

Suppose that Wis a non-empty subset of VV such that ca + f € W for all
vector a, § € Wand all scalars c € F.

Since W is non-empty, there is a vector ¢ € W, which implies that
(—Dep+¢p=0isinW,

If a is any vector in W, and c, any scalar, the vector ca = ca + 0 is in
w.

In particular, (—1)a = —a isin W.

Also, ifa,p e W, thena+f =1a+ Lisin W.

Thus, W is a subspace of V.

Conversely, if Wis a subspace of V, a, 8 € Wand c is a scalar, certainly
ca+pLEW.
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Examples:

1. If V is any vector space and V is a subspace of V; the subset
consisting of the zero vector alone is a subspace of V, called the
zero subspace of V.

2. In F™, the set of n-tuples x;, x,, ..., x,With x; = 0 is a subspace;
however, the set of n-tuples with x; = 1 + x, is not a subspace
(n>2).

3. The space of polynomial functions over the field Fis a subspace of
the space of all functions from F into F.

4. An n X n (square) matrix Aover the field Fis symmetric if 4;; =

Aj;, for each i and j. The symmetric matrices form a subspace of
the space of all n X n matrices over F.

5. An n X n (square) matrix A over the field C of complex numbers
is Hermitian (or self-adjoint) if Ay = Akjfor each j, k, the bar
denoting complex conjugation.

Definition 1.3.13: A 2 X 2 matrix is Hermitian if and only if it has the
form

z x + iy

x — 1y

The set of all Hermitian matrices is not a subspace of the space of all n x
nmatrices over C. If A is Hermitian, its diagonal entries A,;, 4,5, ..., Apn
are all real numbers, but the diagonal entries of A;;are in general not real.
On the other hand, it is easily verified that the set of n x ncomplex
Hermitian matrices is a vector space over the field R of real numbers (with
the usual operations).

, Where x, y, z, w, are real numbers.

Theorem 1.3.4: The solution space of a system of homogeneous linear
equations:

Let A be an m X n matrix over F, then the set of all n x 1 (column)
matrices X over F such that AX = 0 is a subspace of the space of all n x
1 matrices over F.

To prove this, we must show that A(cX +Y) = 0 when AX = 0,AY =
0, and c is an arbitrary scalar in F.

This follows immediately from the following general fact.

Lemma: If Aisan m X n matrix over F and B, C are n X p matrices over
F then
A(dB + C) = d(AB) + AC for each scalard € F

Proof:
[A(dB + O)];; = zAik(dB + 0y
k

10
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= Z(dAlkBk] + Aikaj)

k
= dzAikBkj + ZAikaj
k k

= d(AB);; + (AC);;
Similarly, one can show that (dB + C)A = d(BA) + CA, if the matrix
sums and products are defined.

Theorem 1.3.5: Let V be a vector space over the field F. The intersection
of any collection of subspaces of V' is a subspace of V.

Proof:

Let {W,} be a collection of subspaces of V, and let W = N, W, be their
intersection.

Recall that W is defined as the set of all elements belonging to every W,.
Since each W, is a subspace, each contains the zero vector. Thus, the zero
vector is in the intersection W, and W is non-empty.

Let ¢ and S be vectors in W and let ¢ be a scalar.

By definition of W, both aand Bbelong to each W,, and because each W/,
is a subspace, the vector ca + g is in every W,. Thus(ca + ) is again
in W.

Thus, by Theorem 1.3.1, W is a subspace of V.

From Theorem 1.3.2, it follows that if S is any collection of vectors in V,
then there is a smallest subspace of V which contains S, that is, a subspace
which contains S and which is contained in every other subspace
containing S.

SELF- ASSESSMENT EXERCISE

. By Definition 1.3.3, show that the ten properties hold using the two
operations on a vector space over C.
il Enumerate any three (3) examples of vector space.

|L’/'c.»‘/|
1.4 Summary

In this unit we have covered the following points:

o A vector space is composed of three objects, a set and two
operations which satisfy some properties

11
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o The Euclidean planeR?, the n-tuple, F™ and the space of (m x n)
matrices F™*™ are examples of vector spaces

o A subspace is a vector space that is contained within another vector
space.

A vector space V over the field F, denoted by V(F), is a non-empty set,
in which vector addition, scalar multiplication can be defined.

The vector space R™ is called the real vector space of n-tuples.

A non-empty subset W of a vector space V over F is called a subspace of
Vif W is also a vector space with vector addition and scalar multiplication
in W coming from that in V.

The intersection of any collection of subspaces of V is a subspace of V.

M

Robert A. Beezer (2014). A First Course in Linear Algebra Congruent
Press, Gig Harbor, Washington, USA 3(40).

1.5 References/Further Readings

Arbind K Lal Sukant Pati (2018). Linear Algebra through Matrices.

Peter J. Cameron (2008). Notes on Linear Algebra.
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UNIT 2 LINEAR COMBINATIONS
Unit Structure

2.1 Introduction

2.2  Learning Outcomes

2.3 Linear Combinations
2.3.1 Linear Combination of Column Vectors
2.3.2 Linear Combination and Consistency of a System
2.3.3 Linear Span
2.3.4 Finite and Infinite Dimensional

2.4  Linear Independence
2.4.1 Linearly Independent Vectors
2.4.2 Properties of Linear Independence

2.5  Summary

2.6  References/Further Reading

gz.l Introduction

The heart of linear algebra is in two operations, both with vectors. We add
vectors to obtain v +w and multiply them by numbers or scalars ¢ and d
to get cv and dw.Combining those two operations (adding cv to dw)
gives the linear combination cv + dw.

Linear combinations are all-important in this subject! Sometimes, one
particular combination is required, the specific choice c =2 and d = 1 that
produces cv + dw = (4,5).

Other times, we require all the combinations of v and w (coming from all
¢ and d), the vectors cv lie along a line. When w is not on that line, the
combinations cv + dwfill the whole two-dimensional plane ("two-
dimensional” because linear algebra allows higher-dimensional planes).
For four vectors u,v,w,z in four-dimensional space and their
combinations:

cu + dv + ew + jz are likely to fill the space but not always.
The vectors and their combinations could even lie on one line.

13



MTH 212 LINEAR ALGEBRA

@ 2.2

By the end of this unit, you will be able to:

Learning Outcomes

Define Linear Combination of Column Vectors

Form Linear Combinations given different scalars

Define Finite dimension of a Vector Space

Define Consistency of a System

Obtain the Solution(s) of a system containing a linear combination
of the columns

o Define Linear Span of a Collection of Vectors

2.3 Linear Combinations
2.3.1 Linear Combinations of Column Vectors

Definition 2.3.1: Given n vectors u,,u,,us, ..., u, from the column
vector C™ and n-scalars a4, a5, a3, ..., @, their linear combination is the
vector aquq + ayu, + azuz + -+ a,uy,.

The definition above combines an equal number of scalars and vectors
using the two operations (scalar multiplication and vector addition), thus
forming a single vector of the same size as the original vectors.

Example 1: Linear combinations in C>
Let al - _1a2 - —30(3 - 4‘“4 - 2 and

3
6
u1= 0 uZ— U3—_ZU4—_4
-1

| {]
Their linear combinatlon IS
auq + AUy + azusz + AUy

1 3 2 3

-2 -2 1 6
=D]0o |+ D)4 +@)]-21+2)]-4
— 0 -1

1

ls |

14
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-1 -9 8 6 4
‘fﬂ s | 4] M {24}
=10 |+|-12|1+]-8|+1-8]1=1-28
e 120 [ l‘22| lfo|

Other different linear combinations can be formed given different scalars,
for instant, given 8, = 2,6, = -1, =—-3;8, =0
We can form a linear combination given by

Biuy + Bauy + Baus + Bauy

3 2 3

-2 -2 1 6

=)o l+D] 4 |+ 3D =21+ 0] -4

4 l;Jg L6‘13J 0 l%J 17
FLEELRF
HESREAREEE

2.3.2 Linear Combination and Consistency of a System

Definition 2.3.2: A system Ax = B is consistent if it has a solution and
inconsistent if it has no solution. The consistency of the system Ax = B
leads to the idea that the vector B is a linear combination of the columns
of A.

1 1 2 2 1 1
Example 2: LetA =1 2|and B =|3]|. Then, [3| = [1]| + |2
1 3 4 4 1 3

2
This implies that [3] is a linear combination of the vectors in P =
4
17 [1
1{,]2
1

3

8
Similarly, the vector [13] is a linear combination of the vectors in P as
18
8 1 1 3
13| =3|1|+5]2 =A[]
5
18 1 3

Thus, a formal definition of linear combination is given below:

Definition 2.3.3: Let V be a vector space over Fand letP = {ug, ..., u,} S
V. Then, a vectoru € V is called a linear combination of elements of P

15
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if we can find «,...,a,, such that u = a;u; + a,u, + -+ a,u, =
i1 il

Or equivalently, any vector of the form ».* ; a;u;where a4, ...+ @, € F

Is said to be a linear combination of the elements of P.

Thus, the system Ax = B has a solution, meaning that B is a linear

combination of the columns of A.

Or equivalently, B is a linear combination means the system Ax = B has

a solution.

So, recall that when we were solving a system of linear equations, we
looked at the point of intersections of lines or plane etc. But here it leads
us to the study of whether a given vector is a linear combination of a given
set P or not? Or in the language of matrices, is B a linear combination of
columns of the matrix A or not?

Examples 3:
a) Is (4, 5, 5) a linear combination of (1, 0, 0), (2, 1, 0) and (3, 3, 1)?
Solution:
1 2 3 4
LetA=(0 1 3|andB = 5‘
0 0 1 5
1 2 3 [4
9o+ (-10)|1|+5 3]= 5]
0 0 11 15
Hence (4, 5, 5) a linear combination of (1, 0, 0), (2, 1, 0) and (3, 3, 1) and
1 2 3 9 ] 47
=10 1 3 [—10 =[5
0 0 11L 5 . 51

A

9 4
—10] = [5] of the form Ax = B
5 5
Thus,x =[9 —10 5]7 isasolution.

b) Find condition(s) on x,y, z € R such that
I (x,y,z) is a linear combination of (1,2,3),(—1,1,4) and

(3,3,2).

i, (x,y,z)is a linear combination of (1,2,1),(1,0,—1) and
(1,1,0).

ii. (x,y,z) is alinear combination of (1,1,1),(1,1,0) and (1,1, 0).

Solution:

1 -1 3 3

21+ 11 |+ ]3] = [6]

3 4 2 9

16
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(1] [ 1 1 3
2|+ o] +|1] |4
11 1-1 0 0
11 [1 1 3
11+ 1]+ 1] = 3‘
11 10 0 1

Self-Assessment: Now, in simple sentences, give a simple description of
linear combination of column vectors

2.3.3 Linear Span

Definition 2.3.4: Let V be a vector space over F and S a subset of V. We
now look at ’linear span' of a collection of vectors. So, here we
ask;“What is the largest collection of vectors that can be obtained as linear
combination of vectors from S” Or equivalently, what is the smallest
subspace of V that contains S?

Example 4

LetS = {(1,0,0), (1,2,0)} € R3. Let us find the largest possible subspace

of R3 which contains vectors of the form «(1,0,0),5(1,2,0) and

(1,0,0), (1,2,0) for all possible choices ofa, 8 € R. Note that

a. [, = {a(1,0,0): @ € R} gives the x-axis.

b. l, = {B(1,2,0): B € R} gives the line passing through (0, 0, 0) and
1,2, 0).

So, we want the largest subspace of R3 that contains vectors which are
formed as sum of any two points on the two lines [,and [, , or the smallest
subspace of R3 that contains S?

2.3.4 Finite and Infinite Dimensional

Definition 2.3.5: Let V be a vector space over Fand S € V, then

1. the linear span of S, denoted by Ls(S), is defined as
Ls(S) = {ajuy + -+ ayu, |a; E F,u; € Sfor1 <i <nj}.
This implies that Ls(S) is the set of all possible linear combinations
of finitely many vectors of S. If S is an empty set, we define

Ls(S) = {0}.
2. V is said to be finite dimensional if there exists a finite set S such
that V = L(S).

3. If there does not exist any finite subset S of V such that V = L(S)
then V is called infinite dimensional.

17



MTH 212 LINEAR ALGEBRA

Example 5:
For each set S given below, determine Ls(S).
a) s ={(1,0)",(0,1)"} € R%.

Solution: Ls(S) = {a(1,0)T + b(1,0)"|a,b € R} = {(a,b)"|a,b €
R} = R2.

Thus, R?is finite dimensional.

b) S = {(1,1,1)7, (2,1,3)T}. What does L(S) represent inR3?

Solution:

Ls(S) = {a(1,1,1)T + b(2,1,3)"|a,b € R} ={(a + 2b,a + b,a +

3b)T|a, b € R}.

Note that L(S) represents a plane passing through the points

(0,0,0)7, (1,1,1)Tand(2,1,3)T.

To obtain the equation of the plane, we proceed as follows:

Find conditions on x, y and z such that {(a + 2b,a + b,a + 3b) =

(x,y,2)}-

Or equivalently, find conditions on x, y and z such that a + 2b = x; a +

b =y and

a+ 3b = zhas asolution forall a,b € R.

The Row-Reduced Echelon Form(RREF) of the augmented matrix equals
1 0 2y — x
k 1 xX—y
0 0 z+y—2x

Thus, the required condition on x, yand zis given by z + y — 2x = 0.

Hence, Ls(S) = {a(1,1,1)T + b(2,1,3)T|a,b € R} = {(x,y,2)T €

R3|2x —y —z = 0}.

Verify that if T = S U {(1,1,0)7}, then Ls(T) = R3.

Hence, R3 is finite dimensional.

In general, for every fixed n € N,R"is finite dimensional as R" =

Ls({eq, ...e,}).

c)S={1+2x+3x%1+x+2x% 1+ 2x + x3}

Solution:

To understand Ls(S), we need to find condition(s) on a, 8, y, dsuch that
the linear system:
a(l+2x+3x)+b(1+x+2x)+c(1+2x+x3)=a+px+
yx? + 6x3

in the unknowns a, b, c is always consistent.

An application of Gauss-Jordan Elimination (GJE) method gives a + 8 —
y — 38 = 0 as the required condition.

Thus,

Ls(S) ={a+Px+yx*+6x3 €R[x]:a+ B —y—35 =0}.

18
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Note that, for every fixed n € N, R[x; n]is finite dimensional as R[x; n] =

Ls({1,x,...x™}).
1 0 0][0 1 170 1 2
d)5={[0 1 O],[l 1 2,[1 0 ZHEM3(R).

2 2 4

0 0 1111 2 O

Solution: To get the equation, we need to find conditions on a;;'s such
that the system

a B+y B+2y a;; Qi Qg3
B+vy a+f 20+2y =\a21 Az a23]
p+2y 2642y a+2y az1 A3z 0433
in the unknowns «, 3, y is always consistent.
Now, verify that the required condition equals

Ay + 33 — Qg3
L5(S) = {4 = [ay] € Mu(R):A = AT, 0y, = 222220
_ Gy — a3z + 3053 _ Gy — a3z + 3053
B 4 23 = 2

In general, for each fixed m,n € N, the vector space M,,,(R) is finite
dimensional

M, »(R) = Ls({eij: 1<i<m1<j< n})

The vector space R over Q is infinite dimensional.

Definition 2.3.6: Let S be a set of vectors in a vector space V. The
subspace spanned by S is defined to be the intersection W of all subspaces
of V which contain S.

When S is a finite set of vectors, S = {ay, a5, ..., @, }, we shall simply call
W the subspace spanned by the vectors a4, a5, ..., @y,

Theorem 2.3.1: The subspace spanned by a non-empty subset S of a
vector space V is the set of all linear combinations of vectors in S.

Proof: Let W be the subspace spanned by S. Then each linear combination
a=x,0 + X0, + -+ + X, OF VECtOrs a4, a,, ..., a,,in Sis clearly in
W.

Thus, W contains the set L of all linear combinations of vectors in S.

The set L, on the other hand, contains S and is non-empty.

If «,f belong to L then ais a linear combination, a = x;a; + x,a, +
-+ xpa,, Of vectors o;in S, and gis a linear combination g = y,; +
Y2B; + -+ + yn By, Of vectors B in S

For each scalar ¢, ca + g = X% (cx)a; + Y71 ViB;

Hence ca + Sbelongs to L.

Thus, L is a subspace of V.
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Now we have shown that L is a subspace of V which contains S, and also
that any subspace which contains S contains L. It follows that L is the
intersection of all subspaces containing S, that is, that L is the subspace
spanned by the set S.

Definition 2.3.7: If S, S,, ..., S are subsets of a vector space V, the set of
all sums a; + a, + -+ + a; of vectors a; in S; is called the sum of the
subsets Sy, S5, ..., S, and is denoted by S; + S, + -+ + S or XK . S;

If W, W,, ..., W,are subspaces of V, then the sum is easily seen to be a
subspace of V which contains each of the subspaces W;. From this it
follows, as in the proof of Theorem 3, that W is the subspace spanned by
the union of W, W,, ..., W,.

Example 6: Let F be a subfield of the field C of complex numbers.
Suppose

a, = (1,2,0,3,0), @, = (0,0,1,4,0), a5 = (0,0,0,0,1).
By Theorem 2.3.1, a vector a is in the subspace W of F°spanned by
a,, a,, a5 if and only if there exist scalars ¢y, ¢y, c3 In F such that a =
cLaq + ca, + c3as.
Thus, W consists of all vectors of the form a = ¢,, 2¢4, ¢,, 3¢, + 4c,, a5,
where ¢4, c,, c5 are arbitrary scalars in F.
Alternatively, W can be described as the set of all 5-tuples a =
(x1, X3, X3, X4, x5) With x; in F such that x, = 2x; and x, = 3x; + 4x;
Thus (- 3,—6,1,5,2) isin W, whereas (2,4, 6,7,8) is not.

2.4  Linear Independence
2.4.1 Linearly Independent Vectors

Definition 2.4.1:

(a) Let V be a vector space over the field K, and let S = {v,, ..., v,} be a
non-empty subset of containing vectors in V. The vectors v,, v, ..., v, are
linearly independent if, whenever there exists scalars c, ..., ¢, satisfying
C1V1 + CyV5 ...+ ¢ v, = 0, then necessarily ¢; = ¢, = - = ¢, = 0,,.
(b) The vectors v4, v, ..., v,are spanning if, for every vectorv € V, we can
find scalars ¢y, ¢, ...,c, € K suchthatv = cyv; + c,v, ... + vy,

In this case, we write V = (v, v, ..., ).

(c) The vectors vy, v, ...,v,form a basis for V if they are linearly
independent and spanning.

Remarks:

o Linear independence is a property of a list of vectors.

o A list containing the zero vector is never linearly independent.

. Also, a list in which the same vector occurs more than once is never

linearly independent.
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Definition 2.4.2: Let V be a vector space over the field K, then V is finite
dimensional if vectors v, v, ..., v, € Vcan be found to form a basis for
V.

Proposition: The following three conditions are equivalent for the

vectors v,, v, ..., v,0f the vector space V over K:

a) Vq, V5 ..., UylS a basis;

b) vy, U, ..., UpiS @ maximal linearly independent set (that is, if we add
any vector to the list, then the result is no longer linearly
independent);

C) V4,7V, ..., UylS @ minimal spanning set (that is, if we remove any
vector fromthe list, then the result is no longer spanning).

2.4.2 Properties of Linear Independence:

Theorem 2.4.1 (The Exchange Lemma) Let V be a vector space over K.
Suppose that the vectors v,, v, ..., v,are linearly independent, and that the
vectors wy, w;, ..., w,, are linearly independent, where m > n. Then we
can find a number i with 1 < i < m such that the vectors v,, ..., v,,, w; are
linearly independent.

A lemma about systems of equations would be used to prove this theorem.
Lemma: Given a system (x)
A11X1 + ayXy + o+ aymXym =0
Ay1X1 + AypXy + -+ AypXy, = 0

Ap1X1 + ApoXy + -+ ApmXy,, =0
of homogeneous linear equations, where the number n of equations is
strictly less than the number m of variables, there exists a non-zero
solution (x4, ..., x,,,) (that is,x4, ..., x,,, are not all zero).

Proof:

This is proved by induction on the number of variables. If the coefficients
a,q, 0y, ..., Ay, Of x; are all zero, then putting x; = 1and the other
variables zero gives a solution.

If one of these coefficients is non-zero, then we can use the corresponding
equation to express x, in terms of the other variables, obtaining (n — 1)
equations in (m — 1) variables.

By hypothesis, n —1 <m — 1.

So, by the induction hypothesis, these new equations have a non-zero
solution.
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Computing the value of x; gives a solution to the original equations.
Now we turn to the proof of the Exchange Lemma.

Let us argue for a contradiction by assuming that the result is false; that
Is, assume that none of the vectors w,can be added to the list

(v4, v, ..., v,) to produce a larger linearly independent list, this means
that, for all j, the list (v, ..., v,,, w;) is linearly dependent.

So, there are coefficients c;, ..., ¢,, d, not all zero, such that c;v; + --- +
CnUn +dw; = 0.

We cannot have d = 0; for this would mean that we had a linear
combination of vy, v, ..., v, equal to zero, contrary to the hypothesis that
these vectors are linearly independent.

So, we can divide the equation through by d, and take w; to the other side,
to obtain (changing notation slightly)

Wi = a1V + AV + -+ ap Uy = z a;;vj )
j=1
We do this for each valueof i = 1,...,m.

Now take a non-zero solution to the set of equations (i) above: that is,
m

Zajixi=0; ] = 1,...,n (ll)
i=1
Multiplying the formula for w; by x;and adding, we obtain
m

n
XWq + o+ X Wy, = z (Z ajl-xl-) vi=0 (iit)

j=1 \i=1
But the coefficients are not all zero, so this means that the vectors
(wy, w, ..., w,,) are not linearly dependent, contrary to hypothesis.
So, the assumption that no w;can be added to (v,, v, ..., v,) in order to
obtain a linearly independent set must be wrong, and the proof is
complete.

Definition 2.4.3: Let B be a subset of a set A. Then, B is said to be a
maximal subset of A having property P if

1. B has property P

2. No proper superset of B in A has property P.

Example 7: Let T ={2, 3,4, 7, 8, 10, 12, 13, 14, 15}. Then, a maximal
subset of T of consecutive integers is S = {2, 3, 4}.

Other maximal subsets are {7, 8}, {10} and {12, 13, 14, 15}. Note that
{12, 13} is not maximal. Why?
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Definition 2.4.4: Let V be a vector space over F. Then, S is called a
maximal linearly independent subset of V if

1. S is linearly independent and

2. no proper superset of S € V is linearly independent.

Example 8:

a. In R3, the set S = {e,, e, } is linearly independent but not maximal

as S U {(1,0,0)7} is a linearly independent set containing S.

b. In R3, set S={(1,00)7,(1,1,0)7,(1,1,—-1)7T} is a maximal
linearly independent set as S is linearly independent and any
collection of four or more vectors from R3 is linearly dependent.

C. Is the set {1,x,x2, ...} a maximal linearly independent subset of
C[x] over C ?
d. Isthe set {1 < i <m,1 <j < n}amaximal linearly independent

subset of M,,, ,,(C) over C?

Theorem 2.4.2:
Let V be a vector space over F and S a linearly independent set in V.
Then, S is maximal linearly independent if and only if Ls(S) = V.

Proof: Let v € V. As S is linearly independent, using Corollary, the set
S U {v} is linearly independent if and only if v € V\Ls(S) .
Thus, the required result follows.

Let V = Ls(S) for some set S with |S| = |T|. Then, using the Theorem 2,
we see that if T €V is linearly independent then |T| < k. Hence, a
maximal linearly independent subset of V can have at most k vectors.
Thus, we arrive at the following important result.

Theorem 2.4.3: Let V be a vector space over F and let Sand T be two
finite maximal linearly independent subsets of V. Then, |S| = |T]|.
Proof: By Theorem 2, S and T are maximal linearly independent if and
only if

Ls(S) =V = Ls(T).

Now, use the previous paragraph to get the required result.

Let V be a finite dimensional vector space. Then, by Theorem 3.4.6, the
number of vectors in any two maximal linearly independent set is the
same.

We would now use this number to now define the dimension of a vector
space.

Definition 2.4.5: Let V be a finite dimensional vector space over F. Then,
the number of vectors in any maximal linearly independent set is called
the dimension of V, denoteddim (V).
By convention,dim({0}) = 0
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Examples 9:

a.
b.

As {1} is a maximal linearly independent subset of R, dim(R) = 1.
As f{eq,..,e,} is a maximal linearly independent subset
inR™, dim(R™) = n.

As {e,, ..., e, } is a maximal linearly independent subset in C™ over
C, dim(C™) = n.

Using 9c, {ey, ..., e,,, ieq, ..., ie,, } is amaximal linearly independent
subset in C™ over R. Thus, as a real vector space, dim(C™) = 2n.
As {e1j|1 <is<ml1<j< n} is a maximal linearly independent

subset of M, ,,(C) over C, R™,dim (Mm,n(C)) = mn.

SELF-ASSESSMENT EXERCISE(S)

1.

2.

Use different sets of scalars to construct different vectors. You
might build a few new linear combinations of u,, u,, us, u,

Lets = {(1,1,1,1)7,(1,-1,1,2)7,(1,1,-1,1)T} € R*. Does
(1,-1,1,2)T € Ls(S)?

Determine conditions on x, y, z and u such that (x,y,z u)” €
Ls(S)

Prove that if two vectors are linearly dependent, one of them is a
scalar multiple of the other.

Are the vectors:

a; = (1,1,2,4),a, = (2,-1,-5,2),a; = (1,-1,-4,0),a, =
(2,1,1,6) linearly independent in R*?

Find a basis for the subspace of R* spanned by the four vectors of
Exercise 2 above.

Show that the wvectors a; =(1,0,—1),a, = (1,2,1),a; =
(0, —3,2)form a basis for R3. Express each of the standard basis
vectors as linear combinations of a,, a, and a;.

Find three vectors in R3which are linearly dependent, and are such
thatany two of them are linearly independent.

YO/

2.5 Summary

The largest collection of vectors that can be obtained as linear
combination of vectors is called ’linear span and that {1} is a maximal
linearly independent subset of R, dim(R) = 1.

Also, if V be a vector space over F and S a linearly independent set in V,
then, S is maximal linearly independent if and only if Ls(S) = V.
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The subspace spanned by S is defined to be the intersection W of all
subspaces of IV which contain S.

The vector a,uy + a,u, + asus + -+ + a,u, is the linear combination
of n-vectors u,, u,, us, ..., u,, from the column vector C™ and n-scalars
aq, dy, A3, ..., Ay

The number of vectors in any maximal linearly independent set of a finite
dimensional vector space V over F is called the dimension of V.

M

Robert A. Beezer (2014). A First Course in Linear Algebra. Congruent
Press Gig Harbor, Washington, USA 3(40).
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UNIT 3 LINEAR TRANSFORMATIONS |
Unit Structure

3.1 Introduction
3.2 Learning Outcomes
3.3  Linear Transformations
3.3.1 Spaces Associated with a Linear Transformation
3.3.2 The Range Space and the Kernel
3.3.3 Rank and Nullity
3.3.4 Some Types of Linear Transformations
3.4  Theorems of Vector Spaces
3.4.1 Isomorphism Theorems of Vector Spaces
3.4.2 Homomorphism Theorems of Vector Spaces
3.5 Summary
3.6  References/Further Reading

N 3.1 Introduction

You have already learnt about vector space and several concepts related
to it. In this unit we initiate the study of certain mappings between two
vector spaces, called linear transformations. The importance of these
mappings can be realized from the fact that, in the calculus of several
variables, every continuously differentiable function can be replaced, to a
first approximation, by a linear one. This fact is a reflection of a general
principle that every problem on the change of some quantity under the
action of several factors can be regarded, to a first approximation, as a
linear problem. It often turns out that this gives an adequate result. Also,
in physics it is important to know how vectors behave under a change of
the coordinate system. This requires a study of linear transformations.

In this unit we study linear transformations and their properties, as well
as two spaces associated with a linear transformation and their properties,
as well as two spaces associated with a linear transformation, and their
dimensions. Then, we prove the existence of linear transformations with
some specific properties, as discuss the notion of an isomorphism between
two vector spaces, which allows us to say that all finite-dimensional
vector spaces of the same dimension are the “same”, in a certain sense.

Finally, we state and prove the Fundamental Theorem of Homomorphism
and some of its corollaries, and apply them to various situations.
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@,

By the end of this unit, you should be able to:

Learning Outcomes

Verify the linearity of certain mappings between vector spaces;
Construct linear transformations with certain specified properties;
Define the Range and the Kernel of Linear Transformation
Calculate the rank and nullity of a linear operator;

Prove and apply the Rank Nullity Theorem;

Define an isomorphism between two vector spaces;

Show that two vector spaces are isomorphic if and only if they have
the same dimension;

o Prove and use the fundamental theorem of homomorphism.

3.3 Linear Transformations

By now you are familiar with vector spaces R? and R3. Now consider the

mapping

f:R?* > R3|f(x,y) = (x,y,0). f is a well-defined function.

Also notice that

i.  f(@b)+(c,d)=f(la+c,b+d)=(a+cb+d0)=
(a,b,0) + (c,d,0)for (a,b), (c,d) € R? and

ii. For any a € R and (a,b) € R?, f((aa, ab)) = (aa,ab,0) =

af((a, b)).

So, we have a function f between two vector spaces such that (i) and (ii)

above hold true.

I. says that the sum of two plane vectors is mapped under f to the
sum to sum of their images under f.

i says that a line in the plane R? is mapped under f to a line in RZ.
Properties i) and ii) together say that fis linear, a term that we now
define.

Definition 3.3.1: Let U and V be vector spaces over a field F. A linear
transformation (or linear operator) from U to V is a functionT: U — V,
such that

LT,: T(u, +uy) = T(uy) + T(u,), for uy,u, € U and

LT,:T(au) = aT(u) fora € Fand u € U.

Conditions (i) and (ii) above can be combined to give the following
equivalent condition.

LT5: T(auy + ayu,) = a;T(uy) + a,T(uy), for ay, a, € Fuy,u, € U.
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What we are saying is that [LT,;and LT,] implies LT;. This can be easily
shown as follows:

We will show that LT; — LT;; LT; — LT,.

Now, LT;is true for all a;, @, € F.

Therefore, it is certainly true fora; = a,, that is, LT, holds.

Now, to show thatLT, is true,

Consider T'(au) for anya € Fandu € U.

We have T(au) =T(au+0-u) =aT(u)+0-T(u) = aT(u), thus
proving that LT, holds.

You can try and prove the converse now, that is, what the following
exercise is all about!

E1) Show that the conditions LT;and LT,together imply LTs;.

Before going further, let us note two properties of any linear
transformation, T: U — V, which follow from LT, (or LT,or LT3).
LT,:T(0) = 0.
Let’s see why this is true.
Since (0) =T(0+0) =T(0) + T(0) , by LT,, we subtract T(0) from
both sides to get

T(0) = 0.
LT5:T(—u) = =T (u) for all u € U. Why is this so?
Well, since, 0 =T(0) =T(u- u) =T(u) + T(—uw);
We have T(—u) = =T (u).

E2) Can you show how LT,and LTs will follow from LT,?

Now let us look at some common linear transformations.

Example 1: Consider the vector space U over a field F, and the function
T:U -V, defined by T(u) = u for all u € U. Show that T is a linear
transformation.  (This transformation is called the identity
transformation, and is denoted by Iu, or justl, if the underlying vector
space is understood).

Solution: Forany a, 8 € F and u,,u, € U, we have
T(au, + Buy) = auy + Pu, = al (uy) + BT (uy)
Hence, LT; holds, and T is a linear transformation.

Example 2: Let T: U — Vbe defined by T (u) = 0for all u € U. Check
that T is a linear transformation. (It is called the Null or Zero
Transformation, and is denoted by 0).

Solution: Forany a,f € F and u,,u, € U,

we have T(au; +Bu,) =0= a-0 +5-0

Therefore, T is linear transformation.

Example 3: Consider the function Pry:R, —» R, defined by
Pry[(x4, ..., x,)] = x;. Show that this is a linear transformation. (This is
called the projection on the first coordinate).
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Similarly, we can define Pr;: R,, = R by Pr[(xy, ., Xj—1, X; o) Xn)] = x;
to be the projection on the i**coordinate fori = 2, ..., n.

For instance, Pr,: R; = R by Pry[(x,y,2)] =y

Solution: We will use LT; to show that projection is a linear operator.

Fora,B € Rand (xq, ... ... ... Xn)y (Vs cen e e Yn) € Rn, we have
PPry[oc (xq, oo ... Xn) + B e e Ya)l = Pry(ax; + By, ax, +
B2, e e , Xy + BYn)
= axy + By,
= aPry[x;, - - ,Xn] + BPT [y, Y]

Thus Pr; (and similarly Pr;) is a linear transformation.

Before going to the next example, we make a remark about projections.
Remark: Consider the functionP:R; - R,: P(x,y,z) = (x,y), thisis a
projection from R3 on to the xy-plane. Similarly, the functions f and g,
fromR; — R,, defined by f(x,y,z) = (x,z), and g(x,y,z) = (y,z)are
projections from R3onto the xz-plane and the yz-plane, respectively.

In general, any function 6:R, = R,,(n > m), which is defined by
dropping any (n - m) coordinate, is a projection map.

Now let us see another example of a linear transformation that is very
geometric in nature.

Example 4: Let T: R? —» R? be defined by T(x,y) = (x,—y) Vx,y € R.
Show that T is a linear transformation. (This is the reflection in the x-axis
that we show in Fig. 2).

y
(2,2)

|

ol
Fig 2: Q is the reflection of P in the X-axis.

0

Solution: For a, f € R and (x1,y;), (x5, ¥,) € R?, we have
Tla(xy, y1) + B(x2,¥2)] = T(ax, + Bxy, ay; + By,)

= (ax; + Bxz, —ay; — fy2)

= a(x;, —y1) + B(xz, —¥2)

= aT (xy,y1) + BT (x2,¥2)
Therefore, T is a linear transformation.
So, far we have given examples of linear transformations. Now, we give
an example of a very important function which is not linear. This
example’s importance lies in its geometric applications.
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Example 5: Let u,be a fixed non-zero vector in U. Define T: U — Uby
T(u) = u + uy, Vu € U.Show that T is not a linear transformation. (T is
called the translation byu,. See Fig 3 for a geometrical view).

Solution: T is not a linear transformation since LT4 does not hold.
This is because T(0) =uy # 0

y
4 A B’
3 A °
2 p D’
1~ D
b 1 '2 '3 ' 4 X

Fig. 3: A’B'C'D’ is the transformation of ABCD by (1,1).

Now, try the following Exercises.
E3)Let T: R, = R, be the reflection in the y-axis. Find an expression for
T as in Example 4.
Is T a linear operator?
E4) For a fixed vector(a, a,, as)inR;, define the mapping T: R; — R by
T(x1 %5 %3) = a1%; + ax, + azx;. Show that T is a linear
transformation.
Note that T (x; x, x3) is the dot product of (x x,, x5) and (ay a,, as).
E5) Show that the map T: R; — R5 defined by
T(aya; a3) = (x; + x, — x3,2%; — X3, X, + 2x3) is a linear operator.
Let us consider the real vector space P, of all polynomials of degree less
than or equal to n.
E6) Let f € P,be given by F(x) = ay + a;x + a,x* ... ... + a,x™, a; €
R Vi.
We define (Df)(x) = a; + 2a,x + -+ ... + na,x™ 1. Show that D: P, is
a linear transformation. (Observe that Df is nothing but the derivative of
fand D is called the differentiation operator).
There is also the concept of a quotient space.
We now define a very useful linear transformation, using this concept.
Example 6: Let W be a subspace of a vector space U over a field F. W
gives rise to the quotient space U/W. Consider the map T:U —
U /Wdefined by T(u) = u + W. Show that T is a linear transformation.
Solution: Forany a, 8 € F and u,,u, € U, we have
T(au, + Buy) =auy + Pu, + W
= (au, + W) + (Bu, + W)
= alu, + W) + Blu, + W)
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= aT(ul) + .BT(uz)
Thus, T is a linear transformation.
Now solve the following exercise.

Example 7: Let u;=(1,-1),u, =2,—-1),u; =04,-3),v, =
(1,0),v, = (0,1) andv; = (1, 1) be six vectors in R,.
Can you define a linear transformation T:R, — R, such that(u,)
v;,i = 1,237
(Hint: Note that 2u; + u, = uz and v; + v, = v3).
You have already seen that a linear transformation T: U — V must satisfy
T(a,uy + ayuy) = a;T(wy) + a,T(u,), for ay,a, € Fand uy,u, € U.
More generally, we can show that,
LT6: T(a;uq + -+ + a,u,) = a;T(uy) + -+ + a,T(u,);where a € F
and u; € U.
This shall be shown by induction, that is, we assume the above relation
for n = m, and prove it for m + 1.
Now, T(ajuy + = Gl + Apiallmer) = T(U+ Appalimes)
where,u = a uy + -+ + a Uy,
= T(u) + a1 T (Um4q1), Since the result holds forn = 2
= T(ayus + - ) + Appa T (Umsa)

=T (uy) + -+ T(@n)T(um) + Gy T (Ume1)
Since we have assumed the result for n = m.
Thus, the result is true for n = m + 1. Hence, by induction, it holds true
for all n.

Let us now come to a very important property of any linear transformation
T:U->YV.

In the earlier unit, we mentioned that every vector space has a basis. Thus,
U has a basis.

We will now show that T is completely determined by its values on a basis
of U. More precisely, we have:

Theorem 3.1: Let S and T be two linear transformations from U to V,
where, dim, U = n. Let (e, ... ... , €,) be a basis of U. Suppose S(e;)for
i=1,..,n. Then, S(u) = T(u) forallu € U.

Proof: Let u € U. Since (e, ... ... ,ey)Is a basis of U, u can be uniquely
written as:
U =a.6; + ... + a,e,, Where the a; are scalars.

Then, S(u) = S(a1eq + ... + ayey)
=a,S(e;) + ... + a,S(e,) by LT6
=a,T(e;) + ... + a,T(e,)
=a,(a.eg + .. ... + a,e,) by LT6
= T(w).
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What we have just proved is that once we know the values of T on a basis
of U, then we can find T (u) forany u € U.

Note: Theorem 3.1 is true even when U is not finite -dimensional.

The proof, in this case, is on the same lines as above.

Let us see how the idea of Theorem 3.1 helps us to prove the following
useful result.

Theorem 3.2: Let V be a real vector space and T: R — V be a linear
transformation. Then there exists v € V such that T(a) = av,Va € R.

Proof: A basis for R is (1).
LetT(1) =V €V, then, foranya € R, T(a) = aT(1) = av;
T (a) is a vector space of dimension one, whose basis is [T(1)].

Now try the following exercise, for which you will need Theorem 3.1.

E8) We define a linear operator T:R? — R2:T(1,0) = (0,1) and
T(0,5) = (1,0).
What is i) T(3,5)and ii)T (5,3)?

Now we shall prove a very useful theorem about linear transformations,
which is linked to Theorem 3.1

Theorem 3.3: Let (e; ....,e,) be abasis of U and let v, ....,v,be anyn
vectors in V. Then there exists one and only one linear transformation
T:U - V such that

T(e))=vy; i = 1,..,n.

Proof: Letu € U. Then u can be uniquely writtenas u = a,e; + ... ... +
Tay,e,.

DefineT(w) = av; + ...+ ayv,

T defines a mapping from U to V such that T(e,) = v,foralli =1,...,n
Let us now show that T is linear,

Let a, b be scalars and wu,u’ € U. Then there exist scalars
@y, ., Uy, 1, ) Br, SUCh that u = aje, + -+ e, and u' = e, +

et .Bnen
Then, au + bu’ = (aa; + bBy)e; + -+ (aa,, + bBy)e,
Hence, T(au + bu') = (aa; + bBvl + -+ (aa,, + bB, v, =

alavy + -+ apv,) + b(Bvy + -+ Brvn) = aT(u) + bT (W)
Therefore, T is a linear transformation with the property that T (e;) = v;
for all i Theorem 3.1 now implies that T is the only linear transformation
with the above properties.

Let us now see how Theorem 3.3 can be used.
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Example 8: e; = (1,0,0), e, = (0,1,0) and e; = (0,0,1) form the
standard basis of R3.  Let (1,2), (2,3) and (3,4) be three vectors in R?.
Obtain the linear transformation T: R®> —» R?such that T (e,) = (1,2), T(e,)
=(2,3) and T(e3) = (3,4).

Solution: By Theorem 3.3, we know that T: R® - R? such that T(e,) =
(1,2), T(e,) = (2,3), and T(e3) = (3,4). We want to know what T (x) is, for
any x = (xq,x,,x3) € R3.
Now, X = x;e; + xpe, + X365
Hence, T(X) = x,T(e;) + x,T(e,) + x3T (e3)

=x,(1,2) + x,(2,3) + x5(3,4)

= (x,+2x, + 3x3,2x; + 3x, + 4x3)
Therefore, T(xy, x5, x3) = (x1+2x, + 3x3,2x, + 3x, +4x3) is the
definition of the linear transformation T.

E9) Consider the complex field C. It is a vector space over R,

a) What is its dimension over R? Give a basis of Cover R.

b) Let a, 5 € R. Give the linear transformation which maps the basis
elements of C obtained in (a), onto o and £, respectively.

Let us now look at some vector spaces that are related to a linear operator.

3.3.1 Spaces Associated with a Linear Transformation

In Unit 1, you found that given any function, there is a set associated with
it, namely, it’s range. We will now consider two sets which are associated
with any linear transformation, T. These are the range and the kernel of
T.

3.3.1.1 The Range Space and the Kernel

Let U and V be vector spaces over a field F. Let T: U — Vbe a linear
transformation. We shall define the range of T as well as the Kernel of T.
At first, you will see them as sets.

We will prove that these sets are also vector spaces over F.

Definition 3.3.2: The range of T, denoted by R(T), is the set {T'(x): x €
U} such that the kernel (or null space) of T denoted by Ker T, is the set
{x e U:T(x) = 0}.

Note that R(T) € Vand Ker T € U.

To clarify these concepts, consider the following examples:

Example 9: Let I: U — Vbe the identity transformation (see Examplel).
Find R(I) and Ker I.
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Solution: R(I) ={I(v):veV}={v:iveV}=V.
Also, Ker ={v eV:I(v) =0} ={v e V:v =0} = {0}

Example 10: Let T:R3 - R be defined by (x;,x,,x3) = 3x; + x, +
2x5. Find R(T) and Ker T.

Solution: R(T) = {x € R: x;,x,, x5 € Rwith 3x; + x, + 2x3 = x}
For example, 0 € R(T), Since 0 = 3.0 + 0 + 2.0 = T(0,0,0)
Also, I € R(T), since I=3-2+0+2-0=T(%0,0), or I=3-0+
1+2-0=7(0,1,0) or [=3.0+1+20=T(0,1,0); or I =
T(0,0,%)orl = T (5,3,0).
Now can you see that R(T) is the whole real line R?
This is because, for any a € R,a =a-1=aT(%0,0)=T(%0,0) €
R(T)

Ker T = {(x,,%,,x3) € R3: 3x; + x, + 2x3 = 0}
For example, (0,0,0) € ker T, but(1,0,0) & Ker T .
Therefore, Ker T # R3. In fact, Ker T is the plane 3x; + x, + 2x3 = 0
in R3.

Example 11: LetT: R® - R3 be defined by
T(xl, xZ, X3) == x1 - x2 + ZX3, 2x1 + xZ, —x1 - sz + Z.X3
Find R(T) and Ker T.

Solution: To find R(T), we must find conditions on y;, y,, y; € Rso that
(v1, V2, V3) € R(T), i.e., we must find some (x;, x,, x3) € R so that
V1, V2, ¥3) = T(xq1, x5, %3) = (X7 — x + 2x3, 2, + X5, %, — 2X5 + 2X3)
This means

X1 =Xy +2X3=Y;, i (1)
21+ X, =Y, 2
=X, — 2Xy +2X3 = V3 i, 3)
Subtracting 2 times (1) from (2) and adding (1) and (3) to obtain
3%, —4X3 =Yy — 2V e (4)
—3x, +4x3 =Y+ Y3 i (5)

Adding Equations (4) and (5) we get

Y2 —2y1 +y1 +y3 =0, thatis, y, + y3 =y,
Thus, (¥1,¥2,¥3) ER(T) =y, +y3 = 1.
On the other hand, if y, + y; = y;, we can choose

X3 = 0: x, = YZ—;JH ; X, =y, + 372_32371
Then, we see that T (xq, x,, x3) = (¥4, V2, V3)
Thus, ¥, +y3 =1 = (¥1,¥2,¥3) € R(T)
Hence, R(T) = {(y1,¥2,¥3) € R®:y, + y5 = y1}
Now (x4, x,,x3) € Ker T if and only if the following equations are true:
Xy =Xy +2x3 =y,
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2x1 + %, =Y,
gives
—X1 — 2X; +2x3 =y; +2x3 =0
2x,+x,=0
—x1 — 2%, +2x3 =0
Of course, x; =0, x, = 0,x3; = 0is asolution.

Are there other solutions?

To answer this, we proceed as in the first part of this example.
We see that 3x, + 4x3 = 0 == x5 = 3x,
Also, 2x; + x, = 0 5= x; = —3x,
Thus, we can give arbitrary values to x, and calculate x;and x5 in terms
of x,.
Therefore, KerT = {(-% a, ®)a): a € R}.
In this example, we see that finding R(T) and Ker T amounts to solving
a system of equations. In subsequent unit, you will learn a systematic way
of solving a system of linear equations by the use of matrices and
determinants.
The following exercises will help you in getting used to R(T) and Ker T.
E10) Let T be the zero-transformation given in Example 2. Find KerT
and R(T). Does I € R(T)?
E11) Find R(T) and KerT for each of the following operators:

a) T:R® > R%:T(x,y,2z) = (x,y)

b) T:R®* > R:T(x,y,2) =z

) T:R®->R3:T(x;,%5,%3) = (x; + x5 +x3,%; + X, + x3,%; +
Xy + X3)).
(Note that the operators in (a) and (b) are projections onto the xy-plane
and the z-axis, respectively).
Now that you are familiar with the sets R(T) and KerT, we will prove
that they are vector spaces.

Theorem 3.4: Let U and V be vector spaces over afield F. LetT:U - V
be a linear transformation. Then Ker T is a subspace of U and R(T) is a
subspace of V.

Proof: Let x;,x, € KerT < U and a,,a, € F.

Now, by definition, T(x;) = T(x,) =0

Therefore, a;T(x;) + a,T(x,) =0

But a;T(x;) + a,T(x;) = T(ax, + ayx,)

Hence, T(a,x; + a,x,) =0

This means that a;x; + a,x, € KerT.

Thus, by Theorem 3.2.3 of Unit 1, KerT is a subspace of U.
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Lety,,y, € R(T) € V,and a,, a, € F, then, by definition of R(T), there
exist x,,x, € U such that T(x;) = y;and T'(x,) = y,
So, a1 yy + azy; = ayT(xy) + a;T(x3)

= T(a;x; + azx,)
Therefore, a;y; + a,y, € R(T), which proves that R(T') is a subspace of
V.
Now that we have proved that R(T) and Ker T are vector spaces, you
know, from Unit 1, that they must have a dimension. We shall study these
dimensions now.

3.3.1.2 Rank and Nullity

Consider any linear transformation, T: U — V, assuming that dim U is
finite. Then KerT, being a subspace of U, has finite dimension and
dim(KerT) < dim U.

Also note that R(T) = T (U), the image of U under T, a fact you will need
to use in solving the following exercise.

E12) Let {e,,---, e,} be a basis of U. Show that R(T) is generated by
{T(e1), ..., T(e))}.

From E12), it is clear that, if dim U = N, thendim R(T) < n.

Thus, dim R(T) is finite, and the following definition is meaningful.

Definition 3.3.3: The rank of T is defined to be the dimension of R(T),
the range space of T.

The nullity of T is defined to be the dimension of Ker T, the kernel (or
the null space) of T.

Thus, rank (T) = dim R(T) and nullity (T) = dim Ker T.

We have already seen that rank (T) < dimUand nullity (T) <
dim U.

Example 12: Let T: U — Vbe the zero-transformation given in example
2. What are the rank and nullity of T?

Solution: In Exercise 11, you saw that R(T) = (0) and Ker T = U,
Therefore, rank (T) = 0 and nullity (T) = dim U.

Note that rank (T) + nullity (T) = dim U, in this case.

E13) If T is the identity operator on V, find rank (T) and nullity (T).

E14) Let D be the differentiation operator in E6). Give a basis for the
range space of D and for Ker D. What are rank (D) and nullity (D)?

In the above example and exercises you will find that for T: U — V, then
rank (T) + nullity (T) = dim U.

In fact, this is the most important result about rank and nullity of a linear
operator. We shall now state and prove this result.
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Theorem 3.5: Let U and V be vector spaces over afield Fand dim U = n
andletT: U — Vbe a linear operator. Then rank (T) + nullity (T) =n.

Proof: Let nullity (T) = m, that is, dimKerT = m, Let
{e;, -, e, }be a basis of Ker T. We know that Ker T is a subspace of U,
thus, by a theorem in Unit 1, we can extend this basis to obtain a
basis(ey, -+, €, €t €5,)0F U.

We shall show that {T(e,;,41), .- ... , T(e,) }is a basis of R(T).

Then, our result will follow because dim R(T) will be n —m = n — nullity
(M.

Let us first prove that {T(e,;,41), --.... , T(e,,)} spans, or generates, R(T).
Let y € R(T), then, by definition of R(T), there exists x € U such that
T(x)=y.

Let=cie; + -+ cpem + Cna16mer + -+ cpen; ¢; € F forall i.
Then, y=Tx)=cT(e;) + - +cnT(en) + cmerT(€mer) + -+

T (er)

Because T(e;) = =T(e,) =0, since T(e,) € KerT T for alli =
1,...,m.

Therefore, anyy € R(T) is a linear combination of {T(e;4+1), ..-... ,
T(en)}-

Hence, R(T) is spanned by {T(e,;;+1), ---... , T(ey)}

It remains to show that the set {T(e;+1), ---.... , T(e,)} is linearly
independent.

For this, suppose there exist a,,.q1,:-,a, With a,.1T(epeq) + -+
a,T(e,) = 0.
Then, T(apt1€mer + -+ aney) =0
Hence, (anii€ms1 + -+ aye,) € KerT, which is generated by
{61! " em}-
Therefore, there exist e,, -+, e,, € F such that
Am+16me1 T -+ ane, = a1 + -+ apepy

= (_al)el + -t (_am)em + ap1lmir + ot aze, =0
Since {e;, -, e, }is a basis of U, it follows that this set is linearly
independent.

Hence, —a; =0, -, —a,, = 0,a,,41 =0, -+ ,a, = 0.

In particular, a4, = -+ = a,, = 0, which we wanted to prove.
Therefore, dim R(T) = n -m = n - nullity (T), that is, rank (T) + nullity
(T)=n.

Let us see how this theorem can be useful.

Example 13: Let T: R® — R be the map given by L(x,y,z) = x + y + z.
What is nullity (L)?

Solution: In this case it is easier to obtain R(L), rather than Ker L.
Since L(1,0,0) =1 # 0,R(L) # {0}, and hence dimR(L) # {0}.
Also, R(L) is a subspace of R.
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Thus, dim R(L) < dimR = 1.

Therefore, the only possibility for dim R(L) is dim R(L) = 1.

By Theorem 5, dim Ker L + dim R(L) = 3.

Hence, dim Ker L = 3 -1 = 2. That is, nullity(L) = 2.

E15)Give the rank and nullity of each of the linear transformations in E11.
E16) Let U and V be real vector spaces and T:U — Vbe a linear
transformation, where dim U = 1. Show that R(T) is either a point or a
line.

Before ending this section, we will prove a result that links the rank (or
nullity) of the composite of two linear operators with the rank (or nullity)
of each of them.

Theorem 3.6: Let V be a vector space over afield F. Let Sand T be linear
operators from V to V. Then

a) rank (ST) min (rank (S), rank (T))

b)ynullity (ST) = max (nullity (S), nullity (T))

Proof: We shall prove (a)
Note that (ST)(v) = S(T(v)) forany v € V
Now, forany y € R(ST),3 v € V such that,
Y=0ET)w) =S(TW)) @ i (1)
Now, (1) = y € R(S)
Therefore, R(ST) € R(S)
This implies that rank (ST) < rank(S).
Again, (1) = y € S(R(T)), since T(v) € R(T).
~ R(ST) <€ S(R(T)), SO that dim R(ST) < dim S(R(T)) <
dim R(T)(since dim L(U) < U for any linear operator (0).
Therefore, rank (ST) < rank (T).
Thus, rank (ST) < min (rank (S), rank (R)).
The proof of this theorem will be complete, once you solve the following
exercise.
E17) Prove (b) of Theorem 6 using the Rank Nullity Theorem
Next to be discussed are some linear operators that have special
properties.

3.3.2 Some Types of Linear Transformations
Let us recall, from basic mathematics, that there can be different types of

functions, some of which are one-one, onto or invertible. We can also
define such types of linear transformations as follows:
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Definition 3.3.4: Let T: U — V be a linear transformation.

a) T is called one-one (or injective) if, for u,,u, € U with u; & u,, we
have T(u,) & T(u,). If T is injective, we alsosay T is 1 — 1.

Notethat Tis1—1ifT(uy) = T(uy) = u; = u,.

b) T is called onto (or surjective) if, for each v € V, 3 u € Usuch that
T(u) =v,thatisR(T) =V.

Can you think of examples of such functions? The identity operator is
both one-one and onto. Why is this so? Well, I: V — V is an operator such
that, if v, v, € Vwith v; # v, then I(v,) # I(v,). Also, R(I) =V, so
that I is onto.

E18) Show that the zero operator 0: R — R is not one — one

Theorem 3.7: T: U - Vis one-one if and only if KerT = (0).

Proof: First assume T is one — one.

Letu € Ker T, then T(u) = 0 = T(0).

This means that u = 0. thus, Ker T = (0).

Conversely, let Ker T = (0). Suppose u;,u, € U with T(u,) =
T(up) = T(uy —uy) =0,

= u, —u, € KerT > u, —u, = 0= u; =u,. Therefore, Tis1-1.

Suppose now that T is a one — one and onto linear transformation from a
vector space U to a vector space V. Then, from Unit 1 (Theorem 4), we
know that T~1 exists. But is T~linear? The answer to this question is
‘yes’, as is shown in the following theorem.

Theorem 3.8: Let U and V be vector spaces over afield F. LetT:U - V
be a none-one and onto linear transformation. Then, T U -V is a
linear transformation

In fact, T tis also 1 — 1 and onto.

Proof: Let y,y, €V and a;,a, € F. SupposeT !(y,) = x,and
T~ 1(y,) = x,, then, by definition, y;, = T(x;) and y, = T(x,).

Now, a;y; + a,y, = a;T(x1) + a,T(x,) = T(ayx; + ayx;)

Hence, T~ (a1y1 + a,y,) = ayxq + axx, = aq T (y) + ax T ().
This shows that T~1is a linear transformation.

We will now show that T-1 is 1 -1, for this, suppose y,,y, € Vsuch that
T (y) =T '(yz) Letx; = T (yy) and x, = T~ (y,).

Then T(x;) = y;and T(x;) = y,.

We know that x; = x,. Therefore, T(x,) = T(x,), thatis, y; = y,.
Thus, we have shown that T~1(y;) = T 1(y,) = y; = y,, proving that
T lis1-1.

T~ tis also surjective because, for any u € U, 3 T(u) = v € Vsuch that
T 1(v) = u.
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Theorem 8 says that a one-one and onto linear transformation is
invertible, and the inverse is also a one-one and onto linear
transformation.

This theorem immediately leads us to the following definition.
3.4  Theorems of Vector Spaces
3.4.1 Isomorphism Theorems of Vector Spaces

Definition 3.4.1: Let U and V be vector spaces over a field F, and let
T:U — V be a one-one and onto linear transformation. The T is called an
Isomorphism between U and V. In this case we say that U and V are
Isomorphic vector spaces. This is denoted by U = V.

An obvious example of an isomorphism is the identity operator. Can you
think of any other? The following exercise may help.

E19) Let T:R3® - R3|T(x,y,z) = (x +v,y,2). IsTan isomorphism?
Why? Define T~1, if it exists.

E20) LetT:R® - R?| T(x,y,z) = (x + v,y + 2). Is T an isomorphism?
In all these exercises and examples, have you noticed that if T is an
isomorphism between U and V then T~1is an isomorphism between V and
u?

Using these properties of an isomorphism we can get some useful results,
like the following:

Theorem 3.9: Let T: U — Vbe an isomorphism. Suppose {e;, -, e,}is a
basis of U. then {T'(e,), -, T(e,,)} is a basis of V.

Proof: First we show that the set {T(e;), -, T(e,)}spans
{T(ey),--,T(ey)}. Since Tisonto, R(T) = V. Thus, from E12) you know
that {T'(e;), -+, T(e,)}spans V.

Let us now show that {T'(e,), :--, T (e,,) }is linearly independent.

Suppose there exist scalars cy,...,c,, such that c¢;T(e;) + -+
c,T(e,)=0......... (1)

We must show that¢; = - =c¢, =0

Now, (1) implies that T(c,e; + -+ c,e, ) =0

Since T is one-one and T(0) = 0, we conclude that c;e; + -+ c e, =
0.

But {e,, -+, e, } is linearly independent

Therefore,c; =+ =¢c, =0

Thus, we have shown that{T (e,), ::*, T (e,)} is a basis of V.

Remark: The argument showing the linear independence of
{T(ey), -+, T(ey)}in the above theorem can be used to prove that any one-
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one linear transformation T: U — Vmaps any linearly independent subset
of Uonto a linearly independent subset of VV(see E22).

We now give an important result equating ‘isomorphism” with ‘1-1° and
with ‘onto’ in the finite-dimensional case.

Theorem 3.10: Let T: U — Vbe a linear transformation where U, V are of
the same finite dimension. Then the following statements are equivalent.
a) Tisl-1

b) T is onto.

C) T is an isomorphism.

Proof: To prove the result we shall prove a) = b) = ¢) = a).

Let dimU = dimV = n.

Now a) implies that Ker T = 0 (from Theorem 3.7),

Hence, nullity(T) = (0)

Therefore, by Theorem 3.5, rank(T) =n, that is, dimR(T) =n =
dimV.

But R(T) is a subspace of V, thus, by the remark following Theorem 3.2,
we getR (T) =V, thatis, T is onto, i.e., b) is true, so a) = b).
Similarly, if b) holds then rank (T) = n, and hence, nullity (T) = 0.
Consequently, Ker T = {0}, and T is one-one.

Hence, T is one-one and onto, that isT is an isomorphism.

Therefore, b) implies c).

That a) follows from 9c) is immediate from the definition of an
isomorphism.

Hence, our result is proved.

Caution: Theorem 10 is true for finite-dimensional spaces U and V, of
the same dimension. It is not true, otherwise.

Consider the following counter-example.

Example 14: (To show that the spaces have to be finite-dimensional):
Let V be the real vector space of all polynomials. Let D: V — V be defined
by

D(ag+ ayx + -+ ax""1) = a; + 2a,x + -+ ra,x"" L.
Then show that D is onto but not 1-1.

Solution: Note that V has infinite dimension, a basis being {1, x, x, ... }.

D is onto because any element of V is of the form a, + a;x + --- +
apX, =D

D is not 1-1 because, for example, 1 # 0 but D(1) = D(0) = 0.
The following exercise shows that the statement of Theorem 10 is false if
dimU #dim V.
E21) Define a linear operator T: R®> — R? such that T is onto but T is not
1-1.
Note that dimR? # dimR?
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Let us use Theorems 3.9 and 3.10 to prove our next result.

Theorem 3.11: Let T:V -V be a linear transformation and let
{e4, ...,e,} be a basis of V. Then T is one-one and onto if and only if
{T(ey), -, T(ey)}is linearly independent.

JProof: Suppose T is one-one and onto. Then T is an isomorphism
Hence, by Theorem 3.9, {T'(e,), :--, T (e,,) }is a basis.
Therefore, {T(e,), -+, T(e,)} is linearly independent.
Conversely, suppose {T(e,),::-,T(e,)}is linearly independent. Since
{eq,...,e,} IS a basis of V, dimV =n. Therefore, any linearly
independent subset of n vectors is a basis of V. Hence, {T(e;), -, T(e,)}
Is a basis of V.
Then, any element v of V is of the formv =Y, ¢, T(e;) =T Y-, cie4
where ¢4, ..., ¢, are scalars.
Thus, T is onto, and we can use Theorem 3.10 to say that T is an
isomorphism.
Here are some exercises now.
E22)Let T: U — V be a one-one linear transformation and let {u,, ..., u;}
be a linearly independent subset of U.

a) show that the set {T'(e,), ::-, T (e,,)} is linearly independent.

b) Is it true that every linear transformation maps every linearly
independent set of vectors into a linearly independent set?

c) Show that every linear transformation maps a linearly dependent set
of vectors onto a linearly dependent set of vectors.
E23) Let T:R® - R3be defined by T(xi,x;,x3)= (%, +x3,%, +
X3, %, + x5). Is T invertible? If yes, find a rule for T~? like the one which
defines T.

We have seen, in Theorem 3.9, that if T: U — V is an isomorphism, then
T maps a basis of U onto a basis of V. Therefore, dimU = dimV. In other
words, if U and V are isomorphic then dimU = dim V.

The natural question arises whether the converse is also true. That is, if
dimU = dimV, both being finite, can we say that U and V are
isomorphic? The following theorem shows that this is indeed the case.

Theorem 3.12: Let U and V be finite-dimensional vector spaces over F.
the U and V are isomorphic if and only if dim U = dim V.

Proof: We have already seen that if U and Vare isomorphic then dimU =
dimV. Conversely, suppose dim U = dimV = n.

We shall show that U and Vare isomorphic. Let {e,, ..., e, } be a basis of
U and {f, ..., f»} be a basis of V.

By Theorem 3.3, there exists a linear transformation T: U — V such that
T(f)=fsi=1-,n
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We shall show that T is 1-1.

Letu =ce; + -+ cpe, besuchthat T(u) =0

Then, 0 =T(u) =c¢;T(ey) + -+ ¢c,T(e,) =cifs + -+ cufn
Since {f}, ..., f,} is a basis of V, we conclude that c; = - = ¢, = 0.
Hence, u = 0.

Thus, Ker T = (0) and, by Theorem 3.7, T is one — one.

Therefore, by Theorem 3.10, T is an isomorphism, and U = V.

An immediate consequence of this theorem follows:

Corollary: Let VV be a real (or complex) vector space of dimension n.
Then V is isomorphic to R (or C) respectively.

Proof: Since dimR,, = n = dimgyV,we getV = R™.
Similarly, if dim.V = n, thenV = c,.

Remark: Let V be a vector space over F and letB = {ey, ..., e, }be a basis
of V. Each v € V can be uniquely expressed as v = })I-, ; e;. Recall that,
aq, ..., ayare called the coordinates of v with respect to B.

Define 8:V —» F™"|0(v) = (ay, ..., @,). Then 6 is an isomorphism from V
to F™. This is because 6 is 1 -1, since the coordinates of v with respect to
B are uniquely determined.

Thus, V =~ F",

We end this section with an exercise.

E24) Let T: U — Vbe a one-one linear mapping. Show that T is onto if
and only if dimU = dimV. (Of course, you must assume that U and V are
finite dimensional spaces).

Now let us look at isomorphism between quotient spaces.

3.4.2 Homomorphism Theorems of Vector Spaces

Linear transformations are also called vector space homomorphisms.
There is a basic theorem which uses the properties of homomorphisms to
show the isomorphism of certain quotient spaces. It is simple to prove,
but is very important because it is always being used to prove more
advanced theorems on vector spaces. (In the Abstract Algebra course, we
will prove this theorem in the setting of groups and rings).

Theorem 3.13: Let VV and W be vector spaces over a field Fand T:V —
W Dbe a linear transformation. Then V/KerT =~ R(T) .

Proof: You know that Ker T is a subspace of V, so that VV/Ker T is a well-
defined vector space over F. Also, R(T) = {T(v):V € V}.
To proof the theorem, let us define V/Ker T = R(T) by 8 (v + Ker T) =
T(v)
Firstly, we must show that 6 is a well-defined function, that is, if
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v+ KerT =v + KerT,then (v+ KerT) =0(v + Ker T),
that is, T(v) = T (v).
Now, v+ Ker T =v' + KerT = (v-v') € KerT
T(v—7v")=0= Tw)=T(") and hence, 6 is well defined.
Next, we check that 6 is a linear transformation.
For this, leta,b € F and v, v’ € V, then,
0{a(v+ Ker T) + b(v' + KerT)} = 6(av + bv' + KerT)
= T(av + bv")
= aT(v) + bT(v"), since T is linear.
=a(v+ KerT) + b(v + KerT).
Thus, @ is a linear transformation.
We shall end the proof by showing that 6 is an isomorphism.
6 is 1-1, because
O(v+KerT)=0=Tw)=0=veEKerT=>v+KerT
=0(inV/KerT).
Thus, Ker 6 = {0}.
6 is onto (because any element of R(T) isT(v) = (v) = (v + Ker T))
So, we have proved that 6 is an isomorphism.
This proves that V/Ker T = R(T).
Let us consider an immediate useful application of Theorem 3.13.

Example 14: LetV be a finite-dimensional space and let Sand T be linear
transformations from V to V. Show that Rank(ST) =
rank(T)-dim(R(T) N Ker S).

T S

: VoV >V .
and T which you have studied in elementary mathematics courses. Now,

we apply Theorem 3.13 to the homomorphism 6:T(v) —
ST(): 0(T(v)) = (ST)(v)

Now, Ker@ = {x e T(V)|S(x) =0} = Ker SNT(V) = Ker S n R(T).
Also R(8) = ST(V), since any element of ST(V) is (ST)(v) = 6(T (v)).

Solution: We have , ST is the composition of the operators S

Thus, — X2 ~ ST(V)
Ker SNT(V)
Therefore, dim—Y _ ~ dim ST(V)
Ker SNT(V)

That is, dim T(V) — dim(Ker SN T(V)) = dim ST(V), which is what

we had to show.

E25) Using Example 14 and the Rank Nullity Theorem, show that
nullity(ST) = nullity(T) + dim(R(T) N Ker S)

Now let us see another application of Theorem 3.13.

Example 15: Show that R®/R =~ RZ.

Solution: Note that we can consider R as a subspace of R3 for the
following reason:
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Any element a € R is equated with the element (a, 0,0) of R3.

Now, we define a function f:R3 - R?|f(a,B,y) = (B,y), then f is a
linear transformation and Ker f = {(«,0,0)|a € R} = R.

Also, f is onto, since any element (a, B) of R? is £ (0, a, B).

Thus, by Theorem 13, R® / R ~ R?.

Note: In general, forany n > m, R* / R™ =~ R™"™™.

Similarly, C™™™ = C™ / C™ forn = m.

The next result is a corollary to the Fundamental Theorem of
Homomorphism. But, before studying it, read unit 1 for definition of the
sum of spaces.

Corollary 1: Let A and B be subspaces of a vector space V. then A +
B/B ~ A/ANB.

Proof: we define a linear function T: A — A%Bby T(a)=a+B

Tis well defined becausea + B is an element of ?(since a=a+0E€

A+B).
T is a linear transformation because, for a;,a, € F and a,,a, € A, we
have
T(a,a, + @ya,) = aya, + aya, + B = a,(a; + B) + a,(a, + B)
= a;T(ay) + a,T(a,)
Now we will show that T is surjective. Any element of% is of the form

a+b+ B,wherea€ Aand b € B.
Now, a+b+B=a+B+b+B=a+B+B,sinceb €B

. . A+B
= a + B, since B is the zero element ofT

= T(a) which proves that T is surjective.

- RT = 4*8

B
We will now prove that Ker T = A N B:
a € KerT ,then a € A andT(a) = 0 . This means that a + B = B, the

A+B
zero element of —

Hence, b € B(by E23), therefore, a € AN B.
Thus, Ker T € AN B. Ontheotherhand, a e ANB =a€Aanda €
B=a€Aanda+B=B=a€c€dandT(a) =T(0) =0
= a € KerT.
This provesthat AN B = Ker T.
Now using Theorem 3.13, we get
A/Ker T = R(T)
Thatis, A/(AnB) = (A+ B)/B.
E26) Using the corollary above, show that A@B/B =~ A, (@ denotes the
direct sum of defined in earlier).
There is yet another interesting corollary to the Fundamental Theorem of
Homomorphism.
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Corollary 2: Let W be a subspace of a vector space V. Then, for any
subspace U of V containing W, % =~V /U.

Proof: To start with let us define a function T:V/W - V/U:T(V +
U)=V+U.
Now try E27.
E27 a) Check that T is well defined
b) Prove that T is a linear transformation
c) What are the spaces Ker T and R(T)?

SELF-ASSESSMENT EXERCISE(S)

El) For any a,,a, € F and u,,u, € U, we know that a,u, € U and
a,u, € U.
Therefore, by LT1.
T(ayu; + ayuy) = T(ayuy) + T(auy)
= a,T(uy) + a,T(uy)
(by LT2)
Thus, LT3 is true.

E2)ByLT2, T(0,u) =0-T(u) forany u € U, thus, T(0) = 0.
Similarly, foranyu € U, T(—u) = T((-Du) = (-1)T(w) = =T (w).

E3)T(x,y) = (—x,y),(x,y) € R. (See the geometric view in Fig.4) T is
a linear operator.
This can be proved the same way as we did in Example4.

-1 0 1 X
Fig.4: Q is the reflection of 1 in the y-axis

EAT((x1, X2, %3) + (Y1, Y2, ¥3)) = T(x1 + Y1, %3 + Y2, %3 + ¥3)

= a,(x; + y1) + ax(x; + y,) + az(x3 + y3)

= (a1x1 + azx; + azx3) + (a1y; + a,y, + azys)
=T (x1,%2,%3) + T(Y1, Y2, ¥3)

Also, forany « € R,

T(a(xq,X2,%X3)) = @ ax; + a,ax, + azax;

= ala;x; + a,x, + azx;) = aT (xq, x5, X3)
Thus, LT1 and LT2 hold for T.
E5) Required to show that the map T: R; — Rsdefined by

T(ayay, a3) = (%1 + x, — x3,2%; — X, X, + 2x3) is a linear operator.
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We will check if LT1 and LT2 hold firstly
T((x1,%2,%3) + V1, Y2, ¥3)) = T(x1 + Y1, %3 + y2, %3 + ¥3)
=1+ Y1+ x+ Y, — X3 — Y3, 2% + 2y — Xy — Yo, X5 + Y, + 243
+ 2y3)
= (x; + x, — x3,2%; — X5, X5 + 2X3)
+ 1+ Y2 — Y3, 2y1 —y2 + 2y3)

=T (X1, x2,%3) + T(Y1,Y2,¥3)
Which shows that LT1 holds.

Also, forany a € R,
T(a(xq,x5,%3)) = T(axy, ax,, axs)
= (ax; + ax, — axs, 2ax; — ax,, ax, + 2axs;)
=a(x; +x; — X3,2X; — X5, X3 + 2x3) = aT (x4, X3, X3)
Shows that LT2 holds
EG6) Let us consider the real vector space B,of all polynomials of degree
less or equal to n. We want to show thatD (af + Bg) = aD(f) + fD(g),
foranya,f € Rand f,g € P,
Let f € B,be given by f(x) = ay + a;x + a,x? ....... + a,x™, and
g(x) = by + byx + byx? ... ... + b,x™a;, b; € RVi.
Then  (af + Bg)(x) = (aay, + Bby) + (@a, + Bb)x + -+ + (aa, +
Bbn)
= [D(af + Bg)](x)
= (aay + Bby) + 2(aa, + Bby)x + -+
+ n(aa, + Bb,)x™ !
=a(a, + 2a,x + - ... + na,x™ ) + B(b; + 2byx + -+ ... + nb,x™ 1)
Thus, D(af + Bg) = aDf + BDg , showing that D is a linear map.
E7) No, because, if T exists, then
T(2uy + uy) = 2T (uy) + T(u,)
But 2u; +u, = uy
On the other hand, 2T (u,) + T (u,) = 2v, + v, = (2,0) + (0,1)
= (2,0) # v,
Thus, LT3 is violated; hence, no such T exists.
E8) Note that {(1,0), (0,5)} is a basis for R?

Now, (3,5) = 3(1,0) + (0,5)
~T(3,5)=3T(1,0)+T(0,5)=30,1)+(1,00=(1,3) ...t
(i)

similarly, (5,3) = 5(1,0) +=(0,5)
£ T(53) = 5T(1,0) +2T(0,5) = 5(0,) +2(1,0) = (£,5) ...
(i)

From (i) and (ii), we see that T(5,3) # T(3,5)

E9) a) dimyC = 2, a basis being {1, i},i = V-1
b) LetT:C - RbesuchthatT(1) = aand T(i) = B

Then, for any elementx + iy € C(x,y € R)
We have T(x + iy) = xT(1) + yT (i) = xa + yB
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Thus, T is defined by T(x + iy) =xa+yBVx+iy €C
E10)T:U » Vsuchthat T(U) =0Vu€eU
~KerT={ueU|TU)=0}=U
R(T) ={T(w)|u € U} = {0}
~1¢R(T)
E211) a) R(T) ={T(x,y,2)|(x,y,2) € R®} ={(x,y)|(x,y,2) € R*} =
R
KerT ={(x,y,2)|T(x,y,2) = 0} = {(x,y,2)|(x,y) = (0,0)}
={(0,0,2z)|z € R}
Therefore, Ker T is the z-axis.

b) R(T) = {z|(x,y,z) € R®3} =R

KerT = {(x,y,0)|x,y € R} = xy —plane in R3.

Because, forany x € R, (x,x,x) = T(x,0,0)

Therefore, RT is generated by {(1,1,1)}
KerT = {(xq, x5, x3)|x; + x5 + x5 = 0}, which is the plane x; + x, +
x3 = 0in R3.
E12) Any element of R(T) is of the form T(u),u € U. Since {e,, e,, €3}
generates U, 3 scalars ay,a,, -+, aysuch thatu = a,e; + a,e, + -+
a,en
Then T(u) = a,T(e,) + a,T(ey) + -+ + a,T(ey,), thatis, T (u) is in the
linear span of {T'(e,),T(e,), -+, T(e,)}.
=~ {T(ey),T(ey), -, T(e,)} generates R(T).
E1L3)T:V -» V:T(v, = v).
Since R(T) =V and KerT = (0), we see that rank(T) = dimV,
nullity(T) = 0
E14) R(D) = {a; + 2a,x + --- + na,x™ |ay, -, a, € R}

R(D) c p*1.
But any element by + byx + - + b1 x™ 1 in P"7 1 is

b b,_
D (box1 +?1x2 ot — 1xn) € R(D)

n
Therefore, R(D) = P,_4
Hence, a basis for R(D) is {1, x, -+, x™ 1} and rank(D) = n
KerD ={ag + a;x + -+ a,x™|a; + 2a,x + -+ na,x" 1 =0,q;
ERVi}
={ay +a;x+-+a,x"|a; =0,a,=0,--,a, =0,a; ERV i}
={aglap =R} =R
Therefore, a basis for Ker D is {1}.
= nullity(D) = 1.
E15) a) We have shown that R(T) = R?.
& Rank(T) = 2 Therefore, nullity(T) —dim R = 3-2 = 1.
b) Rank(T) = 1,nullity(T) = 2
c) R(T) is generated by {(1,1,1)},
s~ Rank(T) =1 and Nullity(T) = 2.
E16) Now, rank(T) + nullity(T) = dimU =1
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Also, rank(T) = 0,
Therefore, the only values rank(T) can take are 0 and 1.

If rank(T) = 0, then, dimR(T) = 0.

Thus, R(T) = {0}, that is, R(T) is a point.

If rank(T) = 1, then dimR(T) = 1, Thatis, R(T) is a vector space over
R generated by a single element, v, say. Then R(T) is the line R, =
{av|a € R}

E17) By Theorem 5, nullity(ST) = dimV-rank(ST).

By (a) of Theorem 6, we know that
- rank(ST) — rank(S) and - rank(ST)-rank(T).
~ nullity(ST) = dimV-rank(S) and nullity(ST) = dimV-rank(T).
Thus, nullity (ST) = nullity(S) and nullity (ST) = nullity(T).

That is, nullity (ST) = max {nullity(S), nullity(T)}.

E18) Since 1 & 2, but 0(1) = 0(2) = 0, we find that 0 is not 1- 1.

E19) Firstly note that T is a linear transformation.

Secondly, Tis 1-1 because T(x,y,z) = T(x",y',z2)(x,y,2z) = (x',y',2")
Thirdly, T is onto because any (x,y,z) € R® can be written as T (x —
Y, ¥, Z)

therefore, T is an isomorphism andT ~1: R® — R3 exists and is defined by
T(x,y,2) = (x-¥,¥,2).

E20) T is not an isomorphism because T is not 1-1, since (1,—1,1) €
KerT.

E21) The linear operator in E11) (a) suffices.

E22)a) Let aq, -+, ay € F suchthat &, T(uy) + -+ + a;, T(u,) =0

= T(auy + -+ ayu) = 0=T(0)
= a;u; + -+ apu, = 0,since Tis 1-1

= a, =0,,a, =0 , since {uy,---,u,} is linearly

independent
o A{T(uy), -+, T(uy)} is linearly independent.

b) No. For example, the zero operator maps every linearly independent
set to {0}, which is not linearly independent.
c) Let T:U - V be a linear operator, and {u,,---,u,} be a linearly
dependent set of vectors in U. We have to show that {T'(u,), -+, T (uy)}
is linearly dependent.
Since {u4, -+, u, }is linearly dependent, there exists scalars a,, -*-, a,,, not
all zero, such that ¢y uy + -+ + a,,u,, = 0.
Thena,;T(uy) + -+ + a,T(u,) = T(0) = 0,sothat {T(u,), -, T(ug)}is
linearly dependent.

E23) T is a linear transformation now, if (x,y,z) € Ker T, then
T(x,y,z) =(0,0,0).

sx+y=0=y+z=x+z=>x=0=y=12z
= Ker T = {(0,0,0)}
= T is 1-1, therefore, by Theorem 10, T is invertible.
To define T~*: R® - R3 suppose T™1(x,y,2) = (a, b, c).
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ThenT(a,b,c) = (x,y,2)
= (a+bb+c,a+c)=(xy2)
= a+b=x,b+c=y,a+c=1z
x+z-y xX+y-z y+z—x
2 VT T2 T T2
= T-1 (x+§'y,x+2y_z y+z_x) for any (x,y,z) € R3.
E24)T:U - V is 1-1. Suppose T is onto. Then T is an isomorphism and
dim U = dimV, by Theorem 3.12. Conversely suppose dim U =
dim V. Then T is onto by theorem 10.
E25) The Rank Nullity Theorem and Example 14 give
dim V-nullity(ST) = dim V-nullity(T)-dim(R(T) N Ker S)
= nullity(ST) = nullity(T) + dim (R(T) N Ker S)
E26) In the case of the direct sum A @ B, we have A n B = {0}
Therefore, % ~ A

E27)a) v+W=v+W=av—-vVeWcU=v—vVeU=v+
U=v+U

= a =

)

STw+W)=TW +W)
=~ T is well defined.
b) Foranyv+ W,v+ W inV/W and scalar a, b, we have
Tl@aw+W)+b(W+W)=T@v+bv'+W)=av+bv'+U
=a(v+U)+b@ +U)
=aT(w+ W)+ bT(W' + W)
~T is a linear operator.

c)Ker T ={v+ W|v+ U = U}, since U is the “zero” for V /U.
={v+WlveU}=U/W
R(TY={v+UlveV}=V/U.

]
3.6 Summary

In this unit, we have covered the following points that:

(2) A linear transformation from a vector space U over F to a vector space

V over Fis a function T: U — V such that,

LT1: T(uy +uy) = T(uy) + T(uy) Vuy,u, €U, and

LT2: (au) = aT(u),fora € Fandu € U.

These conditions are equivalent to the single condition

LT3: T(au + Bu) = aT(uy) + BT (u,) fora,f € F and u,,u, € U.

(2) Given a linear transformation, T:U - V.

I. The Kernel of T is the vector space {u € U|T (u) = 0}, denoted by
Ker T

ii. The range of T is the vector space {T (u)|u € U}, denoted by r(T)

iii.  Therankof T = dimR(T)
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iv.  Thenullity of T = dim;KerT.
(3) Let U and V be finite-dimensional vector spacesover Fand T:U —» V
be a linear transformation. Then, rank(T) + nullity (T) = dim U.
(4) Let T: U — V be a linear transformation then T is one-one if
Tu) =T, > uy =u, Vuy,u, €U
I. T isonto if, forany v € V 3 u € U such that T (u) = v.
ii. T is an isomorphism (or is invertible) if it is one-one and onto, and
then U and V are called isomorphic spaces. This is denoted by U =
V.
B)T:U - Vis
. one-one if and only if Ker T = (0)
. ontoifandonly if R(T) =V
(6) Let Uand V be finite-dimensional vector spaces with the same
dimension.
Then T:U — V is 1-1iff T is onto iff T is an isomorphism
(7) Two finite dimensional vector spaces U and V are isomorphic if and
only if dimU = dimV.
(8) Let V and W be vector spaces over afield F,and T: V — W be a linear
transformation.
ThenV/Ker T = R(T).

Let U and V be vector spaces over a field F. A linear transformation (or
linear operator) from U to V is a function T: U — V which satisfies some
conditions, LT1 to LT®6.

We have defined the range of T as well as the Kernel of T and have been
seen as sets.

We have also proved that these sets are vector spaces over F.

In general, any function 6:R, = R,,(n > m), which is defined by
dropping any (n- m) coordinate, is a projection map.
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UNIT 4 LINEAR TRANSFORMATION II
Unit Structure

4.1  Introduction
4.2  Learning Outcomes
4.3  Main Content
4.3.1 The Vector Space L(U,V)
4.3.2 The Dual Space
4.3.3 Composition of Linear Transformations
4.3.4 Minimal Polynomial Theorems
4.4  Summary
4.5  References/Further Readings

@ 4.1 Introduction

In the last unit you were introduced to linear transformations and their
properties. We shall now show that the set of all linear transformations
form a vector space U to a vector space V, forms a vector space itself, and
its dimension is dim U (dim V). In particular, we define and discuss the
dual space of a vector space.

In Unit 1, we defined the composition of two functions. Over here we
shall discuss the composition of two linear transformations and show that
it is again a linear operator. Note that we use the terms °‘linear
transformation’ interchangeably.

Finally, we shall study polynomials with coefficients from a field F, in a
linear operator T:V — V. It shall be seen that every such T satisfies a
polynomial equation g(x) = 0, that is, if we substitute T for x in g(x), we
get the zero transformation. The minimal polynomial of an operator shall
then be defined and some of its properties discussed. These ideas will
crop up again in Module 4 Unit 2.

It is advisable that you revise Units 1 to 3 before going further.

@ 4.2

By the end of this unit, you will be able to:

Learning Outcomes

. Prove and use the fact that L(U, V) is a vector space of dimension
(dimU)(dimV);
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. Use dual bases, whenever convenient;

o Obtain the composition of two linear operators, whenever possible;

o Obtain the minimal polynomial of a linear transformation 7:V —
7 in some simple cases;

. Obtain the inverse of an isomorphism T:V — Vif its minimal

polynomial is known.

Main Content
4.3.1 The Vector Space L(U,V)

By now you must be quite familiar with linear operators, as well as vector
spaces. In this section we consider the set of all linear operators from one
vector space to another, and show that it forms a vector space.

Let U,V be vector spaces over a field F. Consider the set of all linear
transformations from U to V. We denote this set by L(U, V).

We will now define addition and scalar multiplication in L(U, V) so that
L(U,V) becomes a vector space.

Suppose S, T € L(U,V) (that is, Sand T are linear operators from U to V).

Also, define

S+T)U-VbyS+T)(w)=Sw)+Tw)Vuel.

Now, for a;, a, € F and u,,u, € U, we have

S +T)(auy + ayuy) = S(aquy + ayuy) + T(auy + ayuy)

=a;:S(uy) + a,S(uy) + a1 T(uy) +

a, T (uz)
= a;(S(uy) + T(wy)) + az(S(up) +

T(uz))
=a1(S + T)(uy) + a(S +T)(up)
Hence, (S+T) € L(U,V).
Next, suppose S € L(U,V) and a € F. We define aS: U — V as follows:
(aS)(u) =aS(uw)VYu e U. Isas alinear operator?
To answer this take 8,5, € F and u,,u, € U.
Then, (aS)(Bruy + Bruy) = aS(Biuy + Bou,)
= a(f1S(uy) + B5(u,))
= p1(aS)(uy) + fr(aS)(u,)
Hence, aS € L(U,V).
So, we have successfully defined addition and scalar multiplication on
L(U, V).
E1) Show that the set L(U, V)is a vector space over F with respect to the
operations of addition and multiplication by scalars defined above.
(Hint: The zero vector in this space is the zero transformation).
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Notation: For any vector space V we denote L(U, V)by A(V).

Let U and V be vector spaces over F of dimensions m and n, respectively.
We have already observed that L(U, V)is a vector space over F. therefore,
it must have a dimension.

We now show that the dimension of L(U, V) is mn.

Theorem 4.1: Let U, V be vector spaces over a field F of dimensions m
and n, respectively, then L(U, V)is a vector space of dimension mn.

Proof: Let{e,,....e,,} be abasis of U and {f;, .... f,,} be a basis of V.
By Theorem 3 of Unit 3, there exists a unique linear transformation E;; €
L(U,V), such that

Ei (ey) = f1,E11(e3) =0, -+ ,Ei1(epn) =0
Similarly, E;, € L(U,V) such that
Eip(ey) = 0,Ep(e0) = fr,00 ,Ein(e) =0

In general, there exist E;; € L(U,V) fori =1,...,n; j = 1,...,m, such
that
E;j(e;) = f; and E;;(e;,) = 0 for j # k.

To get used to these E;;, try the following exercise before continuing the

proof.

E2) Clearly define E,,,, Es,and E,,,,.

Now, let us go on with the proof of Theorem 1.

Ifu=ce; + ...+cpen, Where ¢;F Vi, then E;;(u) = ¢;f;.

We complete the proof by showing that {E;;:i = 1,...,m} is a basis of

L(U,V).

Let us first show that set is linearly independent over F. for this, suppose
?:1 271:1 CijEij =0 (1)

where ¢;; € F. we must show that ¢;; = 0 for all i, ;.

(i) implies that

K

?:12?:101'1'5'”(31{) =0Vk=1--m ... (ii)
Thus, by definition of E;;'s, we obtain
Yiacufi=0 (iii)

But, {f1, .... f}is a basis for V thus, ¢;, = 0 foralli =1, ....,n.
But thisistrue forall k =1, ....,m.

Hence, we conclude that ¢;; = 0V i, .

Therefore, the set of Ej;’s is linearly independent.

Next, we show that the set {E;;|i = 1,...,n,j = 1,...,m} spans L(U, V).
Suppose T € L(U,V).
Now, for each jsuchthat1 < j <m, T(e) € V.
Since {fi, ... fo} is a basis of V, there exist scalars c;;, -+, ¢;5, such that
T(e) =Xhicijfi oo ()
we shall prove that
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=DiciXjei Gk (ii)

By Theorem 3.1 of Unit 3 it is enough to show that, for each k with 1 <
k <m,

T(ek) = Zn 12”’1 1 Cleij(ek) ........................ (|||)
Now, iz, X%, ¢ijEij(er) = Xizy cucfi = T(ey) by (ii), this implies (iii).
Thus, we have proved that the set of mn elements {E;;|i = 1,...,n,j =
1,...,m}is a basis for L(U, V).
Let us see some ways of using this theorem.

Example 1: Show that L(R?, R) ~ R? is a plane.

Solution: L(R?, R) is a real vector space of dimension 2 x 1 = 2.
Thus, by 10 of Unit 3 Theorem; L(R? R) = R?, the real plane.

Example 2: Let U,V be vector spaces of dimensions m and n,
respectively. Suppose W is a subspace of V of dimension p(< n).

LetX ={T € L(U,V):T(u) e W V u € U}. Is Xasubspace of L(U,V)?
If yes, find its dimension.

Solution: X ={T € L(U,V)|T(U) € W} =L(U,W). Thus, X is also a
vector space.

Since it is a subset of L(U, V), it is a subspace of L(U,V). By Theorem
1, dimX = mp.

E3) What can be a basis for L(R?, R)and for L(R, R?)?

Notice that both these spaces have the same dimension over R.

After having looked at L(U, V), we now discuss this vector space for the
particular case whenV = F,

4.3.2 The Dual Space

The vector space L(U, V), discussed in Unit 2, has a particular name when
V=F.

Definition 4.3.1: Let U be a vector space over F. Then the space
L(U, F)is called the dual space of U*, and is denoted by U.

In this section we shall study some basic properties of U*. The elements
of U have a specific name, which we now give.

Definition 4.3.2: A linear transformation T:U — F is called a linear
functional. Thus, a linear functional on U is a function T: U — F such
that

T(a uy + ayuy) = a;T(uy) + a,T(uy), foray, a, € Fand ay,a, € U.
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For example, the map, f:R3 - R|f(x;, x5, x3) = a;x; + ax, + azxs,
where a,, a,, a; € R are fixed, is a linear functional on R3. You have
already seen this in Unit 3 (E4).

We now come to a very important aspect of the dual space.

We know that the space V*, of linear functional on V, is a vector space.
Also, if dim V = m, then dim V* = m, by Theorem 1 (Remember, dim F
=1).

Hence, we see that dim V = dim V*,

From Theorem 12 of unit 3, it follows that the vector spaces V and, V*
are isomorphic.

We now construct a special basis for V*.

Let {e,, ....e,} be a basis for V, by Theorem3 of Unit 3, for each i =

1, ..., m, there exists a unique linear functional f; on V such that

f](e]) 8 = {(1) ijwhere &, is the Kronecker delta function.

We shall prove that the linear functional fi, .... f;,, constructed above,
form a basis of V*.

Since dim V = dim V* = m, it is enough to show that the set {f;, .... f;,}
is linearly independent. For this we suppose e, ....e,, € F such that

C1f1 + cee + Cmfm = 0
We must show that cl = 0, forall i.

Now, X%, ¢ifj =
= V=1 (cjfj(ei)) =0 foreachi
n

= Z Cj (fj(el-)) =0Vi
j=1

j=1
Thus, the set {f, .... fin}is a set of m linearly independent elements of a
vector space V* of dimension m, Thus, from Unit 3 (Theorem 3.5,
Corrolary 1), it forms a basis of V*.

Definition 4.3.3: The basis {f;, .... f;,,}of V* is called the dual basis of
the basis {e, ....e, } Of V.

We now come to the result that shows the convenience of using a dual
basis.

Theorem 4.2: LetV be a vector space over F of dimension n, {e, .... e,,}
be a basis of V and {f, .... f;,} be the dual basis of {e,, ....e,}.Then, for
each f €V, f=3" 1f(ej)fl and, foreachv € V,v = ¥, f; (v)e;
Proof: Since {fi,....f,} is a basis of V*, for f € V x there exist
scalarscy, .... ¢, such that
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f=icifi

Therefore, f(e;) = X, c; fi(e;)

n
= Z Cjal]
j=1
This impliesthat ¢; = f(e; ) Vi = 1, ..., n, therefore, f =) f;.
Similarly, for v € ), V, there exist scalars a, ... a,, such that
n

U=Zaiei

Hence, f;(v) = X, a; fi(e;) -

n
i=1

v= Zn:fi (v)e;

i=
Let us see an example of how this theorem works.
Example 3: Consider the basis e; = (1,0,- 1), e, = (1,1,0) of C3 over
C. Find the dual basis of {e;, e,, e5}.
Solution:  Any element of C3 is v = (zy,2,,273), z; € C. Since
{e,, e,, e3}is a basis, we have a,, a,, a; € C. Since

V ={z,,2,,23} = a;e; + aye, + azes

=(a; +a, +as,a, + az,—a;, + a,)
Thus, a; + a, + a3 = z;

and we obtain

a, +az =2z,
—a;ta, =23
These equations can be solved to get
=20 —7
Oy =71 —Zy + 23
O3 = 27y — 71 — Z3
Now, by Theorem 2,v = f,(v)e; + f>(v)e, + f3(v)es, Wwhere {f3, f5, 5}
is the dual basis.
Also, v = a,e; + aye, + ases.
Hence, fi(v) = ay, L,(V) = ay, f3(v) = a3 Vv € C3.
Thus, the dual basis of {e;, e, es} is {f1, f2, fs}, where fi, f5, fs will be
defined as follows:
f1(21,22,23) = oy =21 — 7,
f1(21,25,23) = 0y =21 — 2, + 23
f1(21,25,23) = a3 = 22, — 2, — Z3
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E5) What is the dual basis for the basis {1,x,x?} of the space P, =
{a, + a;x + a,x?|a; € R}?

4.3.2.1 The Dual of the Dual Space

Let V be an n-dimensional vector space. It has already been shown that
and V* are isomorphic because dim V = dim V*,

The dual of V* is called the second dual of V denoted by V**.

Let us show that V = V xx.

Now any element of V** is a linear transformation from V* to F.

Also, foranyveVand f eV x, f(v) EF.

So, we define a mapping @:V = V *x:v - v, where (¢pv)(f) =
fW)Vf eV« and veV. (Over here we will use @(v) and ¢v
interchangeably).

Note that, for any v € V, v is a well-defined mapping from VV x— F.
We have to check that it is a linear mapping.

Now, for c¢;,c, € Fand f;, f, € V *.

(pv)(crfi + c2fz) = (cifs + C2f2) (V)
=c1f1(v) + c2f2(v)
= 1 (pv)(f1) + c2(ov)(f2)
Therefore, ov € L(V *,F) =V *x,V v
Furthermore, the map 6:V — V *x is linear.
This can be seen as follows:
Forc,,c, € Fandv,,v, €V.
8(civy + cv)(f) = fcv1 + c;v7)
= ¢, f (v1) + cof (v2)
= ¢, (0v)(f) + c2f (Bv)(f)
= (c10v; + c,0v,)(f)

Thisistrue vV f €V *.
Thus, 8(c;v, + c,v5) = ¢,0(v,) + ¢,0(v,).
Now that we have shown that 6 is linear, we want to show that it is
actually an isomorphism. We will show that 6 is 1-1.
By Theorem 3.7 of Unit 3, it suffices to show that 6(v) = 0 implies v =
0.
Let {fi, -, f,}be the dual basis of a basis {e,, -+, e, } of V.
By Theorem 2, we have v = Y1, f; (v)e;
Now, 8(v) =0 = (Ov)(f;) =0Vi=0,1,-,n
Hence, it follows that @ is 1-1, thus, 8 is an isomorphism (Unit 3, Theorem
3.10).
What we have just proved is the following theorem.
Theorem 4.3: The map 6:V — V =x, defined by (pv)(f) = f(v) Vv €
V andf € V =, is an isomorphism.
We now give an important corollary to this theorem.
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Corollary: Let y be a linear functional on V* (i.e., ¥ € V x). Then there
exists a unique v € V such that Y (f) = f(v) forall f € V'*.

Proof: By Theorem 3, since #is an isomorphism, it is onto and 1-1, thus,
there exists a unique v € VV such that 8(v) = . This by definition,

implies that 8 (V) (f) = (v)(f) = f(v) forall f € V'*.

Now, use the second dual try to prove the following exercise.

E6) Show that each basis of V' * is the dual of some basis of V.

In the following section we look at the composition of linear operators,
and the vector spaceA(v), where V is a vector space over F.

4.3.3 Composition of Linear Transformations

Do you remember the definition f the composition of functions, which
you studied in Unit 1? Let us now consider the particular case of the
composition of two linear transformations. Suppose T:U -V - W,
defined by SoT(u) = S(T(w)) Vu € U.

This is diagrammatically represented in Fig. 1.

Fig 1: SoT is the composition of Sand T

The first question which comes to our mind is whether S o T is linear. The
affirmative answer is given by the following result.

Theorem 4.4: Let U, V, W be vector spaces over F. Suppose S € L(V,W)
andT € L(U,V). ThenSoT € L(U,W).

Proof: All we need to prove is the linearity of themap S o T. Let a4, a, €
F and uy,u, € U. Then
S o T(ayuy + ayuy) = S(T(ayuy + ayuy))
= S(a, T(uy) + @, T (up)), since T is linear
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= a;S(T(wy)) + a,S(T(uy)), since S is
linear

=0, S o T(uy) + a,S o T(uy)
This shows that S o T € L(U, W).

Try the following exercises now

E7) Let I be the identity operator on V. Show that Sol =10 S =S for
all S € A(V).

E8) Prove that Sc0 =005 =0 for all S € A(V), where 0 is the null
operator.

Let’s now make an observation.

Remark: Let S: V — V be an invertible linear transformation (ref. unit 3),
that is an isomorphism. Then, by Unit 3, Theorem 3.8, S~ € L(V,V) =
A(V).

SinceS"toS(w)=vandSoS~1(v) =vforallvevV.
SoS1=5"1085 =1, where I, denotes the identity transformation on V.
This remark leads us to the following interesting result.

Theorem 4.5: Let V be a vector space over a field F. A linear
transformation S € A(V) is an isomorphism if an only if there exists T €
A(V)suchthat SoT =1=ToS.

Proof: Let us first assume that S is an isomorphism. Then, the remark
above tells us that there existsS™ € A(V) suchthat So S~ =1 =510
S.

Thus, we have T(= S~ 1) suchthat Se T =T oS = 1.

Conversely, suppose T exists in A(V),suchthatS o T =1 =T o S. Show
that S is 1-1 and onto.

We first show that Sis 1 -1, that is, Ker S = {0}.

Now, XEKerS=Sx)=0=ToSx)=T{0}=0=1(x) =
0=x=0.

Thus, Ker S = {0}.

Next, we show that S is onto, that is, for any v € V,3 u € V such that
S(u) =v. Now, forany v eV, v=I1(w) =ST(w) =S(T(w)) =Su),
where u = T'(v) € V. thus, S is onto.

Hence, S is 1-1 and onto, that is, S is an isomorphism.

Use Theorem 4.5 to solve the following exercise.

E9) Let S(x1,x5) = (xq,x,)and T(xy,x,) = (—x4,x,).Find SoT and
T o S.1s S(orT) invertible?
Now, let us look at some examples involving the composite of linear
operators.
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Example 4: Let T: R? - R? and S: R® —» R? be defined by
T(xl,xZ) = (xl,xz, X1 + xz) and S(xl, X3, x3) = (xl, xz). Flnd So Tand
ToS.

Solution: First, note that T € L(R? R3®) and S € L(R3 R?).
Therefore,S o TandT o S are both well defined linear operators.

Now, S o T(xy, X2, x3) = S(T(x1, X2)) = S(xq, X2, %1 + x2) = (%1, Xx2).
Hence S o T= the identity transformation of R? = I ..

Now, T oS(xy,xp,x3) = T(S(x1,X2,%3)) = T(x1, %) = (X1, %2, %1 +
X5).

In this case S o T € A(R?), while T o S € A(R?).

Clearly, SoT # T o S.

Also, notethat So T =1,butT oS # 1.

Remark: Evenif SoT and T o S both being to A(V), S o T may not be
equalto T o S. Such an example is given below.

Example 5: Let S,T € A(R?), be defined by T(x,x,) = (x; — x5, x; —
X,) and
S(xl,xz) = (O’XZ)' ShOW that SoT *T °o§.

Solution: You can check that So T(x;,x,) =(0,x; —x,) and T o
S(x1,x3) = (%1 — x3).

Thus, there exists (x;, x,) € R? such that S o T(x;,x,) = T o S(xy, x5)
(For instance, S o T(1,1) # T o 5(1,1)).

Thatis,SoT #ToS.

Note: Before checking whether S o T is a well-defined linear operator,
you must be sure that both S and T are well defined linear operators.
Now try to solve the following exercise.
E10) Let T(xy,x3) = (0,x1,x5) and S(xq, x5, x3) = (xq, X5, x5 + X3).
FindSoTandT oS. WhenisSoT =T oS§?
E11) Let T(xy, x,) = (2x4, x; + x,)for (x4, x,) € R? and
S(xq, x5, %3) = (%1 + 2%, 3%, — X5, x3) for (x,x,,x3) € R3.

Are SoTand T o S defined ? If yes, find them.
E12) Let U,V,W,Z be vector spaces over F. Suppose T € L(U,V),S €
L(V,W) and

Re€L(W,Z). Showthat (ReS)oT =Ro(SoT).
E13) Let S,T € A(V) and S be invertible.

Show that rank(ST) = rank(TS) = rank(T)(ST).
So far, we have discussed the composition of linear transformation and
seen that if S,T € A(V), then S o TA(V), where V is a vector space of
dimension n.
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Thus, we have introduced another binary operation (Unit 1) in A(V),
namely, the composition of operators, denoted by o.

Remember, we already have the binary operations given in the previous
unit.

In the following theorem, we state some simple properties that involve all
these operations.

Theorem 4.6: LetR,S,T € A(V) and let @ € F. Then
d) Ro(S+T)=RoS+RoTand(S+T)oR=SoR+ToR.
b) a(SoT)=aSoT =SoaTl.

Proof:
a)Foranyv eV,
Ro(S+T)=R((S+T)(v))
=REW)+T)) = (RoS)(v) + (RT)(v)
=(RoS+RT)(v)
Hence, Ro(S+T)=RoS+RoT.
Similarly, we can prove that (S+ T)oR=SoR+T©°R
b) Foranyv €V,

a(SoT)(w) = a(S(T(v)))

= (@$)(T(m) = (aS > T)(v)
Therefore, a(SoT) = aSoT.
Similarly, we can show that (S o T) = S o aT.

Notification: Subsequently, we shall be writing ST in place of So T.
Thus, ST(u) = S(T(w)) = (S T)u.
Also, if T € A(V),thenT® = I,T* =T,T? = T o T and, in general,

" :Tn—loT :ToTn—l
The properties of A(V), stated in theorems 4.1 and 4.6 are very important
and will be used implicitly again and again. To get used to A(V) and the
operations in it, try the following exercises.
E14) Consider S, T: R? - R? defined by S(x;, x,) = (x;, —x,) and
T(xy,x5) = (%1 + x5, X, —x3). Whatare S + T, ST, TS,S o (S —T)and
(§5-T)oS?

E15) Let S € A(V), dimV = n and rank(S) = r and
LetM ={T € A(V)|ST =0}, N={T € A(V)|TS =0}
a) Show that M and N are subspaces of A(V).
b) Show that M = L(V, Ker S).
C) What is dim M ?

By now you must have got used to handling the elements of A(V). The
next section deals with polynomials that are related to these elements.
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4.3.4 Minimal Polynomial Theorem

Recall that a polynomial in one variable x over F is of the form
p(x) =ay + a;x + -+ a,x™, where ay, a,,,a, € F.
If a,, # 0, then p(x) is said to be of degree n.
If a,, = 1, then p(x) is called a monic polynomial of degree n.
For example, x? + 5x + 6 is a monic polynomial of degree 2.
The set of all polynomials in x with coefficients in F is denoted by F[x].
Definition 4.3.4: For a polynomial p, as above, and an operator T €
A(V), we define
p(T) = agl + ;T + -+ a,T™

Sinceeachof I, T, ..., T" € A(V), we find P(T) € A(V). Wesay P(T) €
F[T]. If qis another polynomial in x over F, then P(T)q(T) = q(T) =
P(T), thatis, P(T) and q(T) commute with each other. This can be seen
as follows:
Let q(T) = byl + b,T + ---+ b,,T™.
Then P(T)q(T) = (aol + a,T + -+ a,T")(bol + b;T + -+ b,, T™)

= agbyl + (agbh, + a1by)T + -+ + a, b, T™™™

= (bol + b;T + -+ + b, T™)(ayl + a,T + -+ + a,T")

= q(T)P(T)
E16) Let p,q € F[x] such that p(T) = 0,q(T) = 0. Show that (p +
q)(T) = 0.

Note that (p + q)(x) means p(x) + q(x).

E17) Check that (21 +3S + S*) commutes with (S + 25%), for S €
A(R™)

We now go on to prove that givenany T € A(V) we can find a polynomial
g € F[x] such that

g(T) =0, thatis, g(T)(v) =0Vv eV,

Theorem 4.7: Let V be a vector space over F of dimension n and T €
A(V). Then there exists a non-zero polynomial g over F such that
g(T) = 0 and the degree of g is at most n?.

Proof: We have already seen that A(V) is a vector space of dimension

n2

Hence, the set {I,T,T2,---,T""} of n? + 1 vectors of A(V), must be
linearly dependent (ref. Unit 2, Theorem 2.7). Therefore, there must exist
ay, a4, -+, ay2 € F (not all zero) such that

agl + a.T + -+ anzT"2 =0.
Let g be the polynomial of degree at most n?, such that (T) = 0.
The following exercise will help you in getting used to polynomials in x
and T.
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E18) Give an example of polynomials g(x) and h(x) in r[x], for which
g =0and

h(0) = 0, where I and 0 are the identity and zero transformations in
A(R).

E19) Let T € A(V)then we have a map 6 from F[x] to A(V) given by
0(p) = p(T) show that, for a,b € F and p,q € F|[x],

a)  0(ap +bq) = a(p) + b(q)

b)  0(pqg) =0(P)6(q).

In Theorem 4.7, we have proved that there exists some g € F[x] with
g(T) =0.

But, if g(T) = 0, then (g)(T) =0, forany a € F.

Also, if deg g < n?. Thus, there are infinitely many polynomials that
satisfy the conditions in theorem 4.7. But if we insist on some more
conditions on the polynomial g, then we end up with one and only one
polynomial which will satisfy these conditions and the conditions in
Theorem 4.7.

Theorem 4.8: Let T € A(V), then there exists a unique monic
polynomial p of smallest degree such that p(T) = 0.

Proof: Consider the set S = {g € F[x]|g(T) = 0}.

This set is non-empty since, by Theorem 4.7, there exists a non-zero
polynomial g, of degree at most n?, such that g(T) = 0.

Now consider the set D = {degf|f € S}.

Then D is a subset of N U {0}, and therefore, it must have a minimum
element, m.

Let heS such that degh=m, then h(T)=0 and degh <
deggVvV geES.

If h=ay+a;x+-+ay,x™a, +0, then p=x""1h is a monic
polynomial such that p(T) = 0.

Also, degp =degh <deggV g €S.

Thus, we have shown that there exists a monic polynomial p, of least
degree, such that

p(T) = 0.

We now show that p is unique, that is, if g is any monic polynomial of
smallest degree such that q(T) = 0, then p = q. But this is easy.
Firstly, since degp =deggV g € S,degp < deg q.
Similarly, deg q < deg p. -~ degp = deg q.
Now, suppose p(x) = ay + a;x + -+ + a,_x" ! + a,x™ and
q(x) = by +byx+ -+ by_x™ 1 + b, x"
Since p(T) = 0 and q(T) = 0, we get (p-q)(T) = 0.
But, p-q=(a-b) + .. +....
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Hence, (p - q) is a polynomial of degree strictly less than the degree of
p, such that (p-q)(T) = 0.

That is, p- qS with deg (p-q) < deg p.

This is a contradiction to the way we chose p, unless pg = 0, that is, p =
q.
P is the unique polynomial satisfying the conditions of Theorem 4.8.
This theorem immediately leads us to the following definition.

Definition 4.3.5: For T € A(V), the unique monic polynomial p of
smallest degree such that p(T) = 0 is called the minimal polynomial of
T.

Note that the minimal polynomial p, of T, is uniquely determined by the
following three properties.

1) p is a monic polynomial over F

2) pM=0

3) if g € F(x) with g(T) = 0,thendegp < deg g.

Consider the following example and exercises.

Example 6: For any vector space V, find the minimal polynomials for I,
the identity transformation, and 0, the zero transformation.

Solution: Let p(x) = x-1and q(x) = x. Then p and g are monic such
that p(1) = 0 and q(0) = 0. Clearly no non-zero polynomials of smaller
degree have the above properties. Thus x-1 and x are the required
polynomials.

E20) Define T:R3® — R3|T(xy,x5,%x3) = (0,x,x,). Show that the
minimal polynomial of T is x3.

E21) Define T:R™ = R™|T(xq,**,Xp—1). What is the minimal
polynomialof T?

Does E20 help you?

E22) Let T: R® — R3 be defined by T(x, x5, x3) = (3xy, X1 — X5, 2x; +
Xy + X3).

Show that (T%-1)(T-3I) = 0. What is the minimal polynomial of T ?

We will now state and prove a criterion by which we can obtain the
minimal polynomial of linear operator T, once we know any polynomial
f € F[x] with f(T) = 0. It says that the minimal polynomial must be a
factor of any such f.

Theorem 4.9: Let T € A(V) and let p(x) be the minimal polynomial of
T. Let f(x) be any polynomial such thatf(T) = 0.Then there exists a
polynomial g(x)such that f(x) = p(x)g(x).

Proof: The division algorithm states that given f(x) and p(x), there exist
polynomials g(x) and h(x) such that f(x) = p(x)g(x) + h(x), where
h(x) =0 or deg h (x) <degp(x). Now, 0= f(T)=p(T)g(T) +
h(T) = h(T), since p(T) = 0.
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Therefore, if h(x) # 0, then h(T) = 0, and deg h(x) < deg p(x).

This contradicts the fact that p(x) is the minimal polynomial of T.
Hence, h(x) = 0 and we get f(x) = p(x)g(x).

Using this theorem, can you obtain the minimal polynomial of T in E22
more easily? Now we only need to check if T —1I1,T + I or T - 3[ are
0.

Remark: If dimV =nand T € A(V), we have seen that the degree of
the minimal polynomial p of T < n?.

We will study a systematic method of finding the minimal polynomial of
T, and some applications of this polynomial. But now we will only
illustrate one application of the concept of the minimal polynomial by
proving the following theorem.

Theorem 4.10: Let T € A(V), then T is invertible if and only if the
constant term in the minimal polynomial of T is not zero.

Proof: Letp(x) = ay + a;x + -+ + a1 x™ * + a,,x™ be the minimal
polynomial of T. Then, aol + a;T + -+ @y T™ 1 + a,, T™ = 0

T(a;l + a,T + -+ @y T™ 2+ T 1) = —qyl
......................... (1)
Firstly, we will show that if T~ exists, then a, # 0.
On the contrary, suppose a, = 0.
Then (1) implies that T(a,l + a,T + -+ + @y T™ %+ T™ 1) = 0.
Multiplying both sides by T~ on the left, we get

al +a,T+-+a, T"2+Tm1=0

This equation gives us a monic polynomial g(x) = a, + ---+ x™ 1 such
that q(T) = 0 and deg q < deg p.
This contradicts the fact that p is the minimal polynomial of T.
Therefore, if T~ exists the constant term in the minimal polynomial of
T cannot be zero.

Conversely; suppose the constant term in the minimal polynomial of T is
not zero, that is, a # 0. Then dividing equation (1) on both sides by
(—ay), we get

T((—ai/ag)l + -+ (=1/ag) T ) =1
Let S = (—a,/ag)l + -+ (=1/ay) T™ 1,
Thenwe have ST =1and TS = 1.
This shows, by Theorem 4.5, that T~! existsand T~1 = §.
E23) Let P, be the space of all polynomials of degree < n. Consider the
linear operator
D:P, - P, given by D(ay + a;x + a,x?) = a; + 2a,x.
(Note that D is just the differentiation operator.)
Show that D* = 0. What is the minimal polynomial of D? Is D
invertible?

67



MTH 212 LINEAR ALGEBRA

E24) Consider the reflection transformation given in Unit 3, Example 4,
find its minimal polynomial. Is T invertible? If so, find its inverse.
E25) Let the minimal polynomial of S € A(V) be x™,n > 1. Show that
there exists v, € V such that the set {v,, S(vy), ..., S™ 1 (v,)} is linearly
independent.

We shall now end the unit by summarizing what we have covered in it.

SELF-ASSESSMENT EXERCISE(S) SOLUTIONS

Solutions/Answers
E1) We have to check that VS1 — VVS10 are satisfied by L(U, V).
We have already shown that VS1 and VS6 are true.
VS2: Forany L,M,N € L(U,V),we haveV u € U,
[(L+ M)+ N]J(w) =L+ M)+ N
=[L(u) + M(uw)] + N(u)
= L(u) + [M(u) + N(u)], since addition is associative in V.
=[L+ M+ N)](w)
~(L+M)+N=L+(M+N).
VS3:0:U - V:0(u) = 0V u € U is the zero element of L(U, V).
VS4: Forany S € L(U,V),(—1)S = =S, is the additive inverse of S.

VS5: Since addition IS commutative inV,S+T=T+
S VSTinL(UYV).

VS7:Va€eFandS, T € L(U,V),
a(S+T)=((aS+aT)(u) Vuel,
~a(S+T)=aS+aT.

VS8:Va,f €FandS, T € L(U,V), then
(a+B)S=aS+pS.

VS9:V a,B € Fand S € L(U,V), (aB)S = a(BS).
VS10:V S € L(U,V),1-S =S.

E2) E,.(en) = f; and E,,,,(e;) = 0 for i # m.
,ifi=n
Emn(e;) = {Ofm !

, otherwise
E3) Both spaces have dimension 2 over R.
A basis for L(R?%,R) is {E;4, E1»}, Where,

i.E11 = (1,0) =1
ii.E11 == (0,1) == 0

iV'E12 == (0,1) == 1
68



MTH 212 LINEAR ALGEBRA

A basis for L(R, R?) is {E;1, E,1}, Where,
i.E11(1) = (1,0)
ii.E;;(0) = (0,1)
iii.E,,(0) = (1,0)
iv.E;,(1) = (0,1)

E4) Let f:R®>—> R be any linear functional. Let f(1,0,0) = a4,
£(0,1,0) = a,, f(0,0,1) = a5. Then, forany x < (x;, x5, x3), we have
x =x.(1,0,0) + x,(0,1,0) + x5(0,0,1),

~ f(x) =x,£(1,0,0) + x,/(0,1,0) + x3f(0,0,1)
== a1x1 + a2 X2 + a3 x3

E5) Let the dual basis be {f;, f>, f3}.

Then, foranyv e P,,v=fi(v) 1+ fL,(v) x+ f5(v) - x,

v =ay + ajx + ayx?, then f(v) = a, (V) = a, 5(v) = a,.
Thatis, fi(ag + a;x + a,x?) = ay, fo(ap + a;x + a,x?) = ay, f3(ay +
a,x + a,x?) = a,, forany (ay + a;x + a,x?) € P,.

E6) Let {f;,--, f,,} be a basis of V*. Let its dual basis be {@,, -, @,},
@; €V xx. Let e; € V such that 6(e;) = ¢; (ref. Theorem 3) for i =
1,...,n.

Then {ey, ...., e, } is a basis of V, since 871 is an isomorphism and maps
abasisto {ey, ...., e, }.

Now, fi(e;) = 0(e;)(f;) = ¢;(fi) = J;;, by definition of a dual basis.
~A{fi, -+, foHs the dual of {e,, ...., e, }.

E7) Forany S € A(V) and forany v € V/,

Sol(v)=S(w)and I S(w) =1(S(v)) = S).

nSol=85=]o0S§.

E8) Forany S € A(V) and forany v € V/,

So0(w)=5(0)=0,and 0S(v) =0(S(v)) =0.
#8500=005=0.

E9)S € A(R), T € A(R?).
S o T(xy,%x3) = S(=x2,%1) = (X1, %3)
T o S(xy, %) = T(xy, —x3) = (x1,%2) V (x1,%2) € R%.
~S§SoT =ToS =1,and hence, both Sand T are invertible.
E10)T € L(R? R®),S € L(R3,R?).
~SoT € A(R), TS € A(R?).
~SoTand T oS can never be equal.
Now S o T(x1,x;,) = S(0,x1,x,) = (x1,%; + x3) V (x1,%,) € R?
Also, T o S(xq,x5,x3) = T(x1 + x5, %, + x3)
= (0,x; + x5, %, + x3) (%1, %, %3) € R3.

E11) Since T € A(R?*)and S € A(R3),So T and T o S are not defined.
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E12) Both (RoS)oTandRo (SoT)arein L(U,Z).
Foranyu € U,[(RoS) o T](u) = (R S)[T(uw)]
= R[S(T(w)] = R[S T)(W)] = [R o (S > T)](w).

~“(RoS)oT =Ro(S-T).
E13) By Unit 3, Theorem 3.6, rank (S o T) < rank (T).

Also, rank (T) = rank(I o T) = rank((S1 0 S) o T)

=rank (S~ 1o (SoT)) < rank(S o T) (by Theorem

3.6).

Thus, rank (SoT) < rank (T) < rank(Se°T).

~rank (SoT) =rank (T).
Similarly, you can show that rank (T o S) = rank (T).

E4) (S+T)(x,y)=(x—-y)+(x+y,y-x) = (2x +y-x)
SeTx,y)=Sx+y,y—x)=x+yx-y)
ToSxy) =T —-y)=x-y,—-(x+y))

[So(S—D]x,y) =Sy, x-2y) = (—y,2y-x)
[(S-T) o S](x,y) = (S-T)(x,—y) = (x,y)- (x-y,—(x + ¥))
= (y,2y +x) V (x,y) € R?.

E15) a) We first show that if A,B € M and a, 8 € F, then (a4 + BB) €
M.
Now, S(a¢A + fB) =S oaA + S o BB, by Theorem 4.6.
= a(S o A) + (S o B), again, by Theorem 6
=ay + By, since A,BEM
=0
~ aA+ BB € M and M is a subspace of A(V).
Similarly, you can show that N is a subspace of A(V).

b) ForanyT e M, ST(v) =0V veV.
~T(wv)eKerSVveV.
~ R(T), the range of T, is a subspace of Ker S.
~ TL(V,Ker S)
~MCL(V,KerS)
Conversely, for any T € L(V,KerS), T € A(V) such that
STwv))=0vVvevV.
ST =0
~TEM,~L(V,KerS)S M
~ We have proved that M = L(V, Ker S).
~dim M = (dim V) (nullity S), by Theorem 4.1
= n(n - r) by the Rank Nullity Theorem.

E)(p + )(T) =p(T) +q(T) =0+ 0 =0.
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E17) (21 +35S+S3)(S+25")= QI+ 35 +53S+ (21 + 35 +
5%)(25%)
=25 + 352 + S* + 455* + 6S° + 257
=25 + 352 + 55* + 6S° + 257
Also, (S + 25*)(2I + 35 + §3) = 25 + 352 + 55* + 6S5° + 257
W (S+25M) 21+ 35 +53) = (21 +3S + S3)(S + 25%).

E18) Consider g(x) = x-1 € R[x]

Then, g(I) =1—-11 = 0.

Also, if h(x) = x, then h(0) = 0.

Notice that the degrees of g and h are both I < dim R3.

E19) Letp =ay+ayx+ -+ ax™, q =by+ byx+ -+ byx™.
a) Then ap + bq =al(ay+a;x+ -+ a,x") +b(by+ by x+ -+

b, x™)
=aay, +aa;x + -+ aa,x™ + bby + bb;x + -+ bb,,, x™
“ ¢(ap + bq)
= aayl + aayT + -+ aa,T" + bbyl + bb,T + -+
+ bb,,T™

= ap(T) + bq(T) = ap(p) + bop(q)

b) pq = (ag + a;x + -+ a,x™)(by + byx + -+ + b, x™)
= agby + (a by + aghy)x + -+ + a, by x™™
s~ d(pq) = aghol + (a by + agh)T + ---+ a,b,,, T"t™
= (apl + a,T + -+ a,T")(byl + b;T + -+ + b, T™)
= oo (@).

E20) Let T € A(R?) andp(x) = x3,then p is a monic polynomial.
Also, p(T) (x1, X2, X3) = T (x1, X3, X3)
= T?(0,x4,x,) =T(0,0,x;)
=(0,0,0) V (x1,x,,%3) €R3
~p(T)=0
We must also show that no monic polynomial g of smaller degree exists
such that q(T) = 0.
Suppose ¢ = a + bx + x*and g(T) = 0
Then (al + bT + T?)(xy, x5, x3) = (0,0,0)
& a(xq,x9,x3) + b(0,x4,x5) +(0,0,x;) = (0,0,0)
< ax; =0,ax, + bx; = 0,ax3 + bx, +x; =
0V (xq1,x,,%3) €R3
<a=0b=0x,=0
But x; can be non-zero
Therefore, g does not exist
Hence,p is a minimal polynomial of T.
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E21) Consider p(x) = x™, then p(T) = 0 and no non-zero polynomial q
of lesser degree exists such that q(7) = 0. This can be checked in the
solution of E20.
E22)(T?-1)(T-31)(x1, x5, x3) = (T? - D((3xy,x; — x3,2%; + x, +
x3) — (3%, 3%, 3x3))
= (T? - D)(0,x; — 4x,,2x; + x; — 2X3)
=T(0,x; —4x,,3x; —3x, —2x3) — (0,x; —
4x,,2x1 + x5 — 2x3)
=(0,0,0) V (x1,x5,%3) €R?
Therefore, (T?-1)(T-31) =0
Suppose 3 g = a + bx + x?such that g(T) = 0
Then q(T)a(x,, x5, x3) = (0,0,0) V (x1,%,,x3) € R3
This means that
a+3b+9=0,
(b+2)x;+(@a+b+1x, =0,
(2b+9)x; + bxy, +(a+ b+ 1)x3 =0.
Eliminating a and b, we find that these equations can be solved provided
5x; —2x, —4x3; =0
But they should be true for any (x,, x,,x3) € R3
Therefore, the equations can’t be solved, and g does not exist.
Hence, the minimal polynomial of T is (x? - I)(x - 3).
E23) D*(ay + a;x + a,x?) = D3(a; + 2a,x)
= D?(2a,) = D(0)
=0 V (x1,%2,%3) € p?
~D*=0.
The minimal polynomial of D can be D, D?, D3 or D*.
Check that D = 0, but D% # 0. ..
The minimal polynomial of D is p(x) = x3.
Since p has no non-zero constant term, then D is not an isomorphism.
E24) T:R? - R?|T(x,y) = (x,—y). Check that T> — I = 0.
Therefore, the minimal polynomial p must divide x?-1.
= P(x) canbe x-1,x + 1 or x*-1.
Since T-1 # 0and T + I # 0, we see that p(x) = x*- 1.
By Theorem 4.10, T is invertible.
NowT? —1 =0
Therefore,T(—T) = 1, hence,T — 1 = —T.
E25) Since the minimal polynomial of Sis x™, S™ = 0 and S™ ! # 0, then
3 v, € V such that S™ 1(v,) # 0.
Letay, a,, ++,a, € F,suchthat a;v, + a,S(wy) + -+ a,S*1(0) =0
......... (1)
Then, applying S™* to both sides of this equation, we have
a; S" 1 (vy) + -+ a, S 1 (vy) = 0,
.......................... (2)
= a;S" (v,) = 0,since S* =0, St =... = g2n-1
= a; =0
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Now (1) reduces to a,S(vy) + -+ + a,S" 1 (v,) = 0.
Applying $"~2 to both sides we get a, = 0.

Inthiswaywegeta, =0V i=1,..,n.

Therefore, the set {vy, S(vy), -+, S™ 1(v,)} is linearly independent.

We conclude that the composition of two linear transformations is a linear
operator.

Note that we use the terms ‘linear transformation’ interchangeably.
In a linear operator T:V — V, T satisfies a polynomial equation g(x) =
0, that is, if we substitute T for x in g(x), we get the zero transformation.

19

In this unit we covered the following points.

45 SUMMARY

I. L(U, V) the vector space of all linear transformations from U to V
Is of dimension (dim U)(dim V).

. The dual space of a vector space V is L(U,F) =V *, and is
isomorphic to V.

ii.  If{eq,....., e }isabasis of V and {f;, ...., f,} is its dual basis,

iv. thenf=X",f(e)fiVfeEVxandv=Y",f[(v)e, VVEV.

V. Every vector space is isomorphic to its second dual.

Vi, Suppose S € L(V,W) and T € L(U,V). Then their composition
SoT € L(UW).

vii. S€AW)=L(V,V)isan isomorphism if and only if there exists
T € A(V)suchthatSeT =1=ToS.

viii. For T € A(V) there exists a non-zero polynomial g € F[x], of
degree at most n?, such that g(T) = 0, where dim V = n.

iX.  The minimal polynomial of T and f is a polynomial p, of smallest
degree such that p(T) = 0.

X. If p is the minimal polynomial of T and f is a polynomial such that
f(T) = 0, then there exists a polynomial g(x) such that f(x)g(x).

Xi. Let T € A(V).Then T texists if and only if the constant term in
the minimal polynomial of T is not zero.

Robert A. Beezer (2014). A First Course in Linear Algebra. Congruent
Press Gig Harbor, Washington, USA 3(40).
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MODULE 2

LINEAR ALGEBRA

You have studied Vector Spaces in Module One. A simple means of
representing them, namely, by matrices (plural form of ‘matrix’) shall be
studied in this module. We shall show that, given a linear transformation,
a matrix associated to it can be obtained, and vice versa. Also, certain
properties of a linear transformation can be studied more easily if the
associated matrix is studied instead. For example, you shall see that it is
often easier to obtain the characteristic roots of a matrix than of a linear
transformation.

The units under this module include:

Unit 1
Unit 2
Unit 3

UNIT 1

Matrices |
Matrices 11
Matrices 111

MATRICES |

Unit Structure

1.1
1.2
1.3

1.4
1.5

R

Introduction
Learning Outcomes

Matrices
1.3.1 Matrix Description
1.3.2 Algebra of Matrices
1.3.3 Matrix of a Linear Transformation
1.3.4 Matrix Scalar Multiplication
1.3.5 Vector Space Properties of Matrices
1.3.6 Dimension of M,,,,(F) over F
1.3.7 New Matrices from Old
1.3.8 Theorems involving some types of Matrices
1.3.9 Matrix Multiplication
1.39.1 Matrix of the Composition
Transformations
1.3.9.2 Properties of a Matrix Product
Summary

References/Further Readings

11

Introduction

of

Linear

Matrices were introduced by the English Mathematician, Arthur Cayley,
in 1858. He came upon this notion in connection with linear substitutions.
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Matrix theory now occupies an important position in pure as well as
applied mathematics. In physics, one comes across such terms as matrix
mechanics, scattering matrix, spin matrix, annihilation and creation
matrices. In economics we have the input-output matrix and the payoff
matrix; in statistics we have the transition matrix; and in engineering, the
stress matrix, strain matrix, and many other matrices.

Matrices are intimately connected with linear transformations. In this unit
we will bring out this link. We will first define matrices and derive
algebraic operations on matrices from the corresponding operations on
linear transformations. We will also discuss some special types of
matrices. One type, a triangular matrix, will be used often in the
subsequent units.

To realize the deep connection between matrices and linear
transformations, you should go back to the exact sport in Units 1 and 2 to
which frequent references are made.

This unit may take you a little longer to study, than previous ones, but
don’t let that worry you. The material in it is actually very simple.

@ 1.2

By the end of this unit, you will be able to:

Learning Outcomes

Define and give examples of various types of matrices;

Obtain a matrix associated to a given linear transformation

Define a linear transformation, if you know its associated matrix;
Evaluate the sum, difference, product and scalar multiples of
matrices;

o Obtain the transpose and conjugate of a matrix;

1.3 Matrices
1.3.1 Matrix Description

Consider the following system of three simultaneous equations in four
unknowns:
a—3b+2c—d=0
“a+b—2d=0
3b—4c =0
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The coefficients of the unknowns, x,y,z and t can be arranged in rows
and columns to form a rectangular array as follows:

11 -3 2 -1 (Coefficients of the first equation )
— 1 0 -1 | (Coefficients of the second equation )
g 3 —4 0 (Coefficients of the third equation )

Such a rectangular array (or arrangement) of numbers is called a matrix.
A matrix is usually enclosed within square brackets [ ] or round brackets

O-

The numbers appearing in the various positions of a matrix are called the
entries (or elements) of the matrix. Note that the same number may
appear at two or more different positions of a matrix. For example, 1
appears in 3 different positions in the matrix given above.

In the matrix above, the three horizontal rows of entries have 4 elements
each. These are called the rows of this matrix. The four vertical rows of
entries in the matrix, having 3 elements each, are called its columns.
Thus, this matrix has three rows and four columns described as a matrix
of size 3 x 4 (“3 by 4” or “3 cross 4”), or simply a “3 x 4” matrix. The
rows are counted from top to bottom and the columns are counted from
left to right. Thus, the first row is (1, -3, 2, -1), the second row is (¥, 1, 0,
1), and the third row is (0, 3, -4, 0).

1 1
Similarly, the first column is % , The second column is % , and the third
0 0
1
. 1
column is 5
0

Note that each row is a (1 x 4) matrix and each column is a (3 x 1)
matrix,

We shall now define a matrix of any size.

Let us see what we mean by a matrix of size (m x n), where m and n are
any two natural numbers.

Definition 1.3.1: Let F be a field. A rectangular array of mn elements of

F arranged in m rows and n columns is called a matrix of size (m x n);
or an (m X n) matrix, over F.
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agq aqz Ain
axq az, az,

«
|
|

A1 Ao e e aan

You must remember that the mn entries need not be distinct.

The element at the intersection of the i* row and the j**column is called
the (i, j)*"elements.

For example, in the (m x n) matrix above, the (2,n)"elements is a,,
which is the intersection of the 2™¢row and the n*"* column .

A brief notation for this matrix is [a;;] , or simply [a;;].

Matrices are also denoted by capital letters A, B, C, etc.

The set of allm x nmatrices over F is denoted byM,,,,(F), thus,
[1,V2] € My, (F).

If m = n, the matrix is called a square matrix.

In an (m x n) matrix, each row is a (1 X n) matrix and is also called a
row vector.

Similarly, each column is an (m x 1) matrix and is also called a column
vector.

Let us look at a situation in which a matrix can arise.

Example 1:

In the B.Sc.(Hons.) Mathematics Programme of the National Open
University of Nigeria (N.O.U.N.), there are 25 male and 11 female
students in Year I; 18 male and 10 female students in Year II; 15 male
and 8 female students in Year Ill and 12 male and 6 female students in
Year 1VV. How does this information give rise to a matrix?

Solution:
One of the ways in which we can arrange this information in the form of
a matrix is as follows:

I 11 11 1V (B.Sc.)

[25 18 15 12] Male This is a (2 X 4) matrix.
11 10 8 6 lFemale

M F

25 11] B.Sc.1

Another way could be the (4 x 2) matrix |18 10| B.Sc.II
15 8 |B.Sc.111

_ _ 112 61B.Sc.Iv
Either of these matrix representations immediately shows us how many

male/female students are in any of the classes.
To get used to matrices and their elements, you can try the following
exercises.
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1 3 5 1 3
8 4 1(,B=(8 4
0

-1 0 2 -1

5
3 1 5 =2 2 1 7
Cc={4 8 1 0| D=({0 4 3
0 -1 2 5 -1 8 1

a) Obtain the (2,3)t" elements of matrices A,B,C and D

b) State the major difference(s) between matrices A and B

C) Enumerate the differences and similarities observed in B and C
d) What are the elements in the fourth row of B?

Suppose A =

1.3.2 Algebra of Matrices

Definition 1.3.2: The m X n matrix, 0 = O,,x,, defined by [0];; = 0, for
all1 <i <m, 1 <j < nisknown as zero matrix.

Matrix Equality

Definition 1.3.3: The m xn matrices A and B are said to be equal

(written as A = B) provided [A];; = [B];; foralll1<i<m,1<j<

n.

Two matrices are said to be equal if

I They have the same size, that is, they have the same number of
rows as well as the same number of columns and,

ii. Their elements, at all the corresponding positions, are the same.

iii.  The following example will clarify what we mean by equal

matrices.
Example 2:
1 0\_(x vy _ _ _
If (2 3)_(Z 3),thenx—1,y—0,z—2

Remark: Firstly, both matrices are of the same size, namely, (2 x 2) and
for these matrices to be equal the corresponding elements of both must be
equal for all i, ;.

Matrix Addition (or Subtraction)

Given the m X n matrices A and B, define the sum (or difference) of A
and B as an m X n matrix, written as A + B and defined by

So, matrix addition takes two matrices of the same size and combines
them (in a natural way) to create a new matrix of the same size.
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Definition 1.3.4: Let A and B be the following two m x n matrices

a1 a1, Ain
asq aso Aon
\aml A2 amn/
b11 b12 bln\

b21 b22 bZn

| : : :
\bml me bmn/

Then the sum of A and B is defined to be the matrix

ay; + byg A+ by 0 0 Ayt by

ap1 + by Azt by 0t Apy t by
A+ B = : : : : :

Am1 + bml Am2 + bmz et Qn + bmn

In other words, A + B is the m x n matrix whose (i, /)" element is the
sum of the (i, /)" element of A and the (i, j)*"element of B.
Let us see an example of how two matrices are added.

Example 3:
5 31
=y oy )=l g )
ThenA+B=(2 _3 4)+(_1 6 2)
=( 147 0+3 5+1>=(8 3 6)
AT AR A SR
AIso,A—B=<2_(_1) _3_6 4_2)=(_3 :9 2)

1.3.3 Matrix of a Linear Transformation

We shall now obtain a matrix that corresponds to a given linear
transformation and see how easy it is to go from matrices to linear
transformations, and back.

Let U and V be vector spaces over a field F, of dimensions n and m,
respectively.

Let B, = {e4, ..., e} be an ordered basis of U, and B, = {f1,..,, fin} b€
an ordered basis of V, (By an ordered basis we mean that the order in
which the elements of the basis are written is fixed. Thus, an ordered
basis {e,, e;} is not equal to an ordered basis {e,, e;}).

Given a linear transformation T: U — V, we will associate a matrix to it.
For this, we consider T(e,), ..., T (e,,), which are all elements of V and
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hence, they are linear combinations of fi,..,, f,,. Thus, there exist mn
scalars a;;, such that

T(ey) = ay1fi + Az fot.. . tamifm

j

T(ej) =aqiifi +agifot.. FAnjfm

T(_en) = apf1 + aznfot... +amnfm )
From these n equations we form an m X n matrix whose first column

consists of the coefficients of the first equation; second column consists
of the coefficients of the second equation, and so on.  This

all a12 cee cee aln

all azz cee cee azn
matrix :

Am1 Am2 0 Umn

is called the matrix of T with respect to the bases B; and B,. Notice that
the coordinate vector of T (e;) is the j** column of A.
We use the notation [T]p, p,for this matrix.

Thus, to obtain[T]s, 5, We consider T(e;) V e; € By, and write them as
linear combinations of the elements of B,.

IfT € L(V,V), B isabasis of V and we take B; = B, = B, then [T]pp is
called the matrix of T with respect to the basis B, and can also be written
as [T]g.

Remark: Why do we insist on order bases? What happens if we
interchange the order of the elements in B to {e,, ..., e,—1} ? The matrix
[T]s,,5, also changes, the last column becoming the first column now.
Similarly, if we change the positions of the f;’s in B,, the rows of
[T]g, 5, Will get interchanged.

Thus, to obtain a unique matrix corresponding to T, we must insist on B,
and B, being ordered bases. Henceforth, while discussing the matrix of
a linear mapping, we will always assume that our bases are ordered bases.
We will now give an example, followed by some exercises.

Example 4:  Consider the linear operator T:R3:T(x,v,2) = (x,).
Choose bases B, and B, of R® and R?, respectively. Then obtain [T]p, 5,.

Solution: Let B; = {e;, e,,e3}, where e; = (1,0,0),e, = (0,1,0),e5 =
(0,0,1) and B, = {f3, fo}, where f; = {1,0), f; = {0,1),
Note that B, and B, are the standard bases of R3 and R?, respectively.
Te))=10=fi=1-£,+0-f,
T(e) =01 =f,=0-fi+1-f
T(e3) =(0,0)=0-f;+0"f,.
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Thus, [T]p, 5, = ((1) (1) 8)

E1) Choose two other bases B'; and B’, of R® and R?, respectively. (In
Module 1 Unit 4, you came across a lot of bases of both these vector
spaces). For T in the example above, give the matrix [T]g,, 5/,

What E1 shows us is that the matrix of a transformation depends on the
bases that we use for obtaining it. The next two exercises also being out
the same fact.

E2) Write the matrix of the linear transformation

T:R® > R%:T(x,y,z) = (x + 2y + 2z,2x + 3y + 4z) with respect to
the standard bases of R3 and R?.

E3) What is the matrix of T, in E5, with respect to the bases B'; =
{(1,0,0),(0,1,0),(1,-2,D}and B’, ={(1,2),(2,3)}?

The next exercise is about an operator that you have come across often

E4) Let V be the vector space of polynomials over R of degree < 3, in the
variable t.

Let D:V — V be the differential operator given in Unit 2 (E3, when n =
3). Show that the matrix of D with respect to the basis {1,¢t,t?,t3} is
1 0 0

0
0
0
0

So far, given a linear transformation, we have obtained a matrix from it.
This works the other way also. That is, given a matrix we can define a
linear transformation corresponding to it.

1 2 4
Example 5: Describe T: R® - R3 such that [T]p = (2 3 1)
31 2
where B is the standard basis of R3
Solution: Let B = {e,, e,, e5}, Now, we are given that
Te;))=1-e;+2-e,+3-¢e;
T(e,) =2-e,+3-e,+1-¢e;
T(es) =4-e,+1-e,+2-e5.
You know that any element of R® is (x,y,2) = xe; + ye, + zes
Therefore, T(x,y,z) = T(xe; + ye, + zes)
xT(e;) + yT(e,) + zT (e3), since T is linear
= x(e; + 2e, + 3e3) + y(2e, + 3e, + e3) + z(4e, + e, + 2e3)
=(x+2y+42)e; + 2x+3y+2)e, + Bx+y+
27)e;
=(x+2y+4z,2x+3y+2z3x+y+22)
~ T:R3 - R3 is defined by
T(x,y,z) =(x+2y+4z,2x+3y+2z3x+y+22)
Try the following exercises now.

82



MTH 212 LINEAR ALGEBRA

E5) Describe T: R® - R%such that [T]p, 5, = ((1) 1 (1)

B, are the standard bases of R3and R?, respectively.

E6) Find the linear operator T: C — C whose matrix, with respect to the
i ~: (0 —1

basis {1,i} is (1 0 )

(Note that C, the field of complex numbers, is a vector space over R, of

dimension 3)

Now we are in a position to define the sum of matrices and multiplication

of a matrix by a scalar.

) where B, and

1.3.4 Matrix Scalar Multiplication

In Unit 3 of Module 1, you have studied about the sum and scalar
multiples of linear transformations. In the following theorem we will see
what happens to the matrices associated with the linear transformations
that are sums or scalar multiples of given linear transformations.

Theorem 1.1: Let U and V be vector spaces over F, of dimensions n and
m, respectively. Let B; and B, be arbitrary bases of U and V,
respectively.

(Let us abbreviate [T]p, 5, to [T] during this theorem.) Let S, T € L(U,V)
and a € F. Suppose [S] = [a;;], [T] = [b;;], then [S +T] = [a;; + b;j]
and [aS] = [aa;;]

Proof: Suppose B; = {e;,e,,---,e,}and B, = {fi, f>.-**, fn}. Then all
the matrices to be considered here will be of size m X n.
Now, by our hypothesis,

S(ej):zyilaijfi Vi=1,,n and T(ej)zzyilbijfi Vj=

1,:-,n.
Therefore, (S + T)(e;) = S(e;) + T(e)) (by definition of S + T)
m m
= z a;;fi + z bi;f;
i=1 i=1
m
= Z(aij + bij)fi
i=1
Thus, by definition of the matrix with respect to B; and B,, we get [S +
T] = al-j + bU

Given the m x n matrix A and a scalar « in set of complex number, the
scalar multiple of A is an m X n matrix, written as A4 and defined by

Now, (aS)(e;) = a (S(e;)) (by definition of uS)
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= a’i a;jf; = i(“aij)fi

i=1 i=1
Thus, [aS] = [aaij]
From example above, ifa = 5and A = (; _03 i) then
_ (1 0 5y_/(5(1) 5(0) 5(5)) _(5 0 25
ad =5 (2 -3 4) - (5(2) 5(—=3) 5(4)) " (10 ~15 20)

1.3.5 Vector Space Properties of matrices

Now that matrix addition and scalar multiplication have been defined, a
number of properties of each operation can be stated and proved, as well
as a few properties that relate how they interact. This will ultimately lead
us to prove that the set of all m x n matrices over F is a vector space over
F.

Theorem 1.2: Vector Space Properties of Matrices
Suppose that M,,,,, is the set of all m x n matrices with addition and scalar
multiplication as defined.

I. Additive Closure of Matrices

il If A,B € M,,,,, thenA + B € M,,,,,.

iii.  Scalar Closure of Matrices

Iv. If « € CandA € M,,,,, thenaA € M,,,,

V. Commutativity of Matrices

vii IfA,B€M,,,thenA+B =B +A.

vii.  Additive Associativity of Matrices

viii. IfA,B,C e M,,,,then A+ (B+C)=(A+B)+C.
IX. Zero Matrix

X. There is a matrix, 0, called the zero matrix, such that A+ 0 = A for
allA € M.,

Xi. Additive Inverses of Matrices

xii. If A € M,,,,, then there exists a matrix (—A) € M,,,,, so that A +
(—A4) = 0.

xiii. ~ Scalar Multiplication Associativity of Matrices

xiv. Ifa,p € ComplexNo.and A € M,,,,, then a(BA) = (aB)A

xv.  Distributivity across Matrix Addition of Matrices

xvi. Ifa,B € ComplexNo.and A € M,,,,,, then (A + B) = aA + aB
xvii. Distributivity across Scalar Addition of Matrices

xviii. If a, B € ComplexNo.and A € M,,,,,, then (a + B)A = aA + BA.
xix.  One Matrices

xx. IfA€eM,, thenlA=A
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Proof:

While some of these properties seem very obvious, they all require proof.
However, the proofs are not very interesting, and a bit tedious.

We will prove one version of distributivity very carefully, and you can
test your proof-building skills on some of the others.

Foranyi,j; 1<i<m,1<j<n,

[(a + B)A];j = (a + B)[A]; (Matrix Scalar Multiplication)

= alAl;; + plAl; (Distributivity in Complex
Numbers)

= [aAl;; + [BA];; (Matrix Scalar Multiplication)

= [aA + BA];; (Matrix Addition)

These properties imply that M,,,,,(F) is a vector space over F.
Now that we have shown that M,,,,,(F) is a vector space over F, we know
it must have a dimension.

1.3.6 Dimension of M,,,,,(F) over F

The following theorem shall be proved to explain the dimension of
M,,,(F) over F. But, before you go further, check whether you remember
the definition of a vector space isomorphism (Unit 3).

Theorem 1.3: Let U and V be vector spaces over F of dimensions n and
m, respectively. Let B, and B, be a pair of bases of U and V, respectively.
The mapping ¢: L(U,V) > My (F), given by ¢(T) = [T]p, 3,
IS a vector space isomorphism.

Proof: The fact that ¢ is a linear transformation follows from Theorem
1.1.

We proceed to show that the map is also 1-1 and onto.

For the rest of the proof, we shall denote [S]g, 5,by [S] only, and take
Bl = {61,62, !en} and BZ = {fler' '“'fm}-

¢ is 1-1: Suppose S, T € L(U,V) be such that ¢(S) = ¢(T).

Then [S] = [T].

Therefore, S(ej) + T(ej) Ve; € B;.

Thus, by Unit 3 (Theorem, 3.1), we have S = T.

¢ ison 0: if A € M,,,,(F) we want to construct T € L(U,V) such that
¢(T) = A.

Suppose A = [a;;]. Letvy,...,v, € V such that

m

21 =zaijfi;j= 1,-n

i=1
Then, by Theorem 3.3 of Unit 3, there exists a linear transformation T €
L(U,V) such that
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m

T(e) =v, = 2 a;;fi
i=1
Thus, by definition, ¢(T) = A
Therefore, ¢ is a vector space isomorphism.
A corollary to this theorem gives us the dimension of M,,,, (F).

Corollary: Dimension of M,,,,(F) = mn.

Proof: Theorem 1.2 tells us the M,,,,,(F) is isomorphic to L(U,V).
Therefore, dimpM,,,,,(F) = dimg(L(U,V) (by Theorem 12 of Unit5) =
mn, from Unit 6 (Theorem 1).

Why do you think we chose such a roundabout way for obtaining dim
My, (F)?

We could as well have tried to obtain mn linearly independent m x n
matrices and show that they generate M,,,,(F). But that would be quite
tedious (see E16). Also, we have done so much work on L(U, V) so why
not use that! And, doesn’t the way we have used seem neat?

Now, let’s look at for some exercises related to Theorem 1.2.

E7) At most, how many matrices can there be in any linearly independent
subject of M,,5(F)?

E8) Are the matrices [1, 0] and [1, -1] linearly independent over R?

E9) Let E;; be an m X n matrix whose (i, j)th element is 1 and the other
elements are 0. Show that {E;;:<i{ < m; 1 =< j < h} is a basis of
M, (F) over F.

Conclude that dimpM,,,,(F) = mn.

Now we move on to the next section, where we see some ways of getting
new matrices from given ones.

1.3.7 New Matrices from Old

Transpose of a Matrix
Definition 1.3.5: Given a m X n matrix A4, its transpose is the n x m
matrix AT given by
Example 5:
3 1 2 -4
Givena 3 x 4 matrix G = [ 0O -2 5 7 ] , the transpose of matrix

-1 6 8 2
G would be obtained by interchanging (rewriting or swapping) the

columns by the rows, thus,

3 0o -1
GT = ; _52 g which is a 4 X 3 matrix.
-4 7 2
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Definition 1.3.6: In the case where a matrix is equal to its transpose, that
is, given a matrix A, then A = AT, we have a symmetric matrix.

A square matrix B such that BT = —B, is called a skew-symmetric
matrix

Example 6: A = (; i) then A” = (; i)

B=(5 Htens'=(0 2)=-(", 5)=-5

Informally, a matrix is symmetric if we can “flip” it about the main
diagonal (upper-left corner, running down to the lower-right corner) and
have it look unchanged.

Example 7:
Consider any (2 x 2)matrix A. Calculate A + ATand A — AT. Which of
them is symmetric and which is skew-symmetric?

Solution: A = (3 4), then AT = (3 2)

2 1 4 1
r_ (343 4+2\_(6 6 .
A+ A —(2+4 1+1)_(6 2) Thisis a (2 X 2)

symmetric matrix
_ar_(3—-3 4-2_(0 2 . )
A—A —(2_4 1_1)—(_2 0) Thisis a (2 x 2) skew
symmetric matrix.
For a (3 x 3)matrix A

1 2 4 1 2 3
A=(2 3 1>,thenAT= 2 3 4
3 4 5 4 1 5
1+1 242 443 2 4 7
A+AT:(2+2 3+3 1+4>=<4 6 5)(3><3)
344 441 5+5 7 5 10
Symmetric matrix

1-1 2—-2 4-3 0 0 1
A—AT=<2—2 3—3 1—-4]=10 0 -3])(3x3)
3—-4 4-1 5-5 -1 3 0
Skew-symmetric matrix

NOTE: For a matrix to be symmetric it has to be a square matrix, that
IS, the number of rows must be equal to the number of columns.

Example 8:
6 3 -7 8
- 13 1 4 =2|_ .7 . .
If matrix H = 74 0 1= H", then H is symmetric
8 -2 1 5
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1.3.8 Theorems Involving Some Types of Matrices

Theorem 1.4: Suppose that A is a symmetric matrix. Then A issquare.
Proof:

Suppose A is a m X nmatrix.

Because A is symmetric, we know by the definition symmetric matrix that
A=AT,

So, in particular, matrix equality requires that A and AT must have the
same size.

But the size of AT is n x m and because A has m rows and A7 has n rows,
we conclude that m = n, hence A must be square by the definition of a
square matrix.

Theorem 1.5: Suppose that A and B are m Xxmn matrices,
then(4 + B)T = AT + BT.

Proof:

The statement to be proved is an equality of matrices, for1 <i <m, 1 <
jsn

[(A+B)"];; =[A+ Bl (Transpose of a matrix)
= [A];; + [B] (Matrix addition)

= [AT];; + [BT];; (Transpose of a matrix)
=[AT + BT];; (Matrix addition)

Since the matrices (A4 + B)Tand AT + BTagree at each entry, then the
definition of matrix equality tells us the two matrices are equal.

Theorem 1.6: Let @ € C and A is an m X n matrix, then (a¢4)”T = aAT
Proof:

The statement to be proved is an equality of matrices, for1 <i <m, 1 <
i<n

[(@A)7];; = [aAl; (Transpose of a matrix)

l
= a[A ;l- (Matrix Scalar Multiplication)
=alA"]}; (Transpose of a matrix)
= [aA"]}; (Matrix Scalar Multiplication)
Since the matrices [aA]Tand a AT agree at each entry, definition of matrix

equation is used which implies that the two matrices are equal.

Theorem 1.7: Suppose that A is a m x nmatrix. Then (4A7)T = A
Proof:
For 1<i<m,1<j<n
[(AT)T];; = [AT] (Transpose of a matrix)
= [A];; (Transpose of a matrix)
Since the matrices (A7)Tand A agree at each entry, by the definition of
matrix equality, the two matrices are equal.
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Definition 1.3.7: Let A be m x n matrix. Then the conjugate of A,
written as A is an m X n matrix defined by

[4],; = [41;;
If A is a matrix over the complex field C, then the matrix obtained by
replacing each entry of A by its complex conjugate is called the conjugate
of A, and is denoted by A.

Three properties of conjugates, which are similar to those of the transpose,
are

i.  A+B=A+B
i. (4)=4
i. @) =(4)
Example 9:
[ 3-1i 2 1+ 4i :
If A_[—S—Si 3 9; ; ] then A=

3+ 2 1—4i]
—3+50 3+72i —

Theorem 1.8: Suppose that A and B are m X nmatrices. ThenA + B =

A+B

Proof:

Fori1<i<m,1<j<n

|4 + B]ij = [A + B];; (Complex conjugate of a matrix)
= [A];; + [B];; (Matrix addition)
= [A];; + [Bl;; (Addition of complex conjugate)
= [4] gt [B] y (Complex conjugate of a matrix)
=[4+B], (Matrix addition)

Example 10: Let B=[1__3l 2;_31 ;}ii
[1+i 2+ 3i 4—i]

-3 =2 241

], then B =

Theorem 1.9: Conjugate of the Conjugate of a Matrix
Suppose that A is a m x n matrix, then(4) = A.

Example 11: From example 10 above,

- 7 341 2 1—4i
IfA_[3—3+5i 32 ]’the”
= —i + 41
A_-3—5i3—2i i ]_A
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Theorem 1.10: Matrix Conjugation and Transposes
— —T
Suppose that B is an m x n matrix, then (A7) = (4) .

Example 12:
3—i —-3-5i
From example, AT = 2 3—2i ] then
1+4i [
_ [34i -3+5i
AT = 2 3+ 2i
1—4i —1
. [3+i -3+45i
Also, from example, (4) =| 2 3+ 2i
1—4i —1

Hence, (A7) = (Z)T

Definition 1.3.8: A square matrix A for which ZT = A is called a
Hermitian matrix.

—T
A square matrix A is called a Skew-Hermitian matrix if A = —A.
For example, the matrix

LetD=[1£i 1;i],then 5=[1}|_i 12_i]and
5T=[11—i 1;i]=D

Hence D _is a Hermi'gian matrix _ _

iTz [_1}._1, jlgj].thenf = [_1—l_i +1.(;l and
F =[1—li 0 l]z_[—1l+i o |=-F

Hence F is a Skew-Hermitian matrix.
Note: For a real matrix A, A is Hermitian if A is symmetric.
Similarly, A is skew-Hermitian if A is skew-symmetric.

Diagonal Matrix

Definition 1.3.9: Let U and V be vector spaces over F of dimension n
such that B, ={ey,...,e,}and B, = {fi,..., f,,} are based of U
and V, respectively. Also let d,,...,d,, € F.

Consider  the  transformation T:U - V/T(a,e,+...+a,e,) =
adifi+...+a,d,f, then T(e) =d.f;, T(ey) =d,f5,...,T(e,) =
d, f», such a matrix is called a diagonal matrix.

Let us see what this means:

d 0 -« 0
(T1By - B =\, "7
o 0 - d,
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Let A[a,,] be a square matrix, the entries a,;,a;,,..., a,, are called the
diagonal entries of A. This is because they lie along the diagonal, from
left to right, of the matrix.

All the other entries of A are called the off-diagonal entries of A.

A square matrix whose off-diagonal entries are zero (i.e., a;; = 0, Vi #
j) is called a diagonal matrix.

The diagonal matrix above is denoted by diag(d4, d,, ..., d,,).

Note: The d;'s may or may not be zero.

If all the d;'s are zero, the (n X n)zero matrix is obtained, which
corresponds to the zero operator.

Ifd, =1, i =1,...,n,the (n X n) identity matrix, I, (or I, when the size
IS understood).

If a € F, the linear operator al: R™ — R™ such that al(v) = av for all
v € R™, is called a Scalar operator. Its matrix with respect to any basis
isal = diag(a,a,...,a). Such a matrix is called a Scalar matrix which
Is a diagonal matrix whose diagonal entries are all equal.

Triangular Matrix
Definition 1.3.10: Let B = {e,, e,,.., e, } be a basis of a vector space V.
Let S € L(V,V) be an operator such that

5(91) = 41161
S(ez) = ape, + axpe
S(en) = ape; T azpe; + 0+ auuén

Then, the matrix of S with respect to B is

a1 Q12 Qg3 0 Qi
0 ay, ... .. ay
\ 0 0 0o .. ann/
A square matrix A such that a;; =0 Vi >j is called an Upper
Triangular Matrix.

Example 13:
((1) ;) ((1) 8) ((1) (1)) are all upper triangular, while (g (5;) is

strictly upper triangular.

Note that every strictly upper triangular matrix is an upper triangular
matrix.
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Definition 1.3.11: Let T:V — V be an operator such that T'(e; ) is a linear
combination of e;, e;,4,..., €,V j.

by O o - 0
b,y by, .. .. 0

The matrix of T with respectto Bis | : v e b iby =
bnl an bn3 bnn

0 Vi < j, such a matrix is called a Lower Triangular Matrix.
If b;; =0 Vi <j, then B is said to be a Strictly Lower Triangular

Matrix.
0 O 0 o0 o
/ 5 0 0 0 0\
The matrix | 3 —1 0 0 0| is a strictly lower triangular
-2 4 2 0 0
1 0O 3 -1 0

matrix.
Of course, it is also lower triangular!
1 2 3
Remark: Given (3 x 3) upper triangular matrix, say G = (O 4 5) ,
its transpose is
1 0 O
GT =[2 4 0|isalower triangular matrix

3 5 6
In fact, for any (n x n)upper triangular matrix A, its transpose is a lower

triangular matrix, and vice versa.

Class work:

1. If an upper triangular matrix A is symmetric, then show that it must
be a diagonal matrix.

2. Show that the diagonal entries of a skew-symmetric matrix are all

zero, but the converse is not true.
1.3.9 Matrix Multiplication

We have already discussed scalar multiplication. Now we see how to
multiply two matrices. Again, the motivation for this operation comes
from linear transformations.

1.3.9.1 Matrix of the Composition of Linear Transformations

Let U, V and W be vector spaces over F, of dimension p, n and m,
respectively. Let B, B,, B; be bases of these respective spaces. Let T €
L(U,V)and S € L(V,W). Then (ST) € L(U,W)
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Suppose [T]B; - B, = B = [bjk]nxpand [S1B, - Bs = A = [ay]
What is then the matrix [ST]B; - B3?

To answer this, let B; = {ej,e,,...,ex}; By ={fi,for--, [}, B3 =
{glng""lgn}

Since T(ex) = Y-, bjf;; forallk = 1,2,...,p and

S(f;) =X ajyg;; forallj=12,...,n

~.SoT(e) =5S(T(ey)) = S Xj=1bjif; = bueS(f1) + by S(f2) + -+
bnks(fn)

mxn

m m m
= by Z a19i + by Z A129;i + -+ bpr ) a1ng;
i=1 i=1 i=1 .
= Yt (ap b1 + appbo+... +ainbai) gi (Collection of the

coefficients of g;)
ThUS, [ST]Bl . B3 = [Cik]mxp; where Cik = Z:’;l aijbjk
Matrix [c;,] is defined as the product AB
Let A = [@ixlimxn, B = [bix]lmxnb€ two matrices over F, of sizes m xn
and n X p, respectively.
We define AB to be the m x p matrix C whose (i, k) entry is
n

Cix = z a;jbjx = aj1byy + appboy+... + by
=1
j=1
In order to obtain the (i, k)"element of AB, take the it"*row of matrix A
and the k" column of B which are both n-tuples.
Multiply their corresponding elements and add up all these products.

For example, if the 2ndrowof A = [1 2 3] andthe 3rd column of B =
1

5], then the (2,3)"entryof AB =1x4+2x5+3%x 6 = 32

6
Note that two matrices A and B can only be multiplied if the number of

columns of A equals the number of rows of B.
The following illustration may help in explaining what we do to obtain
the product of two matrices:

AB =
a11 alz en alj ) aln bll b12 en blk “en blp
Az1 Q2 . Qgj . aZn\‘ b,y by, ba .. byp
\aml amZ amn/ \bnl an b‘)’lk bnp/
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Cmi Cm2 - Cmk - Cmp
where Cik = Z aijbjk

Note: This is a very new kind of operation so take your time in trying to
understand it.

To get you used to matrix multiplication we consider the product of a row
and a column matrix.

LetA=[a1 a .. au]be (1xn) matrixand B = lbzl be (n x 1)
matrix.

The product AB = [a,b; + a,b, + -+ ...+ a,b,] which is a (1 X
1)matrix

3
Example 14: Let A =[-1 2 0 3andBléﬂ

=[-DA+@M+O@® + =D =(-3+2+0-6)

=(=7)
1 -5 2 2 -3
Example 15: LetC =|-2 6 andD =|-4 0
3 0 -4 3 1

1-2+(-5(-4)+23 1(-3)+(-50+21
CD=|(-2)-2+6(—4)+13 (-2)(-3)+6.0+1.1
3.24+0(—4)+ (—4)3 3(=3)+0.0+1(-4)1
28 —1
| & ]
-6 —13

Notice that DC is not defined because the number of columnsof D = 2 #
number of rows of C = 3.

Note that; if CD is defined, DC may not necessarily be defined.

In fact, even if CD and DC are both defined it is possible that CD # DC.
Consider the following example:

2 3

1 0]

C:[B 1 0]andD Lo

1
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3:2+4+2-1+4(-1) 3:3+2-0+4-1
CD = 1

2+ (-D1+0(-1) 1-34+(-1)0+0-1
_ [4 13]
1 3
2:34+3-1 2-2+3(-1) 2:44+3-0
DC=]|1-3+0-1 1-24+0(-1) 1-4+4+0-0
(-1)3+1-1 (-1)2+1(-1) (-1D4+1-0
9 1 8
= [ 3 2 4 ]
-2 -3 —4
From example above, CD is a 2x2 matrix while DC is a 3x3 matrix.
CD and DC are defined but of different dimensions, thus CD # DC.
Another point of difference between multiplication of numbers and matrix
multiplication is that A #+ 0, B # 0 but AB can be zero.
i (1 1 (1 0
Example 16: If A —1(11 12,(B1; (110 0)0 .
-1+ 1(— -0+0- 0 0
AB_<1-1+1(—1) 1-0+1-o)‘(o o)
So, you see that the product of two non-zero matrices can be zero.

Let’s check if BA is equal to AB:
(1-140-1 1-1+40-1)_ (1 1
Ba= ((—1)1 +0-1 (-10+1- 1) =(5 1)
This shows that AB is necessarily not equal to BA;

Hence matrix multiplication is not commutative.
The following exercises will give you some practice in matrix
multiplication.

Exercise:

1) IfC:((l) 1 8),D=

o +— O

1
1|. Find (i) C + D (ii) €D (iii) DC
0

(iv)IsCD = DC?

11y L, (10 . 2 o o
2) LetA—(O 1), B= (1 1). Calculate i) (A + B)? ii) A2 +
2AB + B? iii) Is i) = ii)
Hint:A2 = A - A

1.3.9.2 Properties of a Matrix Product

We will now state 5 properties concerning matrix multiplication. (Their
proofs could get a little technical, and we prefer not to give them here).
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I. Associative Law: If A, B, C are m X n, n X pand p X gmatrices,
respectively, over F, then (AB)C = A(BC), i.e., matrix
multiplication is associative.

il Distributive Law: If A is an m X nmatrix and B, C are n X
pmatrices, then

iii. AB+C)=AB+AC.

Iv. Similarly, if, Aand B are m x nmatrices, and C is an n X pmatrix,
then

V. (A+ B)C = AC + BC.

Vi. Multiplicative identity: Given the identity matrix I,,, which acts

as the multiplicative identity for matrix multiplication. We have
Al, = A, AL, = A, for every m X n matrix A.

Vii. If aeF, and A, B are mxn and n X p matrices over F,
respectively then

vili.  a(AB) = (a¢A)B = A (aB)

iX. If A B are m X n, n X pmatrices over F, respectively, then
(AB)T = BTAT,

(This says that the operation of taking the transpose of a matrix is anti-
commutative).

These properties can help you in solving the following examples.

Example 17:

3 -4

a. For A=(-1 0 and B = (_1 3 _6). Show that
>y 2 4 0

2(AB) = (2A)B

b. Show that (A4 + B)T = A2 + AB + BA + B? for any two n X

nmatrices A and B.

Solution:
3 —4
-1 3 -6
a. 2AB=2(-1 0
( 2 —2>( 2 40 )
3(—1) + (—4)2 3(3) + (—4)4 3(—6) + (—4)0
=2 (-1D)(-1)+0-2 (-1)3+40-4 (-1)(-6)+0-0
2D+ (-2)-2 2-3+(-2)-4 2(-6)+(—-2)-0

-11 -7 -18
=21 -3 6

-6 -2 —12
—22 —-14 -36
=1 2 -6 12
-12 -4 =24
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6 -8
Also, (24)B = (—2 0 )(_21 i _06)
4 —4
6(—1) + (—=8)2  6(3) +(=8)4  6(—6) + (—8)0
—[(=2)(c1D)+0-2 (=2)3+0-4 (=2)(=6)+0-0
A4(—1) +(—4)-2 4-3+4(—4)-4 4(=6)+ (—4)-0
'—6—16 18—32 —36—0
= 240 —6+0 1240
| _4-8 12-16 -24-0
22 —14 —36]

=] 2 -6 12
—12 -4 =24
Hence 2(AB) = (24)B

Now; attempt (b) part of the example

Now we shall go on to introduce you to the concept of an invertible

matrix.
Solutions /Answers to Exercises

E1) Suppose B'; = {(1,0,1),(0,2,—1)}and B’, = {0,1), (1,0)}
Then T(1,0,1) = (1) = 0-(0,1) + 1 (1,0)
7(0,2,—1) = (0,2) = 2-(0,1) + 0- (1,0)
T(1,0,0) = (1,0) = 0-(0,1) + 1 - (1,0)

[T]BrlBrz :((1) S (1))

E2) B; = {e;, e,,e5} and B, = {f;, f>} are the standard bases (given in

Example 3).
T(e;) =T(1,0,0) = (1,2) = f; + 2f;
T(e;) =T(0,1,0) = (2,3) = 2f; + 3f;
T(e3) =T(0,0,1) = (2,4) = 2f, +4f,
1 2 2
[T]3132 = (2 3 4)

E3) T(1,0,0) =(1,2) =1-(1,2) =0-(2,3)
T(0,1,0)=(23)=0-(1,2)+1-(2,3)
T(1,-21)=(-10)=3-(1,2)—2-(2,3)
1 0 3
[T]811312 = (0 1 _2)

E4) Let B = {1,t,t%,t3}.

Then, D(1)=0=0-1+0-t+0-t>+0-¢3
D(t)=1=1-1+0-t+0-t2+0-¢t3
D(t*)=2t=0-1+2-t+0-t>+0-¢3
D(t*)=3t*=0-14+2-t+3-t>+0-¢3

Therefore, [D]p is the given matrix.
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E5) We know that

T(e1) = fi
Tex)=fit+fo
T(es) =f,

Therefore, for any (x,y,z) € R3.
T(x,y,z) =T(xe, +ye, +ze;) = xT(ey) +yT(e,) + zT (e3)

=xfi+y(fit+ ) tzfo = +y)fi + ( +2)f;
Thatis, R:R® - R%:T(x,v,z) = (x +y,y + 2)

E6) We are given that
T(H)=0-1+1-i=i
TH)=(-1-1+0-1=-1

Therefore, for any a + ib € C, we have

T(a+ib) =aT(1) + bT(i) = ai-b

E7) Since dim M, (R) is 6, any linearly independent subset can have 6
elements, at most.

E8) Let «,B € R such that «[1,0] + f[1,—1] =[0,0] Then a +

B,—B =10,0].
Thus,a = 0,8 = 0.
Therefore, the matrices are linearly independent.

SELF-ASSESSMENT EXERCISE(S)

a. Show that (4 + B)T = A2 + AB + BA + B? for any two n X
nmatrices A and B.

2 -1 0 1 -4 O
b. Let A = (1 0 —3) and B = <2 0 3 ) Find (4B)T

0O O 0 4 0 =2
and BT AT, are they equal?
C. Let A, B be two symmetric n x n matrices over F. Show that AB is
symmetric if and only if AB = BA.
d. Let A, B be two diagonal n x n matrices over F. Show that AB is
also a diagonal matrix.
e. Is the matrix B _01] invertible? If so, find its inverse
Conclusion

Matrix theory has been seen to occupy a very important position in pure
and applied mathematics as well as in economics where the use of input-
output matrix for solving some national economy problems.
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Matrices have been seen to be intimately connected with linear
transformations.

Algebraic operations on matrices were derived from the corresponding
operations on linear transformations. We will also discuss. One type, a

triangular matrix, which is one of the special types of matrices, was
considered.

19

We briefly sum up what has been done in this unit.

1.4 Summary

1) The term “matrices” have been defined and described and the
method of associating matrices with linear transformations was
explained.

2) Sums of matrices and multiplication of matrices by scalars have
been showed with numerical examples.

3) The proof of M,,,.,,(F) as a vector space of dimensionmn over F
was explained

4) the transpose of a matrix, the conjugate of a complex matrix, the
conjugate transpose of a complex matrix, a diagonal matrix,
identity matrix, scalar matrix and lower and upper triangular
matrices have been defined.

5) Multiplication of matrices was defined and its connection with the
composition of linear transformations has been shown. Some
properties of the matrix product were also listed and applied.

M
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UNIT 2 MATRICES Il
Unit Structure

2.1  Introduction
2.2 Learning Outcomes
2.3 Invertible Matrices
2.3.1 Inverse of a Matrix
2.3.2 Matrix of Change of Basis
2.3.3 The Invertible Matrix Theorem
24  Summary
2.5  References/Further Readings

N21 Introduction

The last unit has introduced us to the basic descriptions and definitions of
a matrix and various types of matrices, as well as discussing the method
of associating matrices with linear transformations along with some
theorems.

In this unit, invertible matrices shall be defined, discussed and
determined. The meaning of the matrix of a change of basis shall be
highlighted and shown to be invertible. Theorems relating invertible
matrices with change of bases shall be stated and proved.

@ 2.2

Learning Outcomes

J Determine if a given matrix is invertible;

. Obtain the inverse of a matrix;

o Discuss the effect that the change of basis has on the matrix of a
linear transformation.

J State the invertible theorem

. State and prove the conditions for a matrix to be invertible.
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2.3 Invertible Matrices
2.3.1 Inverse of a Matrix

Just as we defined the operations on matrices by considering them on
linear operators first, we give a definition of invertibility for matrices
based on considerations of invertibility of linear operators.

It may help you to recall what we mean by an invertible linear
transformation.

A linear transformation T: U — V is invertible if

(@) Tis1-1and onto, or, equivalently,

(b) There exists a linear transformation S:V — U suchthatS o T =I,,T o
S=1,.

In particular, T € (V,V) is said to be invertible if there exist S € L(V, V)
such that ST=TS =1.

We have the following theorem involving the matrix of an invertible
linear operator.

Theorem 2.1: Let V be an n-dimensional vector space over a field F, and
B be a basis of V.

Let T € (V,V),T is invertible if there exists A € M, (F) such that
[T]gA = I,

Proof: Suppose T is invertible, then there exist S € L(V,V) such that
ST =TS =1.
Then, by a Theorem, [TS]g = [ST]z = I, thatis, [T]z[S]g = [S]5[T]s =
I
Take A = [S]z, then [T]zA =1 = A[T];
Conversely, suppose there exist a matrix A such that [T]zA = A[T]z = 1.
Let S € L(V,V) be such that [S]; = A. (S exists because of Theorem 2),
then

[T15[S15 = [S1(Tlg =1 = 1]g
Thus, [TS]g[ST]s = [I]5
So, by Theorem, ST = ST = I.thatis, T is invertible.
Theorem 1 motivates us to give the following definition.

Definition 1: A matrix A € M,,(F) is said to be invertible if there exists
B € M,,(F) suchthat AB = BA = I,.
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N.B: Only a square matrix can be invertible.

I,, is an example of an invertible matrix, since I,, - I, = I,

On the other hand, the n X n zero matrix 0 is not invertible, since 04 =
0 # I, for any A.

Note that Theorem 1says that T is invertible iff [T]gis invertible.

We give another example of an invertible matrix now:

Example 1: Is A = [(1) ﬂ invertible?

Solution: Suppose Ais invertible, then there existsB = [‘; Z] such that
AB =1=BA
_ 1 1j[a bl _[a+c b+dj_[1 O
Nowa = 1= ][0 ] =[] 2 1=lo 1l
>a+c=1,c=0d=1,b+d=0
2>a=1,b=-1landd =1

.-.B=[(1) _11]
Letus check BA =1
-~ 140 1-1
BAz[(l) 11”(1) ﬂz[oio 0+1]=[(1) (1)]=1

Therefore, A4 is invertible.
We now show that if an inverse of a matrix exists, it must be unique.

Theorem 2.2: Suppose A € M,,(F) is invertible. There exists a unique
matrix B € M,,(F) such that AB = BA = 1.

Proof: Suppose B, C € M,,(F) are two matrices such that AB = BA =1,
and AC = CA =1,then B = Bl = B(AC) = (BA)C = IC = C.
Because of Theorem1 we can make the following definition.

Definition 2: Let Abe an invertible matrix. The unique matrix B such that
AB = BA is | is called the inverse of A and is denoted byA™1.
Let us take an example.

: 1 a _[1 b
Example 2: Calculate the product AB, where A = [0 1], B = [O 1)
Calculate A™1

Solution:

n=[b 5 2=[2 <1

Now, how can we use this to obtain A= ?
Well, if AB =1,thena+ b = 0.

So, if we take B = [(1) _1a], we would have AB = BA = 1I.
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_ 1 —a

1

Ts 4 =[y S

Next is a few observations about the matrix inverse, in the form of a
theorem.

Theorem 2.3:

a) If A is invertible, then

(i) A7 lisinvertibleand (471)"1 = 4,

(ii) AT isinvertibleand (A7)t = (4~HT.

b) If A, B € M, (F) are invertible, then AB is invertible and (4B)~! =
B~ 1471

Proof:
(a) By definition
AATY=A"TA=1 (1)

(i) Equation (1) shows that A~ is invertible and (4 )T = 4
(i) If we take transposes in Equation (1) and use the property that
(AB)T = BT AT,
we obtain
(A—l)TAT — AT(A—l)T — IT =]
So AT is invertible and (47)"! = (4™ H)T
(b) To prove this, we will use the associativity of matrix multiplication.
Now (AB)(B™*A™Y) = [A(BB ™ V)]A ' = 44"t =1
(B7'A™Y)(AB) =B [(A™'4A)B]=BB 1 =1
S0,4B is invertible and(4B) ™! = B~147!
We now relate matrix invertibility with the linear independence of its
rows or columns.
When we say that the m rows of 4 = [a;;] € My, (F) are linearly
independent, what do we mean?
Let Ry,...,R, be the m row vectors [ay;as, .., amm]
[a21,022) - Q21n]s - [@m1,@mzs - Qmn ] TESPECtiVEly. We say that they
are linearly independent if, whenever 3 a,a,,..,a,, € F such that
a,R; + aRy + -+ ap Ry, =0, then, a; =0, ...... , Ay = 0.
Similarly, the n columns C,,C,, ..., C,, of A are linearly independent if
b,C; +--+b,C, =0, > b, =0,b,=0,..,b, =0 where by, ..., b, €
F.
Thus, the theorem follows:

Theorem 2.4: Let A€ M, (F), then the following conditions are
equivalent

(a) A is invertible

(b) The columns of A are linearly independent.

(c) The rows of A are linearly independent.
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Proof: We first prove (a) & (b), using Theorem,
Let VV be an n-dimensional vector space over Fand B = {ej, e,,..., e, } be
a basis of V.
Let T € L(V,V) be such that (T)z = A, then A is invertible iff T is
invertible iff T(e;), T(e,),...,T(e,) are linearly independent (see
theorem under linear independence).

a;
Now we define the map 6:V - M, ., (F): (a,e;+... +aye,) =

an
Let C; Cy,...,C, be the columns of A. Then 8(T(e,))C; for all i =
1,...,n.
Since 6 is an isomorphism, T(e;),T(e,),...,T(e,) are linearly
independent iff C; C,, ..., C,, are linearly independent.
Thus, Ais invertible iff C; C,, ..., C, are linearly independent.
Thus, we have proved (a) < (b).
Now, the equivalence of (a) and (c) follows because A is invertible iff
ATis invertible iff the columns of ATare linearly independent (as we have
just shown) iff the rows of A are linearly independent (since the columns
of ATare the rows of A).
So, we have shown that (a) < (¢).
Thus, the theorem is proved.

1 0 1
Example 3: Let A = (0 1 1) € M;(R). Determine whether or not A
1 1 1

IS invertible.

Solution: Let R; R,, R3 be the rows of A. We will show that they are
linearly independent.

Suppose xR, + yR, + zR; = 0, where x,y,z € R. Then,

x(1,0,1) + y(0,1,1) + z(1,1,1) = (0,0,0).

This gives us the following equations.

x+y=0
y+z=0
x+y+z=0

On solving these we have x = 0, y = 0,z = 0.
Thus, by Theorem 2.2, A is invertible.

2 0 1
Exercise: Check if B = (0 0 1) € M;(Q).
0 3 0

We will now see how we associate a matrix to a change of basis.
This association will be made use of very often in the next unit.
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2.3.2 Matrix of Change of Basis

Definition 3: Let V' be an n-dimensional vector space over the field F.
Let B ={e;,e,,...,e,}and B’ = {e',€',,..., €', } be two bases of V.
The transition matrix M from B to B’ is the n X n matrix whose jth
column is the coordinate representation |[e’; ;Of the jth vector of B’

relative to B or simply called the matrix of the change of basis from B to
B’ denoted by M 5 .

Proposition: Let B and B’ be bases for the n-dimensional vector space V
over the field K. Then, for any vector e € V, the coordinate
representations of e with respect to B and B’ are related by [e]; = M[e] g

Proof:

Leta;;be the i, jentry of the matrix M. By definition, we have e; =
i1 aje;

Take an arbitrary vector e € Vand let

[e]B = [Cll"'lcn]T1 [e]B’ = [dll---;dn]T

This means, by definition, that
n

e = z cie; = Z d;e;

i=1
Substituting the formula for e; into the second equation, we have

j=1 i=1
Reversing the order of summation, we get

n n

i=1 \j=1

Now we have two expressions for e as a linear combination of the vectors
e;.
By the uniqueness of the coordinate representation, they are the same, that

is,
n

Ci = z a”d]

j=1
o) d,
In matrix form, this says [ : ] =M [ :
Ch d,
Note that M is the matrix of the transformation T € L(V,V)suchthat T =

ej" with respect to the basis B. Since {ej, e;,...,e;,} isa basis of V, from

Unit 3we see that T is 1 — 1 and onto. Thus, T is invertible. So M is
invertible.

or [e]lg = M[e]p as required.
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Thus, the matrix of the change of basis from B to B’ is invertible

Note: @) My g = I, this is because, in this case e; = e;Vj = 1,...,n.
b) Mpg =1(ej) =[I1B’,B, this is because, in this case e/ =
miaijeVj=1,...,n.

Now suppose A is any invertible matrix. By Theorem 2.2,3 T € L(V,V)

such that

[T]r = A.

Since A is invertible, T is invertible. Thus, T is 1 — 1 and onto.

Let f; =T(e))Vj=1,...,n,thenB' = {f}, f>,..., f,,} is also a basis of V,

and the matrix of change of basis from B to B' is A.

Theorem 2.5: Let B = {e,, e,,..., e, } be a fixed basis of V. The mapping
B’ - Mp g isa 1-1 and onto correspondence between the set of all bases
of V and the set of invertible n X n matrices over F.

Let us see an example of how to obtain M 5.

Example 4: In R?, B = {e,, e, } is the standard basis. Let B’ be the basis
obtained by rotating B through an angle 6 in the anti-clockwise direction
(see Fig. 1).
Then B’ = {ej,e;}, where e; = (cos8,sin0),e;, = (—sin8,cos H).
Find Mg g .

Xf

AQD

Lt e (cos @, sin ©
{-sin 0, cos 8} 0 € )

]
r
£y

]

0 e, >(1,u) X
Fig. t- Chu_nge of basis,

Solution:

e; =cos6(1.0) +sin6(0.1) and e; = —sin6 (1.0) + cos 6 (0.1)

__(cosB —sinf
Thus, Mz = (sinQ cos 6 )

The next corollary summarizes how transition matrices behave.

Here, | denotes the identity matrix, that is, the matrix having 1’s on the
main diagonal and 0’s everywhere else.

Given a matrix M, we denote by M~ the inverse of M, the matrix Q
satisfying MQ = QM = 1.

Not every matrix has an inverse, we say that P is invertible or non-
singular if it has an inverse.
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Corollary: Let B, B’, B” be bases of the vector space V, then

a) Mpp =1

b) Mg p = (MB,B’) '

c) Mg g = Mpg'Mprgn

The proof follows from the preceding Proposition.

For example, for (b) we have

le]lp = MB,B’[e]B” [3]3’ = Mpp [9]3’

So, [e]p = MB,B’MB’,B[e]B

By the uniqueness of the coordinate representation, we haveM g pr M gr 5 =
I

Remark: To express the coordinate representation with respect to the
new basis in terms of the old one, we need the inverse of the transition

matrix: [e]z = My [elp

Example5: Consider the vector space R?, with the two bases

o= (0D # = (121

The transition matrix is Mg pr = H g] whose inverse is calculated to be
_[3 -2

MB’,B - [_1 1 ]

So, the theorem tells us that, for any x, y € R, we have

1_.1 0] _ (a2, _ 11, 2 : :

[y] = x[o] +y[1] = (3x — 2y) [1] +(—x+y) [3] as is easily

checked.

Definition 4: The m X nmatrices A and B are said to be equivalent if B =
PAQ, where P and Q are invertible matrices of sizesm X nand n X
nrespectively.

Theorem 2.6: Given anym X nmatrix A, there exist invertible matrices P
and Q of sizesm X m andn X nrespectively, such that PAQ is in the
canonical form for equivalence.

Remarks: The relation “equivalence” defined above is an equivalence
relation on the set of all m x nmatrices; that is, it is reflexive, symmetric
and transitive.

When mathematicians talk about a “canonical form” for an equivalence
relation, they mean a set of objects which are representatives of the
equivalence classes: that is, every object is equivalent to a unique object
in the canonical form.
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We have shown this for the relation of equivalence defined earlier, except
for the uniqueness of the canonical form. This is our job for the next
section.

2.3.2 The Invertible Matrix Theorem

This section consists of a single important theorem containing many
equivalent conditions for a matrix to be invertible. Most of the theorem
have been proved earlier in the unit, so, you are encouraged to refer to
them to see the beauty of the theorem.

Theorem 2.7:

LetAbe annXxnmatrix, and letT:R™ - R™be the matrix
transformation T (x) = Ax.

The following statements are equivalent:

a) A is invertible.

b) A has n pivots.

C) Nullity(A) = {0}.

d) The columns of A are linearly independent.

e) The columns of A span R™.

f) Ax = b has a unique solution for each b € R™.
9) T is invertible.

h) T is one-to-one.

) T is onto.

There are two kinds of square matrices:
1. invertible matrices, and
2. non-invertible matrices.

For invertible matrices, all of the statements of the invertible matrix
theorem are true.

For non-invertible matrices, all of the statements of the invertible matrix
theorem are false.

The following conditions are also equivalent to the invertibility of a
square matrix A.

They are all simple restatements of conditions in the invertible matrix
theorem.

The reduced row echelon form of A is the identity matrix I,.

Ax = 0 has no solutions other than the trivial one.

nullity(A) = 0.

The columns of A form a basis for R™.

Ax = b is consistent for all b € R™.

®o0 o
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f. Col(A) = R™
g. Dim Col(A) =n
h. rank(A) = n.

Let us see some common situations in which the invertible matrix theorem
is useful.

1 2 -1
Consider the matrix A = ( 2 4 7 ) Is the matrix invertible?
-2 —4 1

The second column is a multiple of the first. The columns are linearly
dependent, so A does not satisfy condition of the theorem. Therefore, A is
not invertible.

Example 6: Let A be an n X n matrix and let T(x) = Ax. Suppose that
the range of TisR™. Show that the columns of A are linearly
independent.

Solution: The range of Tis the column space of A, so A satisfies
condition 5 of the Theorem. Therefore, A also satisfies condition 4, which
says that the columns of A are linearly independent.

1 2
Example 7: Let B be an 3 x 3 matrix such that A (7) = A( 0 )
0 -1

1 2

Ifwesetbh =4 (7) = A( 0 ) then Ax = b has multiple solutions, so
0 -1

it does not satisfy condition 6 of the Theorem.

Therefore, it does not satisfy condition 5, so the columns of A do not

span R3.

Therefore, the column space has dimension strictly less than 3, the rank

is at most 2.

Example 8: Suppose that Ais ann X n matrix such that Ax = b is
inconsistent some vector b. Show that Ax = b has infinitely many
solutions for some (other) vector b.

Solution: By hypothesis, A does not satisfy condition 6 of the

Theorem Therefore, it does not satisfy condition 3, so Nullity(A) is an
infinite set.
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If we take b = 0, then the equation Ax = b has infinitely many solutions.

SELF-ASSESSMENT EXERCISES

1. Let B be the standard basis of R3 and B’ be another basis such that

0 1 1
Mpgr = (1 1 0). What are the elements of B?

0 0 3
2. When are two m X nmatrices A and B said to be equivalent?

2 0 1
3. Let B = (0 0 1) € M;(Q). Determine whether or not B is

0 3 0
invertible.

Conclusion

Only a square matrix can be invertible. A matrix is P is invertible or non-
singular if it has an inverse.

Given two bases B and B’, for the n-dimensional vector space V over the
field K, then, for any vector e € V, the coordinate representations of e
with respect to B and B’ are related by [e]z = M[e]:.

The reader should be comfortable translating any of the statements in the
invertible matrix theorem into a statement about the pivots of a matrix.

19

The concept of an invertible matrix has been explained in this unit.

2.4 Summary

We defined the matrix of a change of basis, and discussed the effect of
change of bases on the matrix of a linear transformation.

We have also learnt that if an inverse of a matrix exists, it must be unique.

M
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UNIT 3 MATRICES - 111
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N3.1 Introduction

In Unit 1, you were introduced to matrices and shown how a system of
linear equations can give us a matrix. An important reason for which
linear algebra arose is the theory of simultaneous linear equations. A
system of simultaneous linear equations can be translated into a matrix
equation, and solved by using matrices.

The study of the rank of a matrix is a natural forerunner to the theory of
simultaneous linear equations. It is in terms of rank that we can find out
whether a simultaneous system of equations has a solution or not. In this
unit, you shall be studying the rank of a matrix and its relationship with
the inverse of the matrix. Then we discuss row operations on a matrix and
use them for obtaining the rank and inverse of a matrix. Finally, we apply
this knowledge to determine the nature of solutions of a system of linear
equations. The method of solving a system of linear equations that we
give here is by “successive elimination of variable”. It is also called the
Gaussian elimination process.

In the next unit we shall discuss concepts that are intimately related to
matrices.
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@,

By the end of this unit, you will be able to:

Learning Outcomes

Define and obtain the rank of a matrix;

Reduce a matrix to the echelon form;

Obtain the inverse of a matrix by row-reduction;

Solve a system of simultaneous linear equations by the method of
successive elimination of variables.

3.3 Matrices
3.3.1 Elementary Operations on a Matrix
3.3.1.1 Elementary Row and column operations

Let A be a m X n matrix over a field K, we define certain operations on
A called row denoted by R,,..., R, and column operations denoted by
Ci, Cp.

There are three types of elementary row operations:

Type 1: Interchange the i" andjt" rows, forj # i

Type 2: Multiply the i*" row by a non-zero scalar, c.

Type 3: Add a multiple of thej**row (R;) to the i**row (R,) forj = i

Example 1: Let A = [(1) i g

Then interchanging the two rows, we have R;,(4) = [0 12

1 2 3
Multiplying R, by a non-zero scalar, e.g., ¢ = 3;

1 2 3 1 2 3
R“(A)_[0x3 1x3 2><3]_[0 3 6]
Add  multiple of R, to Ry R; + 2R,,(A) =
[1+2(0) 2+ 2(1) 3+2(2)]
0 1 2
1 4 7]
o1 2

There are also three types elementary column operations:
Type 1 Interchange the it"*and j* columns, for j = i.
Type 2 Multiply the i** column by a non-zero scalar.
Type 3 Add a multiple of the jt* column (C;) to the it" column(C;),
where j # i.

: 1 2 3
Example 2: Let A = [0 1 2
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_[2 1 2

1 0 3
Multiplying Csby a non-zero scalar, e.g., c=4; (;(4) =
[1 2 3><4]=[1 2 12]

Then interchanging two columns, we have C;,(4)

0 1 2x4 0 1 8 L+52) 2 3
Add multiple of C, to C;; C,;+5C,(4) = [0 + 5&3 1 2|7
[11 2 3]

5 1 2
By applying these operations, we can reduce any matrix to a particularly
simple form:

We will now prove a theorem which we will use later for obtaining the
rank of a matrix easily.

Theorem 3.1: Elementary operations on a matrix do not alter its rank.

Proof: The way we will prove the statement is to show that the row space

remains unchanged under row operations and the column space remains

unchanged under column operations. This means that the row rank and

the column rank remain unchanged. This immediately shows, by Theorem

3.1, that the rank of the matrix remains unchanged.

Now, let us show that the row space remains unaltered.

Let Ry,..., R, be the rows of a matrix A, then the row space of A is

generated by {R,...R;...R;...R,,}

On applying R;; to A, the rows of A remain the same. Only their order gets

changed. Therefore, the row space of by R;;(A) is the same as the rows

space of A.

If we apply R,(a), for by a € K,a # 0, then any linear combination of

by Ri,...,R, IS by a;Ri+...+anRy, = a+...+a;R;+... +a, Ry,

which is a linear combination of by R,...aR;...R,,.

Thus, |{R;...R;...R}| = [{R;...aR;...R,,}].

That is, the row space of A is the same as the row space of R;(a)(4).

If we apply R;;(a)for a € K, then any linear combination
biR;+...+b;R;+... +byRp,

Thus, [{Ry...,...Ru}] = [{Ry,..., R + aR},...,R;,..., Ry }].

Hence, the row space of A remains unaltered under any elementary row

operations.

We can similarly show that the column space remains unaltered under

elementary column operations.

Elementary operations lead to the following definition.

Definition 1: A matrix obtained by subjecting I,, to an elementary row or
column operation is called an elementary matrix.
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For example, C;,(I3) = C;, =an elementary matrix.

1 0 O 0 1 0 0 0 1
I3=l0 1 O], C12(I3)=\1 0 0], C13(I3)=\0 0],

1
0 0 1 0 0 1 1 0 O
[1 0 0]
C,s(I3) =10 0 1
0 1 Ol
0 1 O] 0 0 1 1 0 O
R,(U3)=|1 0 0|, Rs(I3) =10 1 0|, R,s(3)=|0 0 1
0 0 1l 1 0 O 0 1 0
From the above, we have
C1,(I3) = Ry, (I3); C13(I3) = Ry3(13); Cp3(13) = Ry3(13).

Since there are six types of elementary operations, we have six types of
elementary matrices, but not all of them are different.

Exercise: Check that i) C,;(3)(I,) = R;,(3)(1,) i) C,(2)(1,) =

R, (2)(4)
i) Co3(14) = Ry3(1).
In general, C;;(I,) = R;;(I,,); C;(a)(I,) = R;(a)(I,) fora # 0 and
Cij(@)U,) = R;j(a)(I,) fori # jand a € K.
Thus, there are only three types of elementary matrices.
We denote
. Ri;(I) = Cy;(I) by Ey;
ii. R;(a)(I) = C;(a)(I) (for a # 0) by E;(a) and
iii.  R;j(a)(I) = C;j(a)(I) by Ej;(a)fori # jand a € K.
E;;,E;(a) and E;;(a) are called the elementary matrices corresponding to

the pairs (R;;, C;;), (Ri(a), C;(a)) and (Rl-j (@), C;j (a)) respectively.

0 1 2
Let’s now see what happens to the matrix A = (3 0 O)
2 1 0

0 1 0
If we multiply it on the left by E,, = (1 0 0)
0 0 1

0 1 0/0 1 2 3 0
1 0 O) (3 0 0) = (0 2) = R,,(4)
0 0 1/\2 1 O 2 1 0

Similarly, AE;, = C;,(4).
0 1 0\N/0 1 2 0 1 2
Again, consider E;(2)A = (1 0 0) (3 0 0) = (3 0 0) =

_ O

0 0 2/\2 1 0 4 2 0
R3(2)(4)
Similarly, AE;(2) = C5(2)(A)
0 1 2\/1 0 5 0O 1 2
Finally, E;3(5)A = (3 0 0) (0 1 0) = (3 0 15) =
2 1 0/\0 0 1 2 1 10
R3,(5)(4)
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0 1 2\/1 0 5 0 1 2
But AE13(5)=<3 0 0)(0 1 0>=<3 0 15>=(331(5)(A)

\2 1 0/\0 0 1 2 1 10 _
What you have just seen are example of a general phenomenon. We will

now state this general result formally. (Its proof is slightly technical, and
S0, we skip it.)

Theorem 3.2: For any matrix A

R;;(4) = E;;(4).

R;(a)(A) = E;(a)(A) ;fora + 0
Rij(a)(4) = E;;(a)(4)

C;;j(A) = AE;;

C;(a)(A) = AE;(a) ;fora =0
Cij(a)(A4) = AE;j(a)

—~®Qo0oT

An immediate corollary to this theorem shows that all the elementary
matrices are invertible (see unit 2).

Corollary: An elementary matrix is invertible. In fact,

a.  EyE;=1I

b. Ei(aV)E;(a) =I1fora#0

C. Eij(—a)E;j(a) =1

Proof: we prove (a) only and leave the rest to you.

Now, by definition of Rijfrom Theorem,

EyjEij = Rij = Ryy(Ryy(D) = 1,

The corollary tells us that the elementary matrices are invertible and the
inverse of an elementary matrix is also an element matrix of the same
type.

Now we will introduce you to a very nice type of matrix, which any matrix
can be transformed to by applying elementary operations.

3.3.1.2 Row-Reduced Echelon Matrices

1 0 9

i .0 1 0
Consider the matrix 0 0 1
0 0 O

In this matrix, the three non-zero rows come before the zero row, and the
first non-zero entry in each non-zero row is 1. Also, below this 1, are only
zero. This type of matrix has a special name, which we now give.

Definition 2: An m x n matrix A is called a row-reduced echelon matrix
if

a) The non-zero rows come before the rows,

b) In each non-zero row, the first non-zero entry is 1, and
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¢) The first non-zero entry in every non-zero row (after the first row) is to
the right of the first non-zero entry in the preceding row.

0 |1 3 49 7 8 0 -1 0 17
0 0 00156 10 2 0 0
The matrix]¥ 0 0 0 0 0 0 1 7 0 12f j a(6 x
0O 0 0 0 0O O O 1 1 10
O 0 0 0 0 0 0 O 0O 0 O
‘0 0 0 0 O O O O 0O 0 O
11)row-echelon matrix.

Every matrix can be transformed to the row echelon form by a series of
elementary row operations. We say that the matrix is reduced to the
echelon form.

Example 3: Consider the following matrix:
@ 0 0 0 0 1L
01 2 -1 -1 1

LetA=(0 1 2 O 3 1
lO 0 0 1 4 1J
0 2 4 1 10 2

Reduce A to the row echelon form.

Solution: The first column of A is zero. The second is non-zero. The
(1,2)t"element is 0.
But we want 1 at this position.

0o 1 2 -1 -1 1
0O 00 0 o0 1
Apply R, toAandget4A, =0 1 2 O 3 1
0O 00 1 4 1
0 2 4 1 10 2

The (1,2)entry has become 1. Now we subtract multiples of the first
row from other rows so that the (2,2)*, (3,2)", (4,2)"*and
(5,2)""entries become zero. So, we apply R;;(—1) and Rs, (—2)to obtain

01 2 -1 -1 1
0 0 0 O 0 1
A, =10 1 2 0 4 0
0 0 0 1 4 1

l0 0 0 3 12 2J
Now, beneath the entries of the first row we have zeros in the first 3

columns, and in the fourth column we find non-zero entries. We want 1
at the (2,4)*"position, so we interchange the 2nd and 3rd rows to obtain
o1 2 -1 -1 1
k 1

00 1 4 0
A;=l0 0 0 0 o0 1|
lo 00 1 4 1J
0 00 3 12 0
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We now subtract suitable multiples if the 2nd row from the 3rd, 4th and
5th rows so that the (3,4)t",(4,4)t", (5,4)"entries all become zero.
[0 1 2 -1 -1 1]
Ry, (—1) 0O 0 0 1 4 0
~Ri(=3)Jo 0 0 0 0 1
A3£Blo 00 0 O 1J
0O 0 0 O 0 O
operation R to A we obtain matrix B.
Now we have zero below the entries of the 2nd row, except for the 6th
column. The(3,6)element is 1. We subtract suitable multiples of the 3rd
row from the 4th and 5th rows so that the (4,6)t"elements become zero.

012—1—11]

R
A; = B means that on apply the

0O 00 1 4 O
pnl0 00 0 0 1]
. e lo 0 0 0 O OJ
0O 00 0 0 O
Now we have achieved a row echelon matrix.
Notice that we applied 7 elementary operations to A to obtain this matrix.
In general, we have the following theorem.

Theorem 3.3: Every matrix can be reduced to a row-reduced echelon
matrix by a finite sequence of elementary row operations.

The proof of this result is just a repetition of the process that you went
through in Example 4 for practice; we give you the following exercise.

1 2 0
Example 4: Reduce the matrix [0 1 O]to echelon form.
310
1 2 0 ~ 1 2 0 ~ [1 2 0
Solution:[o 1 0= R3;(—3) lO 1 0 =>R32(5)\0 1 0]
310 0 -5 0 0 0 O

Theorem 3.3 leads us to the following definition.
Definition 3: If a matrix A is reduced to a row-reduce echelon matrix E

by a finite sequence of elementary row operations, then E is called a row-
reduced echelon form (or, the row echelon form) of A.
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3.3.2 Rank of a matrix

Theorem 3.4: Let A be an m X n matrix over the field K. Then it is
possible to change A into B by elementary row and column operations,
where B is a matrix of the same size satisfying B;; = 1 for 0 < i < r for
r < min{m,n} and all other entries of B are zero.

If A can be reduced to two matrices, B and B’, both of the above form,
where the numbers of non-zero elements are r and r'respectively, by
different sequences of elementary operations, thenr = r’, andso B = B'.

Definition 4: The number r in the above theorem is called the rank of A:;
while a matrix of the form described for B is said to be in the canonical
form for equivalence.

I, O
o oY
where [, is an r X r identity matrix and O denotes a zero matrix of the
appropriate size (thatis, r x (n—r),(m—r)xrand (m—r) x (n —
r) respectively for the three 0°’s). Note that some or all of these 0’s may
be missing: for example, if r = m, we just have [, O].

We can write the canonical form matrix in “block form” asB = [

Proof:

We outline the proof that the reduction is possible.

To prove that we always get the same value of r, we need a different
argument.

The proof is by induction on the size of the matrix A: in other words, we
assume as inductive hypothesis that any smaller matrix can be reduced as
in the theorem. Let the matrix A be given. We proceed in steps as follows:

. If A = O(the all-zero matrix), then the conclusion of the theorem
holds, with r = 0; no reduction is required. So, assume that A + 0.
. IfA,; # 0, then skip this step. If A;; = 0, then there is a non-zero

element 4;; somewhere in A; by swapping the first and i"rows,

and the first and j* columns, if necessary (Type 3 operations), we
can bring this entry into the (1,1) position.

. Now we can assume that A;; # 0. Multiplying the first row by
A7{, (row operation Type 2), we obtain a matrix with 4,; = 1.
. Now by row and column operations of Type 1, we can assume that

all the other elements in the first row and column are zero. For if
Ay; # 0, then subtracting A, ; times the first column from the jth
gives a matrix withA,; = 0. Repeat this until all non-zero elements

have been removed.
Now let B be the matrix obtained by deleting the first row and column of
A.
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Then B is smaller than A and so, by the inductive hypothesis, we can
reduce B to canonical form by elementary row and column operations.
The same sequence of operations applied to A now finish the job.

1 2 3

4 5 6
We have A;; = 1, so we can skip the first three steps. Subtracting twice

the first column from the second, and three times the first column from

the third, gives the matrix, 0, ° ]

Now subtracting four times the first row from the second gives
[1 0 0]

0 -3 -6

From now on, we have to operate on the smaller matrix [—3 —6], but we
continue to apply the operations to the large matrix.

Example 5: Here is a small example. Let A = [

Multiply the second row by —1/3 to get [(1) (1) (2)

Now subtract twice the second column from the third to obtain
[1 0 0

0 10

We have finished the reduction, and we conclude that the rank of the
original matrix A is equal to 2.

We finish this section by describing the elementary row and column
operations in a different way.

For each elementary row operation on an n-rowed matrix A, we define the
corresponding elementary matrix by applying the same operation to the
n X n identity matrix |.

Similarly, we represent elementary column operations by elementary
matrices obtained by applying the same operations to the mxm identity
matrix.

We don’t have to distinguish between rows and columns for our

1 2 0
elementary matrices. For example, the matrix [0 1 O] corresponds to
0 0 1

the elementary column operation of adding twice the first column to the
second, or to the elementary row operation of adding twice the second
row to the first. For the other types, the matrices for row operations and
column operations are identical.

Lemma: The effect of an elementary row operation on a matrix is the
same as that of multiplying on the left by the corresponding elementary
matrix. Similarly, the effect of an elementary column operation is the
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same as that of multiplying on the right by the corresponding elementary
matrix.
The proof of this lemma is somewhat tedious calculation.

Example 6: We continue our previous example. In order, here is the list
of elementary matrices corresponding to the operations we applied to A.
(Here 2x2 matrices are row operations while 3x3 matrices are column

operations).

1 -2 0 1 0 -3 1 o 1 0 1 0
0 1 0f |0 1 0,_41,0_1/,0 =2,
o 0o 1l lo o 11 ~ ‘ 13l o 1
So, the whole process can be written as a matrix equation:
1 0 -2 01 0 =311 0 O
1
[0 _1/][_4 1 offo 1 offo 1 —2|=B
3 o 1llo o 1llo o 1
1 1 -2 1
or more simply [4/ 1/] 1 —2 = B.
3 0
[ 2 3 1 O 0
where, as before,A—[4 c 6] B = [0 1 0

An important observation about the elementary operations is that each of
them can have its effect undone by another elementary operation of the
same kind, and hence every elementary matrix is invertible, with its
inverse being another elementary matrix of the same kind. For example,
the effect of adding twice the first row to the second is undone by adding

-1 _
—2 times the first row to the second, so that [é i = [(1) 12]

Since the product of invertible matrices is invertible, we can state the
above theorem in a more concise form. First, one more definition:

3.3.2.1 Row and Column Ranks of a Matrix

Definition 5: Let A be an m X n matrix over a field F. We say that the
column rank of A is the maximum number of linearly independent
columns of A; while the row rank of A is the maximum number of linearly
independent rows of A. (We regard columns or rows as vectors in F™and
F™respectively).

Now we need a sequence of four lemmas.

Lemma:

(@)  Elementary column operations do not change the column rank of a
matrix.

(b)  Elementary row operations do not change the column rank of a
matrix.

(c)  Elementary column operations do not change the row rank of a
matrix.
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(d)  Elementary row operations do not change the row rank of a matrix.

Proof

(a) This is clear for Type 3 operations, which just rearrange the vectors.
For Types 1 and 2, we have to show that such an operation cannot take a
linearly independent set to a linearly dependent set; the vice versa
statement holds because the inverse of an elementary operation is another
operation of the same kind.

So, suppose that v,,..., v,are linearly independent.
Consider a Type 1 operation involving adding ¢ times the j* column to
the i*"; the new columns are vy, ..., v,where v, = v, for k # iwhile v; =
v; + Cv;
Suppose that the new vectors are linearly dependent, then there are scalars
a, ..., ay, notall zero, such that 0 = a,vi+...+a,v,

=avy + -+ ai(vi + cvj) + -+ aqvp+ -+ apyy,

= a, vy + -+ av + -+ (@ + ca))v; + o+ apvy
Since v4,..., v,are linearly independent, we conclude that

a,=0,..,a4;,=0,..,a5ca; =0,...,a, =0

from which we see that all the a;are zero, contrary to assumption. So, the
new columns are linearly independent.
The argument for Type 2 operations is similar but easier.
(b) It is easily checked that, if an elementary row operation is applied,
then the new vectors satisfy exactly the same linear relations as the old
ones (that is, the same linear combinations are zero). So, the linearly
independent sets of vectors don’t change at all.
(c) Same as (b), but applied to rows.
(d) Same as (a), but applied to rows.

Theorem 3.4: For any matrix A, the row rank, the column rank, and the
rank are all equal. In particular, the rank is independent of the row and
column operations used to compute it.

Proof: Suppose that we reduce A to canonical form B by elementary

operations, where B has rank r. These elementary operations don’t change

the row or column rank, by our lemma; so the row ranks of A and B are

equal, and their column ranks are equal. But it is trivial to see that, if B =
I, O
0O 0

So, the theorem is proved.

We can get an extra piece of information from our deliberations.

Let A be an invertible n X n matrix. Then the canonical form of A is just
I:

its rank is equal to n. This means that there are matrices P and Q, each a

product of elementary matrices, such that PAQ = I,,.
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From this we deduce that A = P~11,0~1 = P~1Q1;

Corollary: Every invertible square matrix is a product of elementary
matrices.

In fact, we learn a little bit more. We observed when we defined
elementary matrices, that they can represent either elementary column
operations or elementary row operations. So, when we have written A as
a product of elementary matrices, we can choose to regard them as
representing column operations, and we see that A can be obtained from
the identity by applying elementary column operations. If we now apply
the inverse operations in the other order, they will turn A into the identity
(which is its canonical form). In other words, the following is true:

Corollary: If Ais an invertible n X n matrix, then A can be transformed
into the identity matrix by elementary column operations alone (or by
elementary row operations alone).

3.3.2.2 Row and Column Spaces of a Matrix

Consider any m x n matrix A, over a field F. We can associate two vector
spaces with it, in a very natural way. Let us see what they are.

Let4d = [a;;], A has m rows, say, Ry, R,,..., Ry, Where

Rl = (all, alz,...,aln),RZ = (a21, azz,...,aZn),...,Rm
= (aml,amz,...,amn)
R,
R, _
Thus,R; €| “|andi € A
R,

The subspace of F™ generated by the row vectors R4, ..., R,,,0f A, is called
the row space of A, and is denoted by RS (A).

Example 7: If A = [(1) (1) 8] , does (0,0,1) € RS(A)?

Solution: The row space of A is the subspace of R; generated by (1, 0,
0) and (0, 1, 0). ThereforeRS(A) = {(a, b,0)|a,b € R}
~ (0,0,1) ¢ RS(A).

Definition 6: The dimension of the row space of A is called the row
rank of A, and is denoted by p,.(4).

Thus, p,.(4) = maximum number of linear independent rows of A.

In Example 1, p,-(4) = 2= number of rows of A. But consider the next
example.

1 0
Example 8: If A = |0 1], find p,-(A4).
2 0
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Solution: The row space of A is the subspace of R, generated by (1, 0),
(0, 1) and (2, 0). But (2, 0) already lies in the vector space generated by
(1,0)and0, 1), since (2,0) = 2(1,0). Therefore, the row of A is generated
by the linear independent vectors (1, 0) and (0, 1).

Thus, p,.(4) = 2.

So, in Example 2, p,-(4) <number of rows of A

In general, for m x n matrix A, RS (A) is generated by m vectors.
Therefore, p,-(4) < m..

Also, RS(A)is a subspace of F™ anddim, F" = n. Therefore, p,.(4) <
n.

Thus, for any m x n matrix A, 0 < p,.(A) < min(m,n).

Example 9: Showthat A = 0 © p,.(4) = 0.

Just as we have defined the row space of A, we can define the column
space of A.

Each column of A is an m-tuple, and hence belongs toF™.

The column of A is denoted by C, ..., C,.

The subspace of F™ generated by {C;, ..., C,,} is called the column space
of A and is denoted by CS (A).

Definition 7: The dimension of CS (A) is called the column rank of A,
and is denoted of p.(4).

Again, since CS (A) is generated by n vectors and is a subspace of F™,
we obtain

0 < p.(A) < min(m,n).

Example 10: Obtain the column rank and row rank of A = [é g ﬂ

Solution:

The column space of A is the subspace of R? generated by (1, 0), (0, 2),
1,1).

Now, dimy C S(A) < dimg R? = 2.

Also (1, 0) and (0, 2), are linearly independent,

~{(1,0), (0, 2)} is a basis of CS(A), and p.(4) = 2.

The row space of A is the subspace of R3 generated by (1, 0, 1) and (0, 2,
1).

These vectors are linearly independent and hence, form a basis of RS(A)
~pr(A) = 2.

In Example 2 you may have noticed that the row rank and column rank of
Aare equal. In fact, in Theorem 1, we prove that p,.(A) = p.(A)for any
matrix A. But first, we prove a lemma.

Lemma 1: Let A, B be two matrices over F such that AB is defined. Then
a) CS(AB) € CS(4)

b)  RS(AB) < RS(B)

Thus,p.(AB) < p.(4), p,(AB) < p,(B).
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Proof:
(a) Suppose A = [a;;] is an nx p matrix. Then, from the previous
section, you know that the j** column of C = AB would be

- n

Z alkbkj

k=1
C1j n aiq Ain
C .
o - Z Aziebrj | = a,21 by + -+ a?” b,
: =1 : J : J
ij : Am1 Amn

n

z amkbkj

k=1
= Cybyj + -+ by
Where C;, ..., C,, are the columns of A.
Thus, the columns of AB are linear combinations of the columns of A.
AB € CS(A).
So, CS(AB) c CS(4)
Hence, p.(AB) < p.(A).

b) By a similar argument as above, we have RS(AB) € RS(B)and so
pr(AB) < p,(B).

Example 11: Prove (b) of Lemma 1.
The i*" row of C = AB is

n
[Cil Ciz Clp |:Z a’lkbkl aikbkz z aikbkp]
=1

k=1

=a;[b11 b1z - bipl+ a;[b21 b22 v bypl 4+
Ajp [Dn1 bpz .. bnp],
a linear combination of the rows of B

~ RS(4B) < RS(B)
= pr(AB) < p,(B).
We will now use Lemma 1 for proving the following theorem.
Theorem 3.5: p.(A) = p,(A)for any matrix A over F.
Proof: LetA € M,,,,,(F). Suppose p,.(A) = r andp.(4) = t.
Now, RS(A) = {Ry,R,, ..., R,,}where R, R,, ..., R,,are the rows of A.
Let {e,, e,, ..., €,.} be a basis of RS(A). Then R, is a linear combination of
ey, ey, ...,e,, foreachi =1,.
Let R; = X1 bijej,i = 12 m,wherebijeFforlsiSm,ls
J<r
We can write these equations in matrix form as
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R, byq e by, ‘ Iell
Rm bml ...... bmr e,

So,A = BE, where B = [b;;] is an m x rmatrix and E is ther X nmatrix
with rows ey, e,, ...,e,.(e; € F*, foreachi =1,...,1)
So, t = p.(4) = (BE) < p.(B) (by Lemma 1)

< min(m,r)

<r

Thus, t <r
Just as we got A = BE above, we have A =[f,...,f;]D, where
{f1, ..., ft}is a basis of the column space of A, and D is a (t x n) matrix.
Thus, r = p,(A) <p,.(D) <t (by Lemma 1)
So,wehaver < tandt < r.Thisgivesr = t.
Theorem 3.1 allows us to make the following definition.

Definition 8: The integer p.(A) = p,-(4)is called the rank of A, and is
denoted by p(4).

You will see that theorem 3.1 is very helpful if we want to prove any fact
about p(A). If itis easier to deal with the rows of A we can prove the fact
for p(4).

Similarly, if it is easier to deal with the columns of A, we can prove the
fact for p.(A4). While proving Theorem 3 we have used this facility that
theorem 3.1 gives us.

Use theorem 1 to solve the following exercises.

1) If A, B are two matrices such that AB is defined then show that
p(AB) < min( p(4),p(B)).

2) Suppose C # 0 € M,,,.,(F), and R # 0 € M,,,,(F), then show
that the rank of the m x n matrix CR is 1. (Hint: use Example 4).

Does the term ‘rank’ seem familiar to you? Do you remember studying
about the rank of a linear transformation in Unit 2? We now see if the
rank of a linear transformation is related to the rank of its matrix. The
following theorem brings forth the precise relationship.

Let us now look at some ways of transforming a matrix by playing around
with its rows. The idea is to get more and more entries of the matrix to be
zero. This will help us in solving systems of linear equations.

Theorem 3.6: Let E be a row-reduced echelon form of A. Then the rank
of A = number of non-zero rows of E.

Proof: We obtain E from A by applying elementary operations.
By a Theorem; p(A) = p(E).

Also, p(E) = the number of non-zero rows of E, by Theorem 4.
Thus, we have proved the theorem. ##
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Let us look at some examples to actually see how the echelon form of a
matrix simplifies matters.

1 2 3

Example 12: Find p(A), whered = [1 5 6

reduced echelon form.

] by reducing it to its row-

1 5 6 0 3 3 0 1 1

which is the desired row-reduced echelon form. This has 2 non-zero rows.
Hence, p(A) =2.
Exercisel3: Obtain the row-reduced echelon form of the matrix

Solution: [1 2 3]=>R2(~_1)[1 - 3]=>R2(1/3)[1 : 3]

1 2 0 5
A=1|2 1 7 6 |.Hencedetermine the rank of the matrix.
4 5 7 10

By now must have got used to obtaining row echelon forms. Let us discuss
some ways of applying this reduction.

3.3.3 Applications of Row-Reduction of Matrices

In this section we shall see how to utilize row-reduction for obtaining the
inverse of a matrix, and for solving a system of leaner equations.

3.3.3.1 Inverse of a Matrix

In previous theorem, you discovered that applying a row transformation
to a matrix A is the same as multiplying it on the left by a suitable
elementary matrix. Thus, applying a series of row transformations to A is
the same as pre-multiplying A by a series of elementary matrices.

This means that after the nth row transformation we obtain the matrix
E,E,_,...E;E A, where E|, E,, ..., E, are elementary matrices.

Now, how do we use this knowledge for obtaining the inverse of an
invertible matrix? Suppose we have an n x n invertible matrix A. We know
that A = IA, where I = I,,.

Now, we apply a series of elementary row operations E;, E,,..., E, t0 A
so that A gets transformation to I,,.
Thus,

| =EE, ..E,E;A=EE,_,..E,E (14)

= (EE,_, ...E;E])A = BA

Where B = E ... E;1. Then B is the inverse of A.
Note that we are reducing A to | and not only to the echelon form.
We illustrate this below.
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1 2 3
2 3 1lisinvertible.
3 1 2

Example 13: Determine if the matrix A =

If it is invertible, find its inverse.

Solution:

1 0 0/1 2 3
Now,A=JA=|0 1 0|2 3 1
0 0 1/\3 1 2

To transform A we will be pre-multiplying it by elementary matrices. We
will also be pre-multiplying IA by these matrices. Therefore, as A is
transformed to I, the same transformations are done to 1 on the right-hand
side of the matrix equation given above.

1 2 3 1 0 0
NOW(O -1 —5)A<—2 1 0)
0 -5 -7 -3 0 1
Applying R,; (—2)and R3,(—3)to A
1 2 3 1 0 0
=<0 1 5>A<2 -1 0)
057 \3 0 -1
Applying R,(—1)and R;(—1)
1 0 -7 -3 2 0
=<0 1 5 )A(Z -1 O)
0 0 -—18 -7 5 -1
Applying R;,(—2)and R;3,(—5)
1 0 -7 -3 2 0
=<0 1 5 )A(Z -1 O)
0 0 -—18 -7 5 -1
Applying Ry (—1/;)
1 0 -7\/(3 2 0
:(0 1 5§ ) 2 -1 0
0 0 -18/\"/15 /g Y19
1 0 0 5/18 1/18 7/18
=<0 1 0) 1/18 7/18 _5/18 Applying R,;(—2)and
0 0 1 _
7/18 5/18 1/18

R31(_3)t0 A
. -5 1 7
Hence, A is invertible and its inverse is B = P 1 7 =5
7 =5 1

To make sure that we haven’t made a careless mistake at any stage, check
the answer by multiplying B with A. your answer should be |

0 1 3
Exercise: Show that [2 3 5] is invertible. Find its inverse.

3 5 7
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Let us now look at another application of row-reduction.
3.3.3.2 Solution of System of Linear Equations

Any system of m linear equations, in n unknownsxy, ..., x,, IS
a; Xy + .+ agy = b

AGmXy + .+ AunXp = by
where all the x;; and b; are scalars

This can be written in matrix form as AX = B, whereA = [a;;],.X =

bll
by
Definition 6: If B = 0, the system is called homogenous, otherwise, it is
non-homogeneous.

In this situation, we are in a position to say how many linearly
independent solutions the system of equations has.

B =

Theorem 3.7: The number of linearly impendent solutions of the matrix
equation AX = 0 isn — r, where A isan m X n matrix and r = p(A4).

Proof: In Unit 1,you studied that given the matrix A, we can obtain a
linear transformation T: F™ — F™such that[T]p p = A, where B and B'are
bases of F™andF™, respectively.

X1

Now, X = is a solution of AX = 0 if and only if it lies in kerT

xn
(sinceT(X) = AX).
Thus, the number of linearly independent solutions is

dim ker T nullity(T) = n — rank(T) (Unit 2,
Module 1)
Also; rank(T) = p(A). (Theorem 3.2)

Thus, the number of linearly independent solutions is n — p(A4).

This theorem is very useful in finding out whether a homogeneous system
has any non-trivial solution or not.

129



MTH 212 LINEAR ALGEBRA

Example 14: Consider the system of 3 equations in 3 unknowns:
3x — 2y +z =0

x+y =20
: L X =3z =0 :
How many solutions does it have which are linearly independent over R?
3 =2 1
Solution: Here is our coefficient matrix, A =1 1 0 ]
1 0 -3

Thus, n = 3. We have to find r. For this, we apply the row-reduction
method:

1 0 -3

Weobtain A~|0 1 3 |, whichisin echelon form and has rank 3.
0 0 1

Thus, p(A) = 3.

Thus, the number of linearly independent solutions is 3 — 3 = 0. This
means that this system of equations has no non-zero solution.

In the Example, the number of unknowns was equal to the number of
equations, that is, n = m. What happens if n > m?

A system of m homogeneous equations in n unknowns has a non-zero
solution if n > m, why? Well, if n > m, then the rank of the coefficient
matrix is less than or equal to m, and hence, less than. So, n —r > 0
Therefore, at least one non-zero solution exists.

Exercise: Give a set of linearly independent solutions for the system of
equations:

x+2y+3z2=0

2x +4y +z =0
Now consider the general equation AX = B, where A is an m X n matrix.
We form the augmented matrix |[AB|. This is an m X (n + 1) matrix
whose last column is the matrix B. Here, we also include the case B = 0.
Interchanging equations, multiplying an equation by a non-zero scalar,
and adding to any equation scalar times some other equation does not alter
the set of solutions of the system of equations. In other words, if we apply
elementary row operations on |AB| then the solution set does not change.

The following result tells us under what conditions the system AX = B has
a solution.

Theorem 3.8: The system of linear equations given by the matrix
equation AX = B has a solution if p(4) = p(|AB]).
Proof: AX = B represents the system:

a1 x;, + .. + ag, = b

Am1X1 + o+ QupnXn = by
This is the same as
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a11x1 + + aln - bl = 0

AmiXy + .. + apX,—b, = 0
which is represented by |AB]| [—Xl] = 0.

Therefore, any solution of AX = B is also a solution of |AB| [—Xl] =0

and vice versa.
By Theorem 3.8; this system has a solution if and only if n+1 >

p(|AB]).
€1

Now if the equation |AB]| [—Xl] = 0 has a solution, say [ then

Cn-1
c,Cy +¢c,C, + -+ ¢,C, = B, Cq, -+, C,, are the columns of A. That is, B
is a linear combination of the C;'s therefore, RS([AB]) = RS(A).
Conversely, if p([AB])then the number of linearly independent columns
of A and |AB| are the same. Therefore, B must be a combination of the
columns Cy, -+, C,, of A.

LetB =a,C; +-+a,C,;a, €EF,Via; EF,Vi

a;
;
Thus, AX =B has a solution if and only if p(4) = p(|AB]).

Remark: If A is invertible then the system of AX = B has the unique
solution X = A™!B.

Then a solution of AX = B isX =

3.3.3.3 Successive (or Gaussian) Elimination Method

Now, once we know that the system given by ofAX = Bis consistent, how
do we find a solution? We utilize the method of successive (or Gaussian)
elimination. This method is attributed to the famous German
mathematician, Carl Friedrich Gauss (1777-1855).

Gauss was called the “prince of mathematicians” by his contemporaries.
He did a great amount of work in pure mathematics as well as probability
theory of errors, geodesy, mechanics, electro-magnetism and optics.

To apply the method of Gaussian elimination, we first reduce |AB| to its
row echelon form.

Then, we write out the equations and solve them, which is simple.
Let us illustrate the method:

Example 15: Solve the following system by using the Gaussian
elimination process.

131



MTH 212 LINEAR ALGEBRA

x+2y+3z=1
2x+4y+z=72
Solution: The given system is the same as
We first reduce the coefficient matrix to echelon form:

R IDRLTCOICR

a2

This gives us an equivalentto x = 2y and z = 0.
x+2y+3z=1landz=0

These are again equivalentto x =1 — 2y and z = 0.

We get the solution in terms of a parameter.

Puty = a,thenx =1 — 2a, y = a and z = 0 is a solution, for any scalar
a, thus, the solution set is {(1 — 2, a, 0)|a € R}.

Now let us look at an example where B =0, that is, the system is
homogeneous

Example 16: Obtain a solution a solution set of the simultaneous
equations.
X, +2x, +5x, =0
2xy + x5 +7x3+6x, =0
4x; + 5x, + 7x5 + 16x, =0

1 2 0 5
Solution: The matrix of coefficientsis4A =12 1 7 6 ]
4 5 7 16

The given system is equivalent to of AX = 0.
12 0 5
A row-reduced echelon form of this matrix is [0 1 _7/3 4/3

0 0 O 0
Then the given system is equivalent to

x1+2X2+5X4=0$X1=—2x2—5x4

Xy —Zxs+ox, =02y, =2x3 —-x

2 33 34-_ 2_33 34-
=X = Ex Zx

1 3 3 3 4

which is the solution in terms of z and t.
Thus, the solution set of the given system of equations, in terms of two

parameters « and g is {(—%a — gﬁ,ga - gﬁ, a,ﬁ) |a, B € R}.
This is a two-dimensional vector subspace of R*with basis

{( 14 7 10) (—14 —4 01)}
3)3) ) ) 3 ) 3 ) )

For practice, attempt the following exercise.

Example 17: Use the Gaussian method to obtain solution sets of the
following system of
equations:
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4x, —3x, +x3 =7

Xy — 2x, —2x3 =3

3%y — x5, +2x3 =—1

4 -3 1 7

Solution: The augmented matrixis |1 -2 -2 3 ]

3 -1 2 -1
1 -2 21 3

Its row-reduced echelon formis [0 1 9/5 -1

0 0 1 5
The given system is equivalent to
X, —2x, —2x3 =3
9

X2 +§X3 = _1

X3 = 5
We can solve this system to get the unique solution x; = —7,x, =
_10, X3 = 5

Theorem 3.9: If a set of linear equations undergoes any of the following

operations, then the resulting set of equations has exactly the same

solution set as the original set of equations:

I. Multiplication of any equation by a non-zero constant

Il Interchange of two equations

ii.  Addition to an equation the result of multiplying another equation
by a constant

Proof: Part iii) shall be proved, i) and ii) are left for the students to
attempt.

Let(sy, s, -+, s,) be a solution to
a11X1 + alzxz + -+ alnxn = bl

a1 X1 + ajpx, + o+ ajpx, = b;
amx1 + apzx2 + -+ apnxn = b,

Am1X1 T ApaXy + 0+ QX = bm
Suppose we add to equation (p) the result of multiplying equation (i) by
r, then the new system has a different equation (p):

(ral-1 + am)x1 + (raiz + apz)xz + -+ (rain + apn)xn =rb; + b,
Since the rest of the equations are interchanged, (s;,s, :**,s,) is still a
solution for those equations.

Substituting s; = x; -+, s, = x,, in the new equation (p) and multiplying,
we have

r(a;s; + -+ appsy) + (@151 + - + ays,) = rb; + byand
(s1,5,+,s,,) is asolution of the new equations (p).
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Conversely, suppose that (t,,t, :--, t,;) is any solution of the new system,
that is, suppose that
alltl + -+ alntn = b1
(ray + apy)ty + -+ (ram + apn )ty = rb; + b,
Ap1X1 + o+ Xy, = by,
Multiply equation (i) by —r and add the result of equation (p) to obtain
the original system with (¢, t, ---, t,,) is a solution.

To streamline our work, in the next example we use abbreviations to
indicate the algebraic operation done, For example,

Abbreviation Meaning
2E1 Multiply Eq. (1) by 2
E3 =2 E4 Interchange Eq. (3) and (4)
-2E1+E5 Add the result of multiplying Eq. (1) by -2 to

Eqg. (5), and replace
Eq. (5) by the result

Example 18: Solve the system of equations:
X1+ 2x, +3x3 =4
4x, + 5x, + 6x3 =7
7x1 +8x, + 9x3 = 10
Solution:
X1+ 2x, +3x3 =4 _4}51_|_EZX1+2X2+3x3 =4
4x; + 5x, + 6x3 =7 —3x, — 6x3 = —9
7x; +8x, +9x; = 10 ~7E1+E3 —6x; — 12x3; = —18

opasps X1 T 2%, + 3x3 = 4%,52 X+ 2x, +3x3 =4
— —3x,—6x3=—-9 — x,+2x3=3
0=0 0=0
Now we have only two equations in three unknowns.
In the second equation, we can let x; = k, where k is any complex
number.
Then x, = 3 — 2k.
Substituting x; = k and x; = 3 — 2k into the first equation, we have
X, =4—2x,—3x3=4—-2(3—-2k)—-3(k)=-2+k
Thus, the general solution is
X, =—-2+k
(=2+k,3—2k,k) or x, =3—2k
X3 =k
Thus, we see that the system has an infinite number of solutions.
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Note that specific solutions can be generated by choosing specific values
for k
We are now near the end of this unit.

SELF-ASSESSMENT EXERCISE(S)

1 4 2
1. Determine if the matrix A = (2 1 4}5 invertible. If it is invertible,
4 2 1

find its inverse.
2. Consider the system of 3 equations in 3 unknowns:
2x +y —z =-1
X—y+z=5
3x —y—2z =0
How many solutions does it have which are linearly independent over R?
3. Solve the following systems of equations:
X, +2x, +3x3 =4

a) 4x; + 5x, + 6x3 =7
7x; + 8x, +9x; = 12

X, +2x, +3x3=0

4x; + 5x, + 6x3 =0

7x1 +8x, +9x3 =0
10x; + 11x, + 12x3 =0
X, —2x, +x3 =0
C) 3x; —x, +x3 =0

—x1 +4x, —x3=0

Each system is in echelon form.
For each, say whether the system has a unique solution, no solution, or
infinitely many solutions.

b)

a)
—3x +2y =0
—2y=0
Xty =4
b) y—z=0
X1 +x, =4
c) Xy, —x3 =0
0=0
X, +x, —3x3=-1
X, — X3 =2
9 x3 =0
0=0
Conclusion

In conclusion, we could see that calculating the rank of a matrix can be
used to detect whether a simultaneous system of equations has a solution
or not. In this unit, we have established the relationship between rank of
a matrix with the inverse of the matrix.
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19

3.4 Summary

In this unit we covered the following points.

) The row rank, column rank and rank of a matrix have been defined,
and shown to be equal.

o The rank of a linear transformation is equal to the rank of its
matrix.

o Elementary row and column operations have been defined

o You have been shown how to reduce a matrix to the row-reduced
echelon form.

o the echelon form has been used to obtain the inverse of a matrix.

o The number of linearly independent solutions of a homogenous

system of equations given by the matrix equation AX = 0isn —r,
where r = rank of A and n = number of columns of A.

o The system of linear equations given by the matrix equation AX =
B is consistent if and only if p(4) = p([AB]).
. A system of linear equations could be solved by the process of

successive elimination of variables, which is, the Gaussian method.
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MODULE 3
Unit 1 Determinants |
Unit 2 Determinants 11

UNIT 1 DETERMINANTS |
Unit Structure

1.1  Introduction
1.2  Learning Outcomes
1.3 Main Content
1.3.1 Defining Determinant
1.3.2 Determinant as Area and VVolume:
1.3.3 Properties of Determinants
1.3.4 Minor, Cofactors and Adjoint of a Matrix
1.3.5 Finding the Inverse of a Matrix
1.3.6 Solution of System of Linear Equations using Determinant
1.4 Summary
1.5 References/Further Readings

@1.1 Introduction

Having considered matrices in the last module, it is important to note the
fundamental difference between a matrix and the determinant of a matrix.
While a matrix is an array of numbers (elements), each of which has its
own distinct position in the array; the determinant of a matrix is a number
produced by combining the elements of the matrix in a prescribed manner.
Note that determinants of square matrices only can be defined. In Unit 3
of module 2, we discussed the successive elimination method for solving
a system of linear equations. This unit introduces you to another method,
which depends on the concept of a determinant function. Determinants
were used by the German mathematician Leibniz (1646 — 716) and the
Swiss Mathematician, Vander Monde (1735-1796) who gave the first
systematic presentation of the theory of determinants.

Several ways of developing the theory of determinants have been
considered in section 3along with the study of the properties of
determinants and certain other basic facts about them. We go on to give
applications in solving a system of linear equations (Cramer’s Rule) and
obtaining the inverse of a matrix.
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We also advise you to revise the units of module 2 before starting this
unit.

@,

By the end of this unit, you will be able to:

Learning Outcomes

. Define the determinant of a matrix.

. Evaluate the determinant of a square matrix using properties of
determinants.

. Obtain the minor, cofactors and adjoint of a square matrix.

. Compute the inverse of an invertible matrix, using its adjoint.

o Apply Cramer’s rule to solve system of linear equations.

1.3 Main Content
1.3.1 Defining Determinant

There are many ways of introducing and defining the determinant
function fromM,,(F) to F. In this section we give one of them, the
classical approach. This was given by the French Mathematician Laplace
(1749 -1827), and still very much in use.

The determinant is a function defined on square matrices; its value is a
scalar. It has some very important properties: perhaps most important is
the fact that a matrix is invertible if and only if its determinant is not equal
to zero.

We denote the determinant function by det, so that det(A) is the

determinant of A. For a matrix written out as an array, the determinant is

denoted by replacing the square brackets by vertical bars,\ \ , for example,
A1 Q121 _ |91 412

det [a21 azz] B |a21 a22|'

It is to be noted that there are two other methods of obtaining determinants
—Vvia permutations and via multi-linear forms. We shall not be doing these
methods in this course. For the purpose of actual calculation of
determinants the method that already given is normally used. The other
methods are used to prove various properties of determinants.
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So far, we have looked at determinant algebraically only; there is a
geometrical interpretation of determinants also, which shall be treated
now.

1.3.2 Determinants as Area and Volume:

Let u = (a,,a,) and v = (b,, b,) be two vectors in R2. Then, the
magnitude of the area of the parallelogram spanned by u and v (see fig. 1)
is the absolute value of

a, by
a, b,
Thus, if uy,u,,---,u, are n vectors in R", then the absolute is the
magnitude of the volume of the n-dimensional box spanned by
Uq, Ug, Uy,

det(u,v) =

A
Y
Y
u [
A % >
Fig.1 The shaded area is det(u,v)

Example 1: What is the magnitude of the volume of the box in R3,
spanned by i, j and k?

yA

100

0 1 of=1

0 0 1 ‘

[\ [P

47

1 AN
1 \
! \
! \
1
1
1
-
1
\
\
N\
\
\
\
\

Fig.2 The magnitude of volume

1.3.3 Properties of Determinants

In this section we shall state some properties of determinants, mostly
proof. We will take examples and check that these properties hold for

them.

Now, for any A € M,,(F), then we have the following 8 properties, P1 —
P8.
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P1: If every element of a row (column) of a square matrix A is zero
then|A| = 0.
P2: If A is an upper (lower) triangular matrix or it is a diagonal matrix, its
determinant is the

product of its diagonal elements.
P3: If ATis the transpose of matrix A, then |AT| = |A|
P4: If two rows (columns) of A are identical, then [A] = 0
P5: If matrix B is obtained from A by multiplying its i" row (column) by
a non-scalar K,

then |B| = K|A|
P6: If matrix B is obtained from A by adding to its row the product of K
(a scalar) and its jt"

row, then |B| = |A].

The theorem also holds when row is replaced by column throughout.

P7: A square matrix A is non-singular if and only if |A| # 0 .
P8: The determinant of the product of two matrices is equal to the product
of the determinants

of the two matrices, that is, |AB| = |A||B]|

We would apply the properties P1 — P8 to some matrices to prove the
properties.

Example 2: Solve the following determinants:

s 105 2
i) |Al=[3 0 5 i) |B| = ii) |C] =
L4 5 0 7 0 3
-2 0 -2 4
1 4 2
0 3 5
0 0 2
-3 0 0 -1 2 0
iv) ID|=]|3 4 0 V)IE|=|5 4 0 vi) |F| =
1 4 2 1 4 0
4 3 -7
00 O
1 8 12
Solution:

i) since the 1% and 3" rows coincide, then |A| = 0

i) since the 1%t and 3 columns coincide, then|B| = 0

iii)  Cis an upper triangular matrix, hence |C| = 1x2x3 = 6

iv) D isalower triangular matrix, hence |D| = -3 x4 X 2 = —24
V) All the elements in the 3 column are zero, then |E| = 0

vi)  All the elements in the 2" row are zero, then |F| = 0

140



MTH 212 LINEAR ALGEBRA

Example 3: Let A = , find |A]

Q T o' T

Solution: |4| =

oSS Q WG‘G‘@‘Q
S Q @‘@‘wa‘aw

Q@‘@‘@‘@Q@@

a
b
b
b

n

=

Add the 2" 3 and 4™ rows to the 1%t row

a+3b a+3b a+3b a+3b
b a b b
Il = b b a b
b b b a
Subtract the 1 column from every other column
a+3b 0 0 0
b a—b>b 0 0
b 0 a—b>b 0
b 0 0 a—b>b
Expanding along the 1% row gives
a—b>b 0 0
|A| =(a+3b)| 0 a—>b 0 (a diagonal matrix)

0 0 a—>b
Hence |A| = (a + 3b)(a — b)3
1 1 1 1
Xy X3 Xy

2 2 =Hi<j(xi—xj);1SiS

Example 4: Show that ; 2

X1 Xy X3 Xy
3

1

X3 ox3 x3 x}
j<4.

This is known as the Vandermonde’s determinant of order 4.

Solution:
Step1l: subtract the 1% column from every other column
! 0 0 0 |

X X2 X Xz X Xy T X

Xt xi—xi x5 —xf xi-—xi
x3oxd—x3 x3—x3 x}—x3

Step 2: expand along the first row and factorizing the entries
X2 —=X1 X3~ X1 X4 — X

2 2 2 2 2 2
=1 xZ_xl X3_X1 X4_X1

X5 — x5 x3—x; x5 —x}
Xy — X1 X3 — X1 Xq4 — X1

= (x; — x1)(x2 + x1) (x3 - x1)(x3 + x1) (x4 - xl)(x4 + x1)
(xy = x) (x5 + 27 +xx1) (3 —x) (x5 + 27 +x3x1) (g — x) (xF + 27 + x4%)
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Step 3: Take out(x, — x,), (x3 — x;) and (x, — x;) from columns 1, 2
and 3 respectively
= (x3 — x1) (x5 — x1) (x4
1 1 1
— x1) Xy + Xq X3 + X4 X4 + Xq
X2+ xE+xx0 X2+ xF+x3x; xE 4 x4 x,0

Step 4: subtracting the first column from the second and third columns

= (xy — x1) (x5 — x9) (xy
1 1 1

Xy + X4 X3 — Xy X4 — Xo
X2 4 X2 + 2,0, X% — X%+ XXy — XoXy X2 — X% 4 XX — XX
3 1 2X1 X3 5 3X1 — XX1  X§ — X3 4X1 — X2Xq

—x1)

Step 5: expand by the first row and factorizing the entries
= (xp — x) (3 — x) (g — x) [(x5 — xz)(xz% - xz2 + X421 — Xp%1)
— (x4 — xz)(x§ - xz2 + X3 — X3%1)]
= (x; —x1)(x3 — x1) (xy
— x){(3 — ) [ (g — x5) (g + x3) + 21 (x4 — x3)]
— (x5 — x)[(xg — x2) (xy + x3) + 21 (x4 — %) (x2%1)}
= (22 — x1) (3 — x1) (g — 2){(x3 — 22)[(xg — 22) (x4 + % + x1)]
— (g = x2)[ (3 = x2) (x4 + x5 + x1)]}
= (x — x1)(x3 — x1) (x4
— x){(x3 — x2) (x4 — ) [ (x4 + x5 + x1)
— (x3 + x5 + x1)]}
= (3 — x1) (3 — 1) (g — 2){ (x5 — x3) (g — x2) (x4 — x3)}
= (22 — 2x1) (3 — x9) (3 — 2x2) (g — 1) (g — %) (x4 — x3)
= [Gi-x)1=i<j<a

Example 5: ~
Let us define the function 6(t) by 6(t) = ]]:,((?) gg,((t;))| Show that
e | ) g®)
O =0y g
Solution:
_F® 9O o e
6O =ty gl =IO - 9O ®

Z'(t) = f'((it)g'(tg +1®)g"®) —{g'@Of ®© +9@f" )} [Since
= (fg)=Lg+2f]

= f(g"®) - gOf"(®) = |

Theorem 1.1: Let A = [a;;] xy, then

a) a;1Ci; + a;Cip + -+ + a4, Gy = det(A) = aq;Cy; + ay,Cy; +
et aniCni
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b) al-lel + aiijz + -+ aiann =0= aliCji + aZiCZj + -+
am-an if i :;t]
We will not be proving this theorem here.
We only mention that (a) follows immediately from the definition of det
(A), since

det(A) = (=D a;|Au| + -+ (=D ay | Apm|

The following example will help you to get used to calculating
determinants.

We will define the determinant function det: M,, (F) — F by induction
on n. That is, we will define it for n = 1,2,3,... and then define it for any
n, assuming the definition for n — 1.

Whenn =1, forany A € M, (F) we have a = [a], for some a € F. In this
case we define

det(A) = det([a]) = a.

For example, det(5) = 5.

When n = 2, for any 4 = [Z; ZZ] € M,(F), we define det(A) using

the definition for the case n = 2 as followings:

det(A) = aig det([ay;]) — a;, det([az;])
Example 6: det ([_02 % ) =0x3-1%x(-2)=2
Using the definition for the case n = 2 as followings:
(11 Q12 413
Whenn =3, forany A = |d21 Q2 a23] € M;(F), det(A) is defined
[d31  d3z U3z

as
det(A) = |A| Ayy  Qys a1 Qs
= a,, det ([a32 ass]) —ayp det ([a31 a33D
+ a;3 det ([Zi Ziﬂ)

= ay1(az,033 — A3033) — A15(Az1A33 — Ap3A31) +
a;3(azias, — a22a31)

1 2 -3
E | 7. d - =1 3|-2|7% 2
xample et ([_i i g D 1|4 0| 2|—1 O| *

SOl

=1(0 —20) — 2(0 — (=5)) — 3(-8 — (—3))
=1(-20) — 2(5) —3(=5) = —20— 10 + 15 = —15
|A| could also be calculated from the second row as follows:
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1 2 -3
_ N2 -3 1 =3 |1 2
o[22 3 )0k el Flsl
1Al =2(0 - —12) +3(0—3) —5(4 ——2) =24 -9 -30 = —15

Exercise: Calculate the |A| using the third row. What do you notice?
Now, let us see how this definition is extended to define det(A) for any
n X nmatrix A, n+ 1.

[ a1 Az - Ain 1
az1 Az Aan
Let A = i 5
Q-1 " " Q-1)(n-1)
l A1 Apy Ann J

det(A) = (—1)a, det(4;;) + (1) *2a,det(A4,) + -+ +
(_1)1+na1ndet(A1n) )

where 4;; is the (n - 1) X (n - 1) matrix obtained from A by deleting the
i" row and the j* column, and i is a fixed integer with 1 < i < n.
Thus, we see that det(4) =X} ,(-1)*/a;det(4;) define the
determinant of an n X n matrix A in terms of the determinants of the
(n-1) X (n-1) matrices a;; ; i,j = 1,2,---,n

Note: while calculating |A|, it would be most preferable to expand along
a row that has the maximum number of zeros, this cut downs the number
of terms to be calculated.

The following example will help you to get used to calculating
determinants.

-3 -2 0 2
2 1 0 -1
1 0 1 2
2 1 -3 1

Solution: The first three rows have one zero each. Let us expand along

third row. Observe that a;, = 0. So, we don’t need to calculate A5,. Now,

-2 0 2 -3 -2 2
A31=<1 0 1) : A33:<1 1 _1> Az =
1 -3 1 1 1 1
-3 -2 0
(2 1 0)
2 1 -3

We will obtain |45, 1, |A33]|and |44 | by expanding along the second, third
and second rows, respectively.

Example 8: If A = , calculate |A].

-2 0 2
|A31| =|1 0 1
1 -3 1
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— (_1)2+1, 0 2 _1)2+2 , —2 2 _1)\2+3
= (-1) 1|_3 1|2+(01) o|1 _1|+( 1)
0|7
(Expansion along the second row)
=(-1)-6+0+(-1)-6

=—6+6=0
-3 -2 2
|A33|= 2 1 _1
2 2 ; ! 13 2
— (—1)3+1 ., - —1)3+2 . - - —1)3+3
= (%27 §1|+2( #2177 TE+ 1)
@[5

(Expansion along the third row)
= (D@20 + DML + (WD)
=0+1+1=2
-3 =2 0
2 1 0
2 0. b T35 0
— (_1\2+1 .9 | 1242 .1 | __13)243
= (-D2*-2| §J+; =21 O+
QI
(Expansion along the second row)
= (=D(2)(6) + (L) + (=1)(0)(1)
=-124+9+0= -3
Thus, the required determinant is given by
= a31|A31| + asz|Asz| + azz|Asz| + azalAszsl
=MO-0)+ D@ +(=2)(-3)=38

1.3.4 Minor, Cofactors and Adjoint of a Matrix

|A34| =

Definition: Let A be an n x n matrix. For 1 <i,j < n, we define the
(i,j) minor of A to be the (n — 1) X (n — 1) matrix obtained by deleting
the i*" row and j* column of A. In other words, if the elements of it"
row and j** column of A are removed from A4, the determinant of the
remaining (n — 1) square matrix is known as the first minor of det(A)

denoted by m,;, or more frequently as minor of a;;.

1 2 -3
Example 9: Consider the matrix [—2 3 5 ]
-1 4 0

. . 13 5
Minor of element (1) is |4 0|
2 5
1 0
Minor of element (=3) is :i i| etc.

Minor of element (2) is |:
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Now we define the (i,j) cofactor of A to be (—=1)'*/ times the
determinant of the (i, j) minor, where (—1)'*/ is called the place sign of
element a;;.

Note: These place signs have a chessboard pattern, starting with sign ‘+’
in the top left corner, that is,

Iz’lalc:)elerizgrl()_f a,, is (D) =+ Place sign of a,, is
I:alc)eziilgrzo_f a;;is ()13 =+ Place sign of a,, is
Iz’lalc)eziiggrzo_f ay, is (—1)?*% = + Place sign of a,; is
Iz’lac)egiizg;of as, is (—1)3* =+ Place sign of as, is
-1 = —

Place sign of az; is (—1)3*** = +

+ 1+
|+ |
+ 1+

Cofactor of a;; is the place sign of a;; multiply by the minor of a;;, that
IS,

. Qzz QA3
Cofactor of a,, is (—1)1*? = +(a,,a33 — ay30a3;)

232 233
. 142 21 23 _
Cofactor of a,, is (—1) Gy gl = —(ay1a33 — az3a31)
a a
. 1+3 21 22 _
Cofactor of a5 is (—1) Gy Gyl = +(azia3; — azyaz,)
ai; Qg3

Cofactor of a,, is (—1)?*? = —(Ay,027 — Q120
21 15 (1) Az, Q33 (a12033 13032)

. a1 Qi3

COfaCtOI’ Of a22 |S (_1)2+2 a31 a33 == +((111a33 - a13a31)
. ai1 Ar2

COfaCtOF Of a23 IS (_1)2+3 a31 a32 - _(a11a32 - alzagl)

. ai; ag3
Cofactor of a., is (—1)3*1 =4+(a,,a,» — a;-a
31 15 (1) Ayy Gz (@123 13%22)

] a;; Qaq3
Cofactor of a., is (—1)3*2 = —(A10y2 — Q120
32 15 (=1) Ay, Gy (@113 13421)
a1 Qg

Cofactor of as; is (—1)3+3 yy Gpyl = +(a1a,, — A12051)

The (i, j) cofactor of A is denoted by C;;(A4).

In the example above, cofactor of 1 = C;;would be + |i (5)| =3-0-—
5-4=-20,

Cofactor of (2) = C,, is — |j g| — _[(=2)0 = 5(=1)] = -5

-2 3
-1 4

Cofactor of (=2) = C,, is — |i _03| =—[(2)0 — (—3)4] = —-12

Cofactor of (—3) = Cy5 is+ =[(-2)4 — 3(-1)] = -5
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Cofactor of (3) = Cy, is +|_11 _03| —[1.0 = (=3)(=1)] = -3
Cofactor of (5) = Cp3is — |_11 i| =—[14 — 2(-1)] = -6

Cofactor of (=1) = Cy, is +|§ ‘53| = [(2)5 — (=3)(3)] = 19
Cofactor of (4) = C5, is — |_12 _53| =—[15 - (-3)(-2)] =1

Cofactor of (0) = C35 is + |_12 g =—[13 — (2)(-2)] =7
Therefore, the matrix of cofactors of A denoted by C(A4)

-20 -5 =5
is|-12 -3 -6].
19 1 7

Finally, the adjoint of A is the n X n matrix Adj(A) whose (i, j) entry is
the (j, i) cofactor C;;(A) of A or simply the transpose of C;;(A).

Thus, the adjoint of A is the n X n matrix is the transpose of the matrix
of corresponding cofactors of A.

Definition: Let A = [a;;] be any n x n matrix. Then the adjoint of 4 is
the n X n matrix, denoted by Adj(A), and defined by

[C11 Ciz " C1n]T [C11 Cpr oor o Cn1]
C21 CZZ CZTL' lC12 CZZ CnZ
Adj(4d) =] s | =] : :
Cnl Cn2 Lo Cnn Cln CZn Cnn
—-20 -5 -5
For the example above, Adj(4) = CT(4) = |-12 -3 —6].
19 1 7
cos8 0 —sind
Examplel10: Obtain the adjoint of the matrixA = | 0 1 0 ]
sinf 0 cos@

cos8 0 sin6
0 1 0

—sin8d 0 cos@
0) + sinf(sinf — 0)

~ |A| = cos?6 + sin?6 =1
Ci1 = cos@; C;, = 0; C;3 = —sinb; Cy; = 0; Cypy = c0s?0 + sin?f =
1;
Cy3 = 0; C3; = sinB; C3, = 0; C33 = cosO

Solution:|4| = =cos 8(cos 8 —0)—0(0 —

Therefore, the matrix of cofactorsis C;;(A) = 0 1 0

sin@ 0 cosé@
cos 0 —sin@]

cos O —sinQ]

Thus, adjoint of the matrix is Adj(A) =| 0 1 0

sin@ 0 cosé@
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1.3.5 Finding the inverse of a matrix

A method of finding out if a matrix is invertible is the use of adjoint of a
matrix.

The following theorem uses the adjoint to give another way of finding out
if a matrix A is invertible. It also gives usA~1, if A is invertible.

Theorem 2: Let A be an n x n matrix over F, then A - (Adj(4)) =
(Adj(A)) - A = det(A)I
Proof: Recall matrix multiplication from Module 2 unit 1.

all a12 aln |—C11 C12 nl—l
[aZI azy e e aZTl—I ClZ CZZ oo oo an
lanl anz oo oo annJ [Cln CZTL cee cee Cnn|

Now, by Theorem 1, we know that a;;C;; + a;,Ciy + -+ a;,Cip, =
det(A) and
ailcjl + aiZCjZ + -+ aiann =0 ifi ;tj.

Therefore,
rdet(A) 0 o -0
0 det(A) - - 0
A-(Adj)) =| : P :
0 0 - 0
) 0 - - det(A)
1 0 - - 0
0 1 «+ - 0
=det(A)|: : 1 i i|=det(4)I
00 : 1 0
L0 0 .1

Similarly, (Adj(A)) - A = det(A)I
An immediate corollary shows us how to calculate the inverse of a matrix,
If it exists.

Corollary 1: Let A be an n x n matrix over F. Then A is invertible if and

. -1 _ 1 .
only if det(A) # 0,then A" = det(A)Ad] (4)

Proof: If A is invertible, then A~ ! existsand A™'4 = I.
So, by theorem 1, det(A™1)det(A) = det(I) =1

: det(A) #0

Conversely, if det(A) # 0, then Theorem 2 says that

4 (detl(A)Adj (A)) =1= (detl(A)Adj (A))A
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1

Therefore, A7 = Adj(A)
det(A)
For Example 9 above,
1 2 -3
-2 3 5[=1(0-20)-2(0-(-5))+ (-3)(-8—
-1 4 0
(-3)) =-15
) . -20 -5 =5
~ A =_—15[—12 -3 —6].
19 1 7

cosf 0 —sin6
For Example10, A™1 =%[ 0 1 0 0 1 0

o singd 0 cos6 sind 0 cos6l1
The process of obtaining the inverse of a system of equations using adjoint

can be expressed in the following steps:

I. Evaluate the determinant of the matrix, say A

il Form a matrix of cofactors of the elements of the matrix A

iii.  Write the transpose of C, that is, CT which is the adjoint of the

[0059 0 —sin@‘

given matrix
iv.  Divide the Adjoint by |A|
V. The resulting matrix is the inverse, A~1, of matrix A

1.3.6 Solution of System of Linear Equations using Determinant

In unit 3 of module 2 above, we solved system of linear equations
especially when the number of equations is not equal to the number of
variables using the method of Gaussian elimination. A method of solving
system of linear equations when the number of equations equals the
number of variables is the use of determinant. In this section we shall give
a rule derived by the mathematician, Cramer, for solving this system of
linear equations.

Consider the system of n linear equations in n unknowns, given by
a11x1 + a12x2 + +a1nxn = bl
alel + azzxz + +a2nxn = bz

Ap1X1 + Xy + o+ AppXy = bn
This can be written in matrix form:

Ay Qe 0 o Q¥ b,
Az1 Ay 0 = Aop || X2 b,
oy @y o o anlled 1y
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Theorem 3: Let the matrix equation of a system of linear equations be
AX = B, where
Xq b,
X2 bz
and B =

[ ¢ ]

M

Let the columns of Abe C;,C,, -, C,,. Ifdet(A) 7ﬁ 0 the given system has
Dy

a unique solution, namely,x; = - X2 = ;,---,xn ==,

D; = det(Cy,-++,C;_1,B,-++,C,,), that is, determlnant of the matrix
obtalned from A by replacing the i** column by B, and D = det (A).

A= [all]nxn; X =

 EE———|
|

Proof: Since |A| # 0, the corollary 1 says that A~ exists
Now AX =B = A™1AX = A"'B
= IX = ~adj(A)B

[C11 C21 Cnl][b1]
Ciz Cy Chaz |b2 |
X== s [ : ]
D[ ST S JI |
Cln CZn Cnn lan
—xl_ -Cllbl + C21b2 + cee + Cn1b1
'X':Z 1 C12b1 + szbz + e + anbz
Thus,| : | = > :
—xn— -Clnbl + CanZ + e + Cnnbn
_xl_ -Dl
X5 D,
Thus,| @ [= % i | this gives us Cramer’s rule, namely,
x, ] LD,
Dy D, Dn
xl ) E,xz — F,...,xn o

The following example and exercise may help you to practice using
Cramer’s rule

Example 11: Solve the following system using Cramer’s rule:
_ 2X1+3x2—x3=4
a) giiiy: _13 b) 3x; + X, + 2x; = 13
y_ X1+2x2—5x3=—11
Solution:
a) The given system is equivalent to AX = B, where

1= Px=[le=[2;

Now, |[A| =D =20—-6 =14
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_ |19 2| _ _ _
D, = E17 13 = —76+ 34 = —42
| D=3 T | =-85+57=-28
Applying the Crammer’s rule to have
_D_—42_
** DT
_Dz__28_
Y D T 1a _

Substitute these values in the given equations to check that we haven’t
made a mistake in our calculations.
b) The given system is equivalent to AX = B, where

2 3 -1 X1 4
A=|3 1 2|, X=|X2|, B=] 13
1 2 -5

X3 ~11
Now, |[A| = D = 28

4 3 -1
D;=(13 1 2]|=56
—-11 2 -5
3 4 -
D;=1]1 13 2 (=28
2 —11 -5
2 3 4
D;=13 1 13| =84
_ 1 2 -11
Applying the Crammer’s rule to have
D 56 D 28 D 84
x1=;1=£=2, Xy =FZ=£=1andx3 =;3=£=3

SELF-ASSESSMENT EXERCISE(S)

1 3 0 2 3 5 a 0 0
1. Solve (i) 2 1 2 ()|t 0o 1| (iii)|Ja b O and (iv)
130 4 6 10 B 6 c
a d e
a b f
0 0 ¢
1 4 3
2. IfA=|6 2 5].Find (@) JA] (b) Adj(A) (c) A~1
1 7 0
2 3 -1
3. B=10 0 6].Find(a) IB|] (b) Adj(B) (c) B~
0 0 5
4. Solve the following systems of equations by the Cramer’s rule:
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a+2b+c=4 X, +2x,—3x3=3 x—4y—2z=21
a)3a—4b—2c=2b) le_xz_x3=11C) 2x+y+22=3
5a+3b+5c=-1 3x;+2x,+x3=-5 3x+2y—2z=-2

Conclusion

In conclusion, to obtain the inverse of a matrix using adjoint you have to
first evaluate the determinant of the matrix, and matrix of cofactors of
each of the elements of the matrix and follow the steps highlighted in
section3 above. It has also been established that determinants have both
algebraic and geometrical interpretation and can be used to find the
magnitude of the areas and volumes of solids in terms of vectors in R?
and R3.

|L’/'c,»‘/|
1.4 Summary

In this unit we have covered the following points

The definition of the determinant of a square matrix as well as the
properties (P1-P8) of determinants were stated.

M
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UNIT 2 DETERMINANTS |1
Unit Structure

2.1  Introduction
2.2  Learning Outcomes
2.3 Main Content
2.3.1 Product Formula
2.3.2 The Determinant Rank
2.4  Summary
2.5  References/Further Readings

2.1 Introduction

We continue the concept of determinant in this unit. Note that throughout
this unit, F will denote field of characteristic zero, (M,,(F)) will denote
the set of n X n matrices over F and V,,(F) will denote the space of all
n X 1 matrices over F.

The concept of a determinant must be understood properly because it shall

be used continuously again and again. Do spend more time on section 2.3,
if necessary.

@ 2.2

° Define a linear transformation on a finite-dimensional non-zero
vector space

Learning Outcomes

. Evaluate the determinant of a linear transformation;

o Evaluate the rank of a matrix by using the concept of the
determinant rank.

Main Content
2.3.1 Product Formula

In the last unit, we noted that one of the properties of determinant is the
fact that the determinant of the product of two matrices is equal to the
product of the determinants of the two matrices.
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Having studied matrix multiplication in module 2 unit 1, we shall obtain
the determinant of a product of matrices and define the determinant of a
linear transformation. A method of obtaining the determinant rank of a
matrix shall also be discussed in this unit.

Theorem 1: Let A and B be n X n matrices over F, then det(AB) =
det(A)det(B).

We shall only verify this theorem for some cases using some examples as
the proof is slightly complicated.

1 0 2
Example 1: Calculate |A|, |B| and |AB| when A = (3 1 0) and B =

0 0 1
2 10 9
(O 3 8)
0 0 5

Solution: Let us verify theorem 1 for our pair of matrices.

Now, on expanding by the third row (the reasons already given in unit 1),
we have |A| =1.

Also, |B| = 30, which can be immediately seen since B is a triangular
matrix

1 0 2\/2 10 9 2 10 19
Also,AB=(3 1 0]J{0 3 8|=|6 33 35
0 0 1/\0 O 5 0 0 5

IAB| =5 |2 §g| = 30

Thus, |[AB| = |A||B| = (1)(30) = 30

1 0 -1
Example 2: Show that |AB| = |A||B| where A = <0 2 —2) and

3 -3 5
-1 0 1
B=<—2 2 0)
5 -3 3

Solution:
1 0 —-1\/-1 0 1 -6 3 =2
AB = (0 2 —2) (—2 2 0) = (—14 10 —6)
3 -3 5 5 -3 3 28 —-21 18
—6 3 -2
|AB| =|-14 10 -6
28 —-21 18
= —6(180 — 126) — 3(—252 + 168)
+ (—2)(294 — 280)
= —324+ 252 -28 =-100
-1 0 1
|IBl=[-2 2 0|=—-6—-4=-10
5 -3 3
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1 0 -1
Al =10 2 -2[=10-6+6=10
3 -3 5

|A||B] = 10(—10) = —100
Hence |AB| = |A||B| = (10)(—10) = —100

-1 0 1)y¢/1 0 -1 2 -3 6
BA = (—2 2 O) (O 2 —2) = (—2 4 —2)
5 -3 3/\3 -3 5 14 -15 16

This shows that AB # BA

Theorem 1 can be extended to a product of m(n xn) matrices
A, Ay, Ay

That is, det(A;, A,, -+, Ay) = det(A;)det(A,) - det(4,,).

Now, you know that in general, AB # BA, but, |AB| = |A||B]|

On the other hand, in general|A + B| # |A| + |B|, using the example
above

1 0 2 2 10 9 3 10 11
A+B=(3 1 O>+<0 3 8>=<3 4 8)
0 0 1 0 0 5 0 0 6

3 10 11
3 4 8
0 0 6

|A+B| = = 6(12 — 30) = —108

1 0 2
31 0

0 0 1
2 10 9

0 3 8
0 0 5
Thus, |A|+|Bl =1+30=31

So, |A+ B| = —-108 # |A| + |B] = 31

Thus, what we have just done is that determinant is not a linear function.
We now give an immediate corollary to theorem 1.

Corollary 1: If A € M,,(F) is invertible, then det(4™1) =

Proof:

Let B € M,,(F) such that AB = 1. Then det(AB) = det(A)det(B) =

det(1) =1

Thus, det(A) # 0 and det(B) =
1

det(A)

Another corollary to Theorem 1 is given below:

Corollary 2: Similar matrices have the same determinant.

Proof: If B is similar to A, then B = P~1AP for some invertible matrix

P.

Thus, by Theorem 1, det(B) = det(P~1AP)

1A| = =1(1-0)=1

IB| = = 5(6 — 0) = 30

1
det(4)

1
det(A)

In particular, det(A™1) =
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1
det(P)

= det(P~V)det(A)det(P) = -det(P)  (By

corollary 1)

We use this corollary to introduce you to the determinant of a linear
transformation. At each stage you have seen the very close relationship
between linear transformations and matrices. Here too, you will see this
closeness.

Definition 1: Let T:V - V be a linear transformation on a finite-
dimensional non-zero vector space V and let A = [T]; be the matrix of T
with respect to a given basis B of V. Then the determinant of T is defined
by det(T) = det(A).

This definition is independent of the basis of V that is chosen because; if
we choose another basis B’ of VV we would obtain the matrix A" = [T],,
which is similar to A (see Module 2 Unit 2, Corollary to Theorem 5).
Thus, det (A") = det (A).

We have the following example and exercises.

Example 3: Find det(T) where we define T: R®> - R3 by
T(Xl, xZ,x3) == (3X1 + X3, _le + xz, —x1 + zxz + 4x3)

Solution: Let B = {(1,0,0), (0,10), (0,0,1)} be the standard ordered basis
of R3.
Now,
T(1,0,0) = (3,—2,—1) = 3(1,0,0) — 2(0,1,0) — 1(0,0,1)
T(0,1,0) = (0,1,2) = 0(1,0,0) + 1(0,1,0) + 2(0,0,1)
T(0,0,1) = (1,0,4) = 1(1,0,0) + 0(0,1,0) + 4(0,0,1)

3 0 1
o -1 2 4
So, by definition,
3 0 1
det (T) =det (A)=|-2 1 0 =3|§ 2|+1|j ; —12-3
-1 2

=9

Now let us see what happens if B = 0. Remember, in Unit 8 you saw that
AX = 0 has n — r linearly independent solutions, where r = rank A.
The following theorem tells us this condition in terms of det(A).

Theorem 2: The homogeneous system AX = 0 has a non-trivial solution
if and only if
det(A) =0
Proof: First assume that AX = 0 has a non-trivial solution.
Suppose, if possible, that det(4) # 0.
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Then Cramer’s Rule’s says that AX = 0 has only the trivial solution X =

0 (because each D; = 0 in Theorem 3 of the last unit).

This is a contradiction to our assumption.

Therefore, det(4) = 0.

Conversely, if det(A) = 0, then A is not invertible.

Therefore, the linear mapping:

A:V,(F) = V,(F): A(X) = AX is not invertible.

Therefore, this mapping is not one -to —one, hence, Ker A # 0, that is

AX = 0 for some non-zero X € Vn(F).

Thus, AX = 0 has a non-trivial solution.

Use theorem 2 to solve the following:
2x+3y+z=0

Example 4: Does the system x—y—z=0 have a non-zero
4x+6y+2z=0

solution?

Solution: The given system is equivalent to AX = 0, where A =
2 3 1

1 -1 —1]

4 6 2

Since the third row of A is twice the first row of A.

Therefore, by P2 and P4 of Section 1.3.3 of unit 1, |A| = 0.

Therefore, by Theorem 5, the given system has a non-zero solution.

Let us introduce you to the determinant rank of a matrix, which leads us

to another method of obtaining the rank of a matrix

2.3.2 The Determinant Rank

In Unit 2 module 2, you were introduced to the rank of a linear
transformation and the rank of a matrix, respectively. Then we related the
two ranks. In this section we will discuss the determinant rank and show
that it is the rank of the concerned matrix. First, we give a necessary and
sufficient condition for n vectors in ¥, (F) to be linearly dependent.

Theorem 3: Let xy,x,,+,x, € V,(F), then xq,x,,:+,x, are linearly
dependent over the field F if and only if det(x,, x5, -, x,) = 0.

Proof: Let U = (x4,x,,:+,x,) be the nxn matrix whose column
vectors are xy, x,,*+, X,. Then xq,x,,-, x, are linearly dependent over
F if and only if there exist scalars a4, a,, -, a, € F, not all zero, such
that a;x; + a,x, + -+ a,x, = 0.

aq aq

a; a;
Now, U [ .| = (xyxp - x) | -

an an
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= X101 + X, + -+ X0,
= alxl + azxz + -+ anxn
Thus, x4, x,, -+, x,, are linearly dependent over the field F if and only if

UX = 0 for some
oq

a;
non-zero X = | ." | € V,,(F).

an
This happens if and only if det(U) = 0, by Theorem 1.
Thus, Theorem 2 is proved.
Theorem 3 is equivalent to the statement (x;x,:-x,) are linearly
independent if and only if det(x;x, - x,,) # 0.
Now, use theorem 3 to solve the following example:

1 0 2
Example 5: Check if the vectors; 0], —1], [3] are linearly
1 1 0
independent.
1 0 2
Solution: [0 -1 3[=-34+2=-1+#0
1 1 0

Hence, the given vectors are linearly independent.

Sub-matrix of A is a matrix that can be obtained from A by deleting some
rows and columns.

1 2 3
Now, consider the matrix A=|0 4 5
1 2 3

Since two rows of A are equal, we know that |A| = 0.
But consider its 2 X 2 sub-matrix A;53 = [(1) ;}] whose determinant is —

4+0.
In this case we say that the determinant rank of A4 is 2.
In general, we have the following definition:

Definition 2: Let A be an (m x n) matrix. If A # 0, then the determinant

rank of A is the largest positive integer r such that

. there exists an (r x r) sub-matrix of A whose determinant is non-
zero, and

ii. for s > r, the determinant of any (s X s) sub-matrix of 4 is 0.

Note: The determinant rank r of any m X n matrix is defined, not only of
a square matrix.
Also, r < min(m, n).

1 4

: 5\

3 6

Example 6: Obtain the determinant rank of A =
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Solution: Since A is a (3 x 2) matrix, the largest possible value of its
determinant rank can be 2. Also, the sub-matrix B g] of A has

determinant (-3) # 0.
Therefore, the determinant rank of A4 is 2.

1 2 3

Example 7: Calculate the determinant rank of A, where A = [4 c 6

Solution: Here, A is a (2 x 3) matrix and the largest possible value of its
determinant rank can be 2. Also, the sub-matrixLlL g] of A has

determinant (-3) # 0.
Therefore, the determinant rank of 4 is 2.

Now we come to the reason for introducing the determinant rank, this
gives us another method for obtaining the rank of a matrix.

Theorem 4: The determinant rank of an (im X n) matrix A is equal to the
rank of A.

Proof: Let the determinant rank of A be r. Then there exists a (r X r) sub-
matrix of A whose determinant is non-zero. By Theorem 3, its column
vectors are linearly independent.
It follows by the definition of linear independence, that these column
vectors, when extended to the column vectors of A, remain linearly
independent.
Thus, A has at least r-linearly independent column vectors,
Therefore, by definition of the rank of a matrix,

r <rank(A) =p4) (1)
Also, by definition of p(A), we know that the number of linearly
independent rows that A has is p(A4). These rows form a (p(4) X n)
matrix p(4).
Thus, B will have p(A) linearly independent columns.
Retaining these linearly independent columns of B we obtain a
(p(A) x p(A)) sub-matrix C of B.
So, Cis a sub-matrix of A whose determinant will be non-zero by theorem
3, since its columns are linearly independent.
Thus, by the definition of the determinant rank of A, we have

pH<r
2)

Combination of (1) and (2) gives p(4) =r.
We will use Theorem 4 in the following example.

2 3 4
Example 8: Find therankof A=|3 1 2
-1 2 2
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Solution: |A| = 0, but |§ i =

Thus, by theorem 4, p(4) = 2.

-7+ 0

Remark: This example shows that Theorem 4 can simplify the
calculation of the rank of a matrix in some cases. We don’t have to reduce
a matrix to echelon form each time. But at times using this method seems
to be as tedious as the row-reduction method, for example,

Example 9: Use Theorem 4 to find the rank of A, where

31 2 5
@ A=<1 2 -1 2)

73 5 1
(b) A=(1 1 2 1)

Solution:
a) The determinant rank of A is less or equals to 3(< 3).

3 1 2
The determinant rank of the 3 x 3 sub-matrix (1 2 —1) IS zero.
4 3 1

3 2 5
Also, the determinant rank of the 3 X 3 sub-matrix (1 -1 2) IS zero.

4 1 7
In fact, you can check that all the determinant ranks of the 3 x 3 sub-

matrices are zero.
Now let us look at the 2 x 2 sub-matrix of A,

Sinceﬁ %| =5#0,and p(4) =2
b) The determinant rank of A is less or equals to 2 (< 2)
Now, |i _31| =—-5=%0,and p(4) =2

Exercise (a) shows how much time can be taken by using this method. On
the other hand, Exercise (b) shows how little time it takes to obtain p(4),
using the determinant rank. Thus, the method to be used for obtaining
p(A) varies from case to case.

SELF-ASSESSMENT EXERCISE(S)

Find the rank and determinant rank of the following matrices:

'3 1 2]
) A=|2 3 1
—1 2 2l
227 =2
2) A=|[2 3 1
1 2 2|
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11 2
3) A=]|2 01‘
-1 2 2
2 0 1
4) A=—14—1]
-1 2 0

Conclusion
We conclude that the homogeneous system of linear equations AX =0
has a non-zero solution if and only if det(A) = 0.

The determinant rank of an (m X n) matrix A is equal to the rank of A
which help to simplify the calculation of the rank of a matrix in some
cases and there would be no need to reduce a matrix to echelon form at
every time.

19

In this unit we have covered the following points.
With the aid of examples, we have been able to show that det(AB) =
det(A)det(B).

2.6 Summary

We also defined determinant of a linear transformation from U to V,
where dimU = dimV. Theorems were used to obtain the rank of matrices
This unit also defined the determinant rank, and proved that rank of A is
equal to determinant rank of A.
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MODULE 4
Unit 1 Eigenvalues and Eigenvectors
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UNIT 1 EIGENVALUES AND EIGENVECTORS
Unit Structure

1.1  Introduction
1.2  Learning Outcomes
1.3  Eigenvalues and Eigenvectors
1.3.1 The Algebraic Eigenvalue Problem
1.3.2 Eigenvalues and Eigenvectors of Linear Transformations
1.3.3 Vector Spaces Corresponding to Eigenvalues of Linear
Transformations
1.3.4 Eigenspace corresponding to an eigenvalue of a matrix
1.3.5 Eigenvalues and Eigenvectors of Matrices
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1.3.7 Diagonalization
1.4 Summary
1.5  References/Further Readings

N1.1 Introduction

Matrices of linear transformations have been studied in Modules 1 and 2.
You have had several opportunities, in earlier units to observe that the
matrix of a linear transformation depends on the choice of the bases of the
concerned vector spaces. In this unit, we shall consider the problem of
finding a suitable basis B, of the vector space V, such that the n xn
matrix [T]g is a diagonal matrix. It is in this context that the study of
eigenvalues and eigenvectors plays a central role.

The eigenvalue problem involves the evaluation of all the eigenvalues and
eigenvectors of a linear transformation or a matrix. The solution of this
problem has basic applications in almost all branches of the sciences,
technology and the social science besides its fundamental role in various
branches of pure and applied mathematics. The emergence of computers
and the availability of modern computing facilities have further
strengthened this study, since they can handle very large systems of
equations.
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@,

By the end of this unit, you should be able to:

Learning Outcomes

) Obtain the characteristic polynomial of a linear transformation or
a matrix;

. Obtain the eigenvalues, eigenvectors and eigenspaces of a linear
transformation of a matrix;

) Obtain a basis of a vector space V with respect to which the matrix
of a linear transformation T: V — V is in diagonal form;

) Obtain a non-singular matrix P which diagonalizes a given

diagonalizable matrix A.

1.3 Eigenvalues and Eigenvectors
1.3.1 The Algebraic Eigenvalue Problem

The word “eigenvalue ” is a mixture of German and English; meaning
“characteristic value” or “proper value” (here “proper” is used in the sense
of “property”).

Another term used in older books is “latent root”, here “latent” means
“hidden”, the idea is that the eigenvalue is somehow hidden in a matrix
representing a, and has to be extracted by some procedure.

1.3.2 Eigenvalues and Eigenvectors of a Linear Transformation

Definition 1. An eigenvalue of a linear transformation T:V = V is a
scalar such that there exists a non-zero x € V is called an eigenvector of
T with respect to the eigenvalue 1 € K, if x # 0 and T(x) = Ax.

The set {x: T(x) = Ax} consisting of the zero vector and the eigenvectors
with eigenvalue 4, is called the A —eigen-space of T.

Example 1: Consider the linear mapping T: R? - R? such that T (x,y) =
(2x,y).
Then, T(1,0) = (2,0) = 2(1,0), therefore, that T(x,y) = 2x,y) =
(1,0) # (0,0).
In the example above, (1,0) is an eigenvector of T with respect to the
eigenvalue 2.
Thus, a vector x € V is an eigenvector of the linear transformation T if
I. X is non-zero, and
ii. T (x) = Ax for some scalar T(x) = A € K.
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The fundamental algebraic eigenvalue problem deals with the
determination of all the eigenvalues of a linear transformation.
Let us look at some examples of how we can find eigenvalues.

Example 2: Obtain an eigenvalue and a corresponding eigenvector for
the linear operator T: R® — R3such thatT (x, y, z) = (2x, 2y, 2z).
Solution: Clearly, T(x,y,z) = 2(x,v,2); (x,y,z) € R3

Thus, 2 is an eigenvalue of T.

Any non-zero element of R3will be an eigenvector of T corresponding to
2.

Example 3: Obtain an eigenvalue and a corresponding eigenvector of
T(x,y,2):C3 > C3 T(x,y,z) = (ix,iy, z).

Solution: Firstly, note that T is a linear operator. Now, if 2eC s an
eigenvalue, then there exist (x,y,z) # (0,0,0) such that T(x,y,z) =
Ax,y,z) = (ix,iy,z) = (Ax, Ay, Az)

Six=Al; —-iy=Ay; z= Az
These equations are satisfiedif A =i;y=0; z=0.
A = I is an eigenvalue with a corresponding eigenvector being (1,0,0) or
[(x,0,0) for any x # 0].
It is also satisfied if A=—i;x=0;z=00r ifA=1;x=0; y=0.
There, —i and 1 are also eigenvalues with corresponding eigenvectors
(0,y,0) and 0,0,z) respectively forany y + 0; z # 0.

1.3.3 Vector space corresponding to an eigenvalue of a linear
transformation

Suppose A € K is an eigenvalue of the linear transformationT:V — V.
Define the set W,={xeV|T(x) =2Ax}={0}u
{eigenvectors of T corresponding to A}.

Thus, a vector v e W if and only if v =0 is an eigenvector of T
corresponding to A.
Now, x € W, & Tx = Alx, | being the identity operator,
S (T—-A)x =0 x € Ker(T — Al
~ W, = Ker(T — AI) and hence, W, is a subspace of V.
Since A is an eigenvalue of T, it has an eigenvector, which must be non-
zero.
Thus, W, is non-zero

Definition 2: For an eigenvalue A of T, the non-zero subspace Wj is called
the eigen-space of T associated with the eigenvalue.
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Example 4: Obtain W, for the linear operator given in Example 1.

Solution: W, = {(x,y,z) € R®|T(x,y,2z) = 2(x,y,2)}
{(x,y,z) € R}|T(2x,2y,2z) = 2(x,y,2)} = R3
For T in Example 2, obtain the complex vector spaces W, , W_,, W;.
W; ={(x,y,2) € C*|T(x,y,2) = i(x,y,2)}
={(x,y,2) € C3|(ix, —iy,z) = (x,v,2) = (ix,iy,iz)}
= {(x,0,0)|x € C}
Similarly, you can show that W_, = {(0,x,0)|x € C} and W, =
{(0,0,x,)|x € C}.

As with every other concept related to linear transformations, we can
define eigenvalues and eigenvectors for matrices also.

Definition 3: A scalar A is an eigenvalue of an (n x n) matrix A over F if
there exists X € V,(F); X # 0, such that AX = AX are eigenvectors of the
matrix A corresponding to the eigenvalueA.

161 —_ 162) '

The vector v = (g) satisfies (161 __162) (g) =3 (g)

This shows that (g

The vectorv = (3) also is an eigenvector of B with eigenvalue 2.

Example 5: Let B = (

) IS an eigenvector with eigenvalue 3.

4
Similarly, the vector is an eigenvector of B with eigenvalue 2.
Generally, ifA is an eigenvalue of (Z Z) then we could find a
X
corresponding eigenvector (y) by solving the linear equations.
1 0 0
Example6: If A=(0 2 0] Obtain an eigenvalue and a
0 0 3

corresponding eigenvector of A.

1 1 1
Solution:4 (0) = <0> this shows that 1 is an eigenvalue and (O) IS an

_ 0 0/ _ 0
eigenvector corresponding to it.

0 0 0 0
In fact,A <1) =2 <1> andA (0) =3 (O)
0 0 1 1

Thus, 2 and 3 are eigenvalues of A, with corresponding eigenvectors(l)
0

0
and(o) respectively.
1
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Example 7: Obtain an eigenvalue and a corresponding eigenvector of

B = ((1’ _21) € M,(R).

Solution: SupposeA € Ris an eigenvalue of B,

Then 3 (;) * (8) such that BX = AX, that is, (x +};y) = G;)
So, for what values of A, x and yare the equation satisfied?

Note that x # 0 and y # 0, because if either is zero then the other will have
to be zero.

Solving the equations, we obtain A = 1with corresponding eigenvector

(2

Classwork: Now solve the eigenvalue problem ((1) :23)

1.3.4 Eigenspace corresponding to an eigenvalue of a matrix

Just as we defined an eigenspace associated with a linear transformation,
we define the eigenspace W,, corresponding to an eigenvalue of ann x n
matrix A, as follows:

W, = {X € V,(F)|AX = Ax} = {X € V,(F)]A(X — ADX = 0}
X

For instance, the eigenspace W, in Example 6, is (y) € V3(R)
VA

(o2 5)()-(2)

The algebraic eigenvalue problem for matrices is to determine all the
eigenvalues and eigenvectors of a given matrix. In fact, the eigenvalues
and eigenvectors of an n x n matrix A are precisely the eigenvalues ad
eigenvector of a regarded as a linear transformation from V,, (F) to V},(F).
We end this section with the following remark:

A scalar 4 is an eigenvalue of the matrix A ifand only if (4 — ADX =
0 has a non-zero solution, i.e., if and only if det(A — AI) = 0.
Similarly, A is an eigenvalue of the linear transformation T if and only if
det(T — AI) = 0.

So far, we have been obtaining eigenvalues by observation, or by some
calculations that may not give us all the eigenvalues of a given matrix or
linear transformation. T

he remark above suggests where to look for all the eigenvalues in the next
section we determine eigenvalues and eigenvectors explicitly.
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1.3.5 Eigenvalues and Eigenvectors of Matrices

In the previous section we have seen that a scalar A is an eigenvalue of a
matrix A if and only if det(A — AI) = 0.

In this section we shall see how this equation helps us to solve the
eigenvalue problem.

1.3.6 Characteristic Polynomial
Once we know that A is an eigenvalue of a matrix A, the eigenvectors can

easily be obtained by finding non-zero solutions of the system of
equations given by AX = AX.

a1 Qe 0 o Qqp X1
[a21 Azz =+ o aZn] [xz]
Now, if A =1 P e i landXx =
) Ap1 Qpz =0 annJ an
The equation AX = AX becomes
Ay, Qe 0t a1n”x1] [x1‘|
Ay1 Qpp 0 0 Qon || X2 X2
H . . . . — A .
[anl anz e e annJ [an [an

Carry out the matrix multiplication to obtain the following system of
equations:

A1X1 + Agxy + o+ apx, = Axg

Ay1X1 + AppXy + o+ Aop Xy, = AXy

Ap1X1 + ApaXy + o+ A Xy = Axy,
This is equivalent to the following system
(a;1 = Ax; +apx, + -+ ag,x, =0
A%, + (ayy — Dxy + -+ aypx, =0

A Xy + Apoxy + o+ (A, — A)x, =0
This homogeneous system of linear equations has a non-trivial solution if
and only if the determinant of the coefficient matrix is equal to zero (by

Unit 3, theorem 1).
Thus, A is an eigenvalue of A if and only if
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|a11 —A a12 cee e aln
a21 a22 —A cee e azn
det(A— ) = : : =0
anq oY) oot Qpp -1

Now, det(Al — A) = (—1)det(A — AI) (that is, multiplying each row by
(-1)).

Hence, det(Al — A) = 0if and only if det(A — AI) = 0.

This leads us to define the concept of the characteristic polynomial

Definition 4: Let A = [a;;] be any (nxn) matrix. Then the characteristic
polynomial of the matrix A is defined by

It — Q@1 —Qiz o TGy |
_a21 t —_ aZZ e oo _aZn
fa(t) =det(A—Al) = : :
_anl _aTLZ cee cee t —_ ann

=ttt ot 2+ ettty
where the coefficients ¢y, c,, -+, ¢,, depend on the entries a;; of the matrix
A
The equation f,(t) = 0 is the characteristic equation of A.
When no confusion arises, we shall simply write f(t) in place of f,(t).
Consider the following example.

Example 8: Obtain the characteristic polynomial of the matrix ((1) _21)
Solution: The required polynomial is |_01 t:—21| =(t-1D(t+1)=

t?—1

Example 9: Obtain the characteristic polynomial of the matrix

0 0 2
1 0 1|
0 1 -2

Solution: The required polynomial is

t 0 -2
-1 t —1 | =¢t[t(t+1)—1] —2(1)
0 -1 t+2

=t(t?+2t—1)—2=1t3+2t% -
t—2
Note that A is an eigenvalue of A iff det(Al — A) = f,(t) = 0, that is, iff
A is a root of the characteristic polynomial f,(t), defined above. Due to
this fact, eigenvalues are also called characteristic root, and eigenvectors
are called characteristic vectors.
For example, the eigenvalues of the matrix in Example 8 are the roots of
the polynomial ¢ — 1 which are 1 and —1.
168



MTH 212 LINEAR ALGEBRA

To obtain the eigenvalues of the matrix in example 9 above, factorize the
characteristic polynomial is
Thatis, t3+2t2 —t—2=t2(t+2) - (t+2)
E2-DE+2)=>0C-DEt+D(t+2)
t=1 t=—-landt= -2
Now, the characteristic polynomial f,(t) is a polynomial of degree n.
Hence, it can have n roots at the most. Thus, an n X n matrix has n
eigenvalues, at the most.
For example, the 2 X 2 matrix in Example 8 has two eigenvalues, 1 and
— 1, and the matrix in example 9 has 3 eigenvalues, 1, -1 and -2.
Now we will prove a theorem that will help us in unit 2.

Theorem 1: Similar matrices have the same eigenvalues.

Proof: Let an n X n matrix B be similar to an n X n matrix A. Then, by
definition, B = P~ 1AP, for some invertible matrix P.
Now, the characteristic polynomial of B,
fs(t) = det(tl — B)
= det(t] — P~1AP)

= detP~1(t] — A)P (Since P~1tIP = tP71P =
tI)

= det(P~V)det(t] — A)det(P)

= det(tl] — A)det(P~V)det(P)

= fa(t)det(P~'P)

= f,(t) (Since det(P~1P) =
det(l) =1)

Thus, the roots of fz(t) is and f,(t) is coincide.

Therefore, the eigenvalues of A and B are the same.

Let us consider some more examples so that the concepts mentioned in
this section become absolutely clear to you.

Example 10: Obtain the eigenvectors of the matrix ((1) _21)

Solution:
From example 8 above, the characteristic polynomial is t2 — 1 and when
equated to zero, we
havet =1, t = —1.
The eigenvectors of the matrix with respect to the eigenvalue 1, = —1
are the non-trivial solutions of
1 2\/* X1
(o _1) (xz) =1 (xz)

which gives the equations

X, +2x, = —x4

> X1 ==X
—X2 = TX3 } 1 2
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This result merely tells us that whatever the value of x, is, the value of x;
is (—1) times it. Therefore, the eigenvector x; = (—kk) (k is an integer)
is the general form of an infinite number of such eigenvectors.

The simplest eigenvector is therefore is x; = (_11) corresponding to

/11 = _1
For A, = 1, a similar result can be obtained

(2 () =1 () =52 T oo

The eigenvector is therefore is x, = (8) corresponding to 4, = 1.

Example 11: Find the eigenvalues and eigenvectors of the matrix
0 0 2
(1 0 1 )
0 1 -2
Solution: In solving the example, you found that the eigenvalues of A are
A =1, A, =
—1,A; = —2.

Now we obtain the eigenvectors of A.
The eigenvectors of A with respect to the eigenvalue 4, = 1 are the non-

trivial solutions of
0O 0 2 X1 X1
(1 0o 1 ><x2> =1 <x2>
0 1 -2/ \X3 X3

which gives the equations
2X3 = X4 X, = 2x3
X1 + X3 =x2}=>x2 = 3x3
Xy, — 2X3 = X3 X3 = X3
This result merely tells us that whatever the value of x5 is, the value of x;
Is 2 times it and the value of x, is 3 times it.

2k
Therefore, the eigenvector x; = <3k>, (k is an integer) is the general

k
form of an infinite number of such eigenvectors.

2
The simplest eigenvector for A, = 1, is therefore is X; = (3)

1
For A, = —1, a similar result can be obtained

The eigenvectors corresponding to A, = —1 are given by

0O 0 2 Xq X1
(1 0 1 <x2> =—-1 xz)
0 1 -2/ \X3 X3

which gives the equations
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X1 + X3 = —Xo = Xy = X3
xz - 2x3 = _x3 X3 = xZ
Therefore, the simplest eigenvector corresponding to 4, = =1 is X, =

—2
1)
1
For 1, = —2, a similar result can be obtained
The eigenvectors corresponding to 1, = —2 are given by

0O 0 2 X1 X1
1 0 1 Xy | = =21 %2
0 1 -2/ \X3 X3

which gives the equations
2x3 = —2x4 } X1 = —X3

2x3 - —x1 } x1 = _ZX3

Xg+x3==2x, = X%, =0
Xy — 2Xx3 = —2X3 X3 = X3
Therefore, the simplest eigenvector corresponding to A; = =2 is X3 =

-1
(o)
1
Let T:V — V be a linear transformation on a finite-dimensional vector
space V over the field F. we have seen that 1 € F is an eigenvalue of &
det(T—2A) =0 det(Al - T) =0 < det(Al —A) =0, where A =
[T]g is the matrix of T with respect to a basis B of V.

Note that [AI — Tz = Al — [T]p.

This shows that A is an eigenvalue of T if and only if A is an eigenvalue
of the matrix A = [T]gz, where B is a basis of V. We define the
characteristic polynomial of the linear transformation T to be same as the
characteristic polynomial of the matrix A = [T]z, where B is basis V.
This definition does not depend on the basis B chosen, since similar
matrices have the same characteristic polynomial (Theorem 1), and the
matrices of the same linear transformation T with respect to two different
ordered bases of V are similar.

Just as for matrices, the eigenvalues of T are precisely the roots of the
characteristic polynomial of T.

Example 12: Let T: V — V be the linear transformation which maps e; =
(1,0) to e, = (0,1) and e, to—e,. Obtain the eigenvalues of T.

Solution: Let A = [T]z = [(1) _01] where B = {e;, e, }.
The characteristic polynomial of T = the characteristic polynomial of A
|_t1 1| = t? + 1, which has no real roots.

Hence, the linear transformation T has n real eigenvalues.
However, it has two complex eigenvalues i and —i
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Try the following exercise now.

Example 13: Obtain the eigenvalues and eigenvectors of the differential
operator

Solution: B = {1, x, x2} is a basis of P,

0O 1 O
Then [D]B=<O 0 2)

0 0 O
t -1 0
Therefore, the characteristic polynomial of Dis |0 ¢t —2| = t?
0 0 t

Hence, the only eigenvalue is 1 = 0

The eigenvectors corresponding to 2 = 0 are a, + a;x + a,x? where,
D(ay + a;x + ayx?) = 0, thatis, a; + 2a,x =0

Thisgivesa; =0, a, =0

Therefore, the set of eigenvectors corresponding to A =0 are
{ay:ay € R,ay # 0} = R\{0}

Now that we have discussed a method of obtaining the eigenvalues and
eigenvectors of a matrix, let us see how they help in transforming any
square matrix into a diagonal matrix.

1.3.7 Diagonalization

We would start this section by stating and proving a theorem that
discusses the linear independence.

Theorem 2: Let T:V -V Dbe a linear transformation on a finite-
dimensional vector space V over the field F. Let A,,1,,---,4,, be the
distinct eigenvalues of T and vy, v,,--,v,, be eigenvectors of T
corresponding to A4,4,,:-,A,,, respectively, then, v,,v,, -, v,, are
linearly independent over F.

Proof:

We know that Tv; = 4;v;, 0 # v; €V for i = 1,2,---,m and A; # A;for
[ #].

Suppose, if possible, that {v,, v,, -, v,,,} is a linearly dependent set.
Now, the single non-zero vector v; is linearly independent.

We choose (< m) such that {v,, v,, --+, v,_, } is linearly independent and
{vy, vy, -+, v,_q1, v} is linearly dependent.
Then,

Vp = Uy + AU + o+ Ap 1V

................ (1)
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for some ay, ay, a1 €EF
Multiply (1) by T, we have

Tv, = a;Tv; + a,Tv, + -+ a,_1Tv,_4
...................... (2)
This gives

AV = a v + v, + o+ A1 A1V
i 3)
Now, we multiply (1) by A, and subtract it from (3), to get

0=a (4 —A)v +a;(A; = A )v + -+ ap (A4 —

AdVp_q e, €))
Since the set {v,,v,, -+, v,_,} if linearly independent, each coefficient in
the above equation must be 0. Thus, we have a;(4; —A1,) =0 for i =
1,2,---,r—1.
ButA;, #1,,fori =1,2,---,r — 1.
Hence (4; — A,) # 0fori =1,2,---,r — 1, and we must have a,. = 0 for
i=12,-,r—1.

However, this is not possible since (1) would imply that v, = 0, and,
being an eigenvector, v, can never be zero. Thus, we reach a
contradiction.

Hence, the assumption we started with must be wrong.
Thus, {v,,v,, -, v,,} must be linearly independent, and the theorem is
proved.

Theorem 2 shall be used to choose a basis for a vector space V so that the
matrix [T]p is a diagonal matrix.

Definition 5: A linear transformation T:V — Von a finite-dimensional
vector space V is said to be diagonalizable if there exists a basis B =
{vy, vy, -+, vy} Of V such that the matrix of T with respect to the basis B

2, 0 0 - 0

0 4, 0 - 0

is a diagonal matrix, thatis, [T]lz; =0 0 A; - 0
lo o 0o - Al

Where 44, 1,, -+, A,, are scalars which need not be distinct.

Suppose B = {v{,v,,--+,v,} is such a basis showing that T is
diagonalizable, then T'(v;) = a;;v; for i = 1,...,n where a;; of is the
i" diagonal entry of the diagonal matrix A.

Thus, the basis vectors are eigenvectors.

Conversely, if we have a basis of eigenvectors, then the matrix
representing T is diagonal.
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Proposition: The linear map T on Vis diagonalizable if and only if there
Is a basis of V consisting of eigenvectors of T.

Example 14: The matrix((l) i) is not diagonalizable.

It is easy to see that it’s only eigenvalue is 1, and the only eigenvectors
are scalar multiples of (0 1)T. So, we cannot find a basis of
eigenvectors.

The next theorem tells us under what conditions a linear transformation
is diagonalizable.

Theorem 3: A linear transformation T, on a finite-dimensional vector
space V, is diagonalizable if and only if there exists a basis of V consisting
of eigenvector of T.

Proof: Suppose that T is diagonalizable. By definition, there exists a basis
B = {v,,v,, -+, v, } of V, such that

[)Ll o o0 - 0]
o 4, 0 - 0 |
[T]B = 0 O A3 eee O
0 0 0 - /1n|
By definition of [T]z, we must have A, 4,, -+, A,,;
Tvl e /11171; TU2 - szz,; pee e Tvn - Anvn

Since basis vectors are always non-zero,v,, vy, :*+, v, are non-zero.
Thus, we find that v,, v,, -+, v,, are eigenvectors of T.

Conversely, let B = {v,,v,,--,v,} be a basis of V consisting of
eigenvectors of T, then, there exist scalars, a4, a,, -+, a,, not necessarily
distinct, such that

Tvl = /111]1, TUZ = /12172, """ ) TUn = /1nvn.
L, 0 0 - 0
0 4 0 - 0
But then we have [T]; =10 0 A; -+ 0 |which means that T is
0 0 0 - A,

diagonalizable.
The next theorem combines theorem 2 and 3

Theorem 4: Let T:V — V be a linear transformation, where V is an n-
dimensional vector space. Assume that T has n distinct eigenvalues, then
T is diagonalizable.

Proof: Letd,, 4,, -+, 4,, be the n distinct eigenvalues of T.
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Then there exist eigenvectorsv,,v,,,v,corresponding to the
eigenvalues A4,4,,:-,1,, respectively. By theorem 2, the set
{vy,v,, -, v,} is linearly independent and has n vectors, where n =
dimV.

From Unit 3 (corollary to Theorem 5), B = {v,, v,, -, v, } is a basis of V
consisting of eigenvectors of T.

Thus, by theorem 3, T is diagonalizable.

Just as we have reached the conclusion of Theorem 4 for linear
transformations, we define diagonalizability of a matrix, and reach a
similar conclusion for matrices.

Definition 6: Ann X n matrix A is said to be diagonalizable if A is similar
to a diagonal matrix, that is, P~ AP is diagonal for some non-singular n x
n matrix P.

Note that the matrix A is diagonalizable if and only if the matrix A
regarded as a linear transformation A:V, (F) - V,(F) = AX, is
diagonalizable.

Thus, Theorem 2, 3, and 4 are true for the matrix A regarded as a linear
transformation from V,,(F) to V,(F).

Therefore, given an n X nmatrix A, we know that it is diagonalizable if it
has n distinct eigenvalues.
We now give a practical method of diagonalizing a matrix.

Theorem 5: Let A be n X n matrix having n distinct eigenvalues
A, Ay, 0, A, and

Let X,,X,,-+,X, € V,(F) be eigenvectors of A corresponding to
A, Ay, oo, Ay, respectively. Let P = (X4, X5, -+, X,,) be the n X n matrix
having X;,X,,---,X, as its column vectors, then P AP =
diag (A4, A, -, Ay).

Proof: By actual multiplication, you can see that
AP = A(X1, X5, -+, X))
= (AX,,AX,, -, AX,)
= (MX1, 42X, 4 Xp)

2, 0 0 - 0

0 4, 0 - 0
= [Xl,Xz,"',Xn] 0 0 /13 oo 0

lo 0o 0 - 2

P = dlag(/’ll, /12, oo 'ATL)
Now, by Theorem 2, the column vectors of P are linearly independent.
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This means that P is invertible (Unit 3).

Therefore, we can pre-multiply both sides of the matrix equation
AP = P diag(Ay,A5,++,1,,)

Let us see how this theorem works in practice.

Theorem 6: Let T:V — V be a linear transformation, then the following
are equivalent:

a) T is diagonalizable;

b) V is the direct sum of eigenspaces of T;

c) T = Apq + Ay + -+ py Ay, Where A4, 45, -+, A, are the distinct
eigenvalues of T, and pq, 4, -+, i, are projections satisfying u, + u, +
o+ u, =1Tand yu,. =0 fori #j.

Proof:

Let A,,4,, -+, A, be the distinct eigenvalues of T, and let v;{, v;5, =+, Vimn
be a basis for the A; —eigenspace of T. Then T is diagonalizable if and
only if the union of these bases is a basis for V.

So (a) and (b) are equivalent.

Now suppose that (b) holds. A proposition and its converse show that
there are projections uq, u,, -+, U, satisfy the conditions in (c) where the
image Im(y;) is the A; —eigenspace.

Now in this case it is easily checked that T and }; A;u; agree on every
vector in V, so they are equal.
Hence (b) implies (c).

Finally, if T = Y A;u;, where the y; satisfy the conditions of (c), then V is
the direct sum of the spaces Im(u;) and Im(y;) is the 1; —eigenspace.
So (c) implies (b), hence the proof.

-6 6
-12 11

eigenvectors [i] and [g] are linearly independent, and so form a basis for
R.
Indeed, we see that [

Example 15: The matrix A = [ ] is diagonalizable since the

—6 6]34] 34]20

— -1
—12 11lz 31712 sllo 3]’S°thatp AP

is diagonal, where P is the matrix, whose columns are the eigenvectors of
A
Furthermore, one can find two projection matrices whose column spaces
: 19 -6 _[—-8 6
are the eigenspaces, nar_nely P, = [12 —8] , P, = [_12 9].
The reader can check directly that
i) P12 =P1;P22 =P,
”) P1P2 :PZP]. :O
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iv) 2P, + 3P, = A

Proposition: Let A = };/_, A;P; be the expression for the diagonalizable
matrix A in terms of projections P; satisfying the conditions of Theorem
6, thatis, {_, P, = I and P;P; = 0 for i # j, then

(a) for any positive mteger m, we have A™ = Y7_, AP,

(b) for any polynomial f (x), we have f(A) = Yi_, f(4;)P;.

Proof:
(a) The proof is by induction on m, the case m = 1 being the given
expression.
Suppose that the result holds for m = k — 1. Then

Ak — Ak—lA

= (X A P) i, AP).

When we multiply out this product, all the terms P;P; are zero for i # j
and we obtain
simply ¥7_, A¥~1 1, P; as required. So, the induction goes through.
(b) If f(x) =¥ a,,x™, we obtain the result by multiplying the equation
of part (a) by a,,, and
summing over m.
(Note that, for m = 0, we use the fact that A =1 =Y1_, P, = X1_, AVP;
that is, part (a) holds also for m = 0).

0 1 0
Example 16: Ismatrix A =1 0 0] diagonalisable?
0 0 1
Solution: The characteristic polynomial of A=
t -1 0
f() |- t 0 |=(t+1D(t—-1)2
0 0 t—1

Matrix A is diagonalizable though it only has two distinct eigenvalues.
This is because there is one linear independent eigenvector corresponding
to A, = —1, but there exist two linearly independent eigenvectors
corresponding to A, = 1.

Therefore we can form a basis V; € R consisting of the eigenvectors;

J

0] is invertible, and P~1P =
0 0 1

The matrix P =

1 0 O
0 1 0
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Example 17: Verify the diagonalizability of the matrix A =

2 1 0
0 1 _1].
0 2 4
Solution:
t—2 -1 0
The characteristic polynomial of A= f(t) =] 0 ¢t—-1 1 [=
0 -2 t—4
(t—2)%(t-3)
Therefore, the eigenvaluesare A, = 2and 4, = 3
11
The eigenvectors corresponding to A, = 2 are given by |0
ol
The eigenvectors corresponding to 4, = 3 are given by [0] and 1]
1 0 1 1 '1'1 0"0
Therefore P = |0 0 1] is invertible, and P~ = \0 0 1
0 1 0 0 1 O
1 0 0
~PT'P=10 1 0
0 0 1

SELF-ASSESSMENT EXERCISE

Obtain the eigenvalues and eigenvectors of the following matrices:

[2 1 1

I A=11 3 2]
-1 1 2
[1 —4 2]

ii. A=|0 3 1
1 2 4 |
" 17

i A=|-1 4 -1
-1 2 0
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Conclusion

We conclude that any n X nmatrix A is said to be diagonalizable if A is
similar to a diagonal matrix, that is, P~*AP is diagonal for some non-
singularn X n matrix P.

19

We end this unit by summarizing what has been done in it.
o An eigenvalue of a linear transformation T:V — V (or matrix A)

99 ¢

is the same as “characteristic value”, “proper value” or “latent
root” of T(or A).

. Letd = [a;;]be any nxn matrix, then the characteristic
polynomial is defined as f,(t) = det(tl — A) and characteristic
equation of a linear transformation (or matrix) is defined as
fa(t) = det(tl — A) = 0.

1.4 Summary

o The roots of the characteristic polynomials are the eigenvalues of
the linear transformation T (or matrix A).
o A scalar Ais an eigenvalue of an x nmatrix A over F if there exists

X €eV,(F); X # 0, such that AX = AX are eigenvectors of the
matrix A corresponding to the eigenvalueA.

. A scalarA is an eigenvalue of a linear transformation T (or matrix
A) if and only if it is a root of the characteristic polynomial of T (or
A).

. For an eigenvalueAof T, the non-zero subspace W is called the
eigenspace of T associated with the eigenvalue.

o Eigenvectors of a linear transformation (or matrix) corresponding
to distinct eigenvalues are linearly independent.

J A linear transformation T: V — V is diagonalizable if and only if V
has a basis consisting of eigenvectors of T.

o A linear transformation (or matrix) is diagonalizable if its

eigenvalues are distinct.

So how, in practice, do we “diagonalize” a matrix A, that is, find an
invertible matrix P such that P~*AP = D is diagonal? We saw an example
of this earlier.

The matrix equation can be rewritten as AP = PD, from which we see
that the columns of P are the eigenvectors of A.

So, the procedure is:

I. Find the eigenvalues of A,

Il Find a basis of eigenvectors;

179



MTH 212 LINEAR ALGEBRA

iii.  Then let P be the matrix which has the eigenvectors as columns,
and D the diagonal matrix whose diagonal entries are the
eigenvalues.

M
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UNIT 2 CHARACTERISTIC AND MINIMAL
POLYNOMIAL

Unit Structure

2.1  Introduction

2.2  Learning Outcomes

2.3  Characteristic and Minimal Polynomials
2.3.1 Cayley-Hamilton Theorem
2.3.2 Minimal Polynomial

2.4 Solutions/Answers to Exercises

2.5  Summary

2.6 References/Further Readings

N21 Introduction

This unit is basically a continuation of the previous unit, but the emphasis
Is on a different aspect of the problem discussed in the previous unit.

Let T:V — V be a linear transformation on a n-dimensional vector space
V over the field F. The two most important polynomials that are
associated with T are the characteristic polynomial of T and the minimal
polynomial of T.

In this unit, we first show that every square matrix (of linear
transformation T: V — V) satisfies its characteristic equation, and use this
to compute the inverse of the concerned matrix (or linear transformation),
If it exists.

Then we define the minimal polynomial of a square matrix, and discuss
the relationship between the characteristic and minimal polynomials. This
leads us to a simple way of obtaining the minimal polynomial of a matrix
(or linear transformation).

@ 2.2

By the end of this unit, you will be able to:

Learning Outcomes

o State and prove the Cayley-Hamilton theorem;

. Find the inverse of an invertible matrix using this theorem;

o Prove that a scalarAis an eigenvalue if and only it is a root of the
minimal polynomial;

o Obtain the minimal polynomial of a matrix (or linear

transformation) if the characteristic polynomial is known.
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2.3 Characteristic and Minimal Polynomials
2.3.1 Cayley-Hamilton Theorem

This section presents the Cayley-Hamilton theorem, which is related to
the characteristic equation of a matrix. It is named after the British
Mathematicians; Arthur Cayley (1821-1895) and William Hamilton
(1805-1865), they were responsible for a lot of work done in the theorem
of determinants.

0 1 2
Example 1: Consider the 3 X 3 matrix A = |—-1 2 1], thentl — A =
0 3 2

t -1 —2
1 t—-2 -1 ]
0 -3 t-=2

Let C;; be the (i, j)*" cofactor of (tI — A), then,
Cii=0—-2)-3=t2—4t+1
Cop=t—2

Cps = —3

C,y=—1t—-2)—6=t+4

Cypy =t(t—2)=1t*-2t

C,3 = 3t
C3y=1+2(t—2)=2t-3
Csp = —t+2
Ci3=t(t—2)+1=t>-2t+1
Therefore, the Matrix of cofactors IS Cij =
t2—4t+1 t-—2 -3
t+4 t2 -2t 3t ;
2t —3 t—2 t?-2t+1

t?2—4t+1 t+4 2t —3
Hence Adj(tl — A) = C; = t—2 t?2 — 2t t—2

-3 3t t2 —-2t+1
1 0 0 -4 1 2
=10 1 oft?+|1 -2 1]|t+
0 0 1 0 3 =2
1 4 -3
-2 0 =2
-3 0 1

This is a polynomial in t of degree 2, with matrix coefficients.

Similarly, if we consider the n x n matrix A = |a;;|, then Adj(tI — A) is
a polynomial of degree < n — 1, with matrix coefficients.

Let Adj(tl — A) = Bjt" ' + B,t" 2+ -+ B,_1t" '+ B,
..................... (1)
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where B,, B,, -+, B,, are n X n matrices over F.
Now, the characteristic polynomial of A is given by
F(t) = f,(t) = det(tl — A) = |tI — A|

t—a;;  —Qp o Qg
_a21 t —_ aZZ cee oo _aZn
=| : E i |, where A = [a;]
_anl _aTLZ coe ) t —_ ann
=ttt ot 4+ gt
.......................... (2)

The coefficients in (1) and (2) shall be used to prove the Cayley-Hamilton
theorem.

Theorem 1 (Cayley-Hamilton):
Let F@)=t"+ct™ 1+t 2+ -+t +c, be  the
characteristic polynomial of an n xn matrix A, then F(4) = A™ +
AV 4 AVt vty A+l =0
(Note that 0 denotes the n X n zero matrix, and I = I,,)
(tI — A)Adj(tl — A) = Adj(tl — A)
=det(t] — A)I
= f®O!
...................... 3)
Equate equations (1) and (3) above becomes
(tl — A (Bt 1+ Byt" 2+ -+ B, ;t"" 1+ B,) = F(t)I
=1t +  It" It + o+ ey It +
Substituting the value of F(t) to get
=f(®)
Now, comparing constant term and the coefficients of ¢, t2,---, t™ on both
sides we have

— AB, = ¢,
B, — AB,.1 = cup_ql
By — ABy ., = cppl
B, — AB, = ¢l
B, - AB, = ¢l
B, = I

Pre-multiplying the first equation by I, the second by A, the third by A2
that last by A™, and adding all these equations, we obtain
0=cpl+ch 1A+ A% + -+ AV 2 + AV + A" =
F(A)
Thus, the Cayley-Hamilton theorem is proved.
This theorem can also be stated as
“Every square matrix satisfies its characteristic polynomial”.
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Remark 1: You may be tempted to give the following ‘quick’ proof of
Theorem 1:
F(t) = det(tl — A)

F(A) = det(Al — A) = det(A — A) = det(0) =0
This proof is false. Why? Well, the left-hand side of the above equation,
F(A) is an n X n matrix while the right-hand side is the scalar 0, being
the value of det(0).
Now, as usual, we give the analogue of Theorem 1 for linear
transformations:

Theorem 2 (Cayley-Hamilton): Let T be a linear transformation on a
finite- dimensional vector space V. If £ (t) is the characteristic polynomial
of T,then F(T) =0

Proof: Let dimV = nand let B = {v,, v,, -+, v, } be a basis of V.
In Unit 1, we have observed that
F(t) = the characteristic polynomial of T
= the characteristic polynomial of the matrix [T]p
Let[T]; = A
IfF(t) = t"+ cit" 1 + cpt" %2 + -+ + ¢,_;t + ¢,, then, by Theorem 1,
F(A) =A"+ c AV 1 + A" 2+ o+ ¢ A+ c,] =0
Now, in Theorem 2 of Unit 3we proved that [T]gis a vector space
isomorphism. Thus,
[F(T)]g = [T"+ ;T + ;T % + -+ ¢y, 1T + ¢ l]p
= [T"]p + 1 [T" g + [T ?]p + -+ + ey [T]p +
Cn[I]B
= A"+ AV + AVt e A+l
=F(A) =0
Again, using the one-one property of [T]g, this implies that F(T) = 0.
Thus, Theorem 2 is true.

Example 2: Verify the Cayley-Hamilton theorem for A = (_31 g)

Solution: The characteristic polynomial of A is |_31 g| =t>2—3t+2
Let’s verify that A> — 34+ 21 = 0

Now, 4% = (_31 3) (_31 (2)) = (_73 _62)

. A2 _ (7 6\ _,L(3 2 1 0y_/0 O
A2 =34+ 20 =, __2) 3(_1_ 0)+_2(Q =0 o
Therefore, the Cayley-Hamilton theorem is true in this case.

Example 3: Verify the Cayley-Hamilton theorem for A, where A =
0 1 0

(3 0 1 )
1 -2 -1
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t —1 0
Solution: The characteristic polynomial of A'is[3 ¢ -1 |=t3+
1 2 t+1

t?—t—4
Let’s verify that A3 + A2 — A —41 =0

0 1 0 0 1 0
Now,A2=<3 0 1)( 1)
1 -2 -1 2 —
0
Also, A3 = A%4 = ( 1 )(

A3+ A2 —A—41

1 1 -1 0 1
=(2 3 2)+<1 1 —1>—
8 -5 4 -7 3 -1
1 0 O

—4(0 1 0)
0 0 1

0 0 O

=<O 0 O)

0 0 O

Hence the Cayley-Hamilton theorem is also true in this case.

Exercise: Verify the Cayley-Hamilton theorem for the following
matrices:

7 6 O 1 01
i) 2 3 0| ii)|o 31
-2 -2 1 3 3 4

We shall now use Theorem 1 to prove a result that gives us a method for
obtaining the inverse of an invertible matrix.

Theorem 3: F(t) = t" + ¢ t" 1+ c,t"" 2+ -+ ¢,_4t + ¢, be the
characteristic polynomial of an n x n matrix A. Then A~ exists if ¢,, # 0
and, in this case,

Al = —c1A T+ AP AR )

Proof: By Theorem 1,

F(A) =A"+ AV 1+ A" %2+ o+ ¢y A+ c,] =0
This implies that

AAY Y + ¢ AV 2 + AV 3 + ot ) = —C, ] or
(AL 4 A2 + AV 3 + o+ 0 DA = —c, ]

= —c (A" + AN 2+ AN 3 gy y) = TATE

= —cy (AP + AN 2+ AN gy ) = AT
Thus, A'is mvertlble
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2 1 1
Example 4:1s A = (—1 2 —1) invertible? If so, find A~1.
-1 1 3
Solution: The characteristic polynomial of A,
t—2 -1 -1
FO)=| 1 t-2 1 |=t3—-7t>+19t—19
1 -1 t—-3

Since the constant term of F(t) = —19 # 0, hence A is invertible.
Now, by Theorem 1, A3 — 74?2 + 194 — 191 = 0

(i)A(A2 —T7A+19D) =1
( )(A2 — 74 +190)

1 2 1 1 2 5 4
Now, A% = (1 2 —1)(—1 2 —1>=<—3 2 —6)
1 1 -1 1 3 -6 4 7
. -2 -3
Hence A~1 =(—) 7 1
19
1 -3 5

To make sure that there has been no error in calculation, multiply this
matrix by A, you should get 1.

Now try the following exercise.

Obtain A~ wherever possible for the matrices:

7 6 0
i) ( 2 3 0)
-2 -2 1
1 0 1
ii) (0 3 1)
3 3 4

2.3.2 Minimal Polynomial

In Module 1 Unit 4, we defined the minimal polynomial of a linear
transformation T: V — V. We said that it is the monic polynomial of least
degree with coefficients in F, which is satisfied by T. But we weren’t
able to give a method of obtaining the minimal polynomial of T.

In this section, we will show that the minimal polynomial divides the
characteristic polynomial. Moreover, the roots of the minimal polynomial
are the same as those of the characteristic polynomial. Since it is easy to
obtain the characteristic polynomial of T, these facts will give us a simply
way of finding the minimal polynomial of T.

Let us first recall some properties of the minimal polynomial (MP) of T

that we gave in unit 4. Let p(t) be the minimal polynomial of T, then
MP1:p(t) is a monic polynomial with coefficients in F.
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MP2: If g(t) is a non-zero polynomial over F such that deg q < deg p,
then q(t) # 0.

MP3: If, for some polynomial g (over F, g(T) = 0, then p(t)| g(t)).
That is, there exists a polynomial h(t) over F such that g(t) = p(t)h(t).
We will now obtain the first link in the relationship between minimal
polynomial and the characteristic polynomial

MP4: The minimal polynomial p(t)of a linear transformation divides its
characteristic polynomialf (t).

Proof: Let the characteristic polynomial and the minimal polynomial of
T be f(t)and p(t), respectively. By Theorem 2, f(t) = 0.
So, by MP4, p(t) divides f(t), as desired.

Before going on to show the full relationship between the minimal and
characteristic polynomials, we state (but won’t prove!) two theorems that
will be used again and again, in this course as well as other courses.

Theorem 4: (Division algorithm for polynomials): Let f and g be two

polynomials in t with coefficients in a field F such that /# 0. Then

I. there exist polynomials in r with coefficients in F such that g =
fq+r,wherer=00rdegr < deg f, and

I if we also have gfq, + ry,with r, = 0 or deg r; < deg f, then
q=qandr =n

An immediate corollary follows.

Corollary: If g is a polynomial over F with A # 0 as a root, then g(t) =
(t — A)q(t), for some polynomial q over F.

Proof: By the division algorithm, taking f = (t — 1) to have
gy = —-Dqt)+r) (1)
Withr =0ordegr <deg (t—21) =1
If deg r < 1, then r is a constant.
Putting t = A in (1) gives g(1) = (1) = r since r is a constant.
But g(1) = 0, since A is root of g, then r = 0.
Thus, the only possibility is r = 0.
Hence, g(t) = (t — A)q(t)

And now we come to a very important result that you may be using often,
without realizing coefficients has at least one root in C.

In other words, this theorem says that any polynomial

f) =ap 1 t" T4+ a, t" P+t agt +a,  (Where g, -, €
C,a, # 0,n = 1) has at least one root in C.
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Remark 2: In the theorem, if A, is aroot of f(t) = 0, then by theorem 1,
f@) =({t—A)f,(t); here,deg fy =n—1

If £, (t) is not constant, then the equation f; (t) = 0 hasaroot 1, € C, and
f1(®) = (t — 2)f>2(0).

Consequently, f(t) = (t — 1) (t — A,) f,(t); heredeg f, =n — 2.

Using the fundamental theorem repeatedly, we obtain

F(t) = a,(t —2A)(t —2y) - (t —A,); for some A4,1,,-+,4, €C,

which are not necessarily distinct. (This process has to stop after n steps

since deg f = n)

Thus, all the roots of f(t) € C and these are n in number. They may not

all be distinct.

Suppose A4, 4,,:+, A, are the distinct roots, and they are repeated

my, m,, -+, m, times, respectively.

Then,m; + m, + -+ m, = nand

f@©) = an(t —A)™(t — A)™2 - (& — A,)™k,

For example, the polynomial equation t3 — it? + t — i has no real roots,

but it has two distinct complex roots, namely, t = —1 and t = v/—i.

So, we write t3 — it? +t —i.

Here i is repeated twice and - i only occurs once.

We can similarly show that any polynomial f(t) over r can be written as

a product of linear polynomials and quadratic polynomials.

For example, the real polynomial, t3—1=(t — 1)(t* + t + 1).

Now we go to show the second and final link that relates the minimal and
characteristic polynomials of T:V — I, where V is a vector space over
F.

Let p(t) be the minimal polynomial of T. We shall show that a scalar A is
a root of p(t).

The proof will utilize the following remark.

Remark 3: If A is an eigenvalue of T, then Tx — Ax forsome x € V,x #
0
ButTx — Ax = T?x = T(Tx) = T(TAx) = 1*x
By induction, it is easy to see that T*x = A*x; V k.
Now, if g(t) =ant™+ap_t" ' +a,,t" 2+ -+a;t+a, is a
polynomial over F, then, g(T) = a,T" + a,_,T" ' +a,_,T" %+
+a.T + apl
This means that
gMx =a,T"x+a,_T" x+ -+ a;Tx + apx

= a,A"x + ap,_ A" 1x + -+ a Ax + agx

= gDx
Thus, 1 is an eigenvalue of T = g(A) is an eigenvalue of g(T).
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Theorem 5: Let T be a linear transformation on a finite-dimensional
vector V over the field F. Then A € F is an eigenvalue of T if and only if
A is a root of the minimal polynomial of T have the same roots.

Proof: Let p be the minimal polynomial of T and let A € F. Suppose A is
an eigenvalue of T, then Tx — Ax forsome 0 # x € V.

Also, by Remark 3, p(T)x = 0, but p(T) = 0.

Thus, 0 = p(1) = 0, thatis, A is a root of p(t).

Conversely, let A be a root of p(1) = 0 and by Theorem 5,

p(t) = (t —Dq(t), degq <degp,q+0.

By the property MP3, 3 v € V such that q(T) v # 0.

Letx = q(TMv # 0,then, (T —ADx = (t—ADq(TM)v=p(T)v =0
>Tx—Ax =0=Tx = Ax.

Hence, A is an eigenvalue of T.

So, A is an eigenvalue of T iff A is a root of the minimal polynomial of T.

In Unit 1, we have already observed that Ais an eigenvalue of T if and
only if A is a root of the characteristic polynomial of T.

Hence, we have shown that both the minimal and characteristic
polynomials of T have the same roots, namely, the eigenvalues of T.

Caution: Though the roots of the characteristic polynomial and the
minimal polynomial coincide, the two polynomials are not the same, in
general.

For example, if the characteristic polynomial T: R* - R*is (¢t + 1)?(t —
2)?, then the minimal polynomial could be (t+1)(t—1), or
(t+ 12t —2), or (t+2)(t—2)?% or even (t+1)%(t—2)2,
depending on which of these polynomials is satisfied by T.

In general, let (t — A,)™(t — A,)™2--- (t — A1,,)™" be the characteristic
polynomial of a linear transformation T, where deg f = n; (n; +n, +
«-+n, =n), and A, A,,---,A,. € C are distinct. Then the minimal
polynomial p(t) is given by

p(t) =t —A)™({t—2,)"2--(t —A,)™, where 1<m; <n; for
i=12,....,r1.

In case T has n distinct eigenvalues, then f(t) = (t — 1) ({t — 1,) -+ (t —
A,) and therefore, p(t) = (t — 1)t —A,) - (t — 1,,)) = f(¢).

Definition: The minimal polynomial of a matrix A over f is the monic

polynomial p(t) such that

i. p(A) = 0, and

ii. If q(t) is a non-zero polynomial over F such that deg q < deg p,
then qg(4) # 0.
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Two theorems which are analogues to Theorems3and 5shall be stated.
Their proofs are also similar to those of Theorems3 and 5.

Theorem 6: The minimal polynomial and the characteristic polynomial
of a linear transformation (or matrix) have the same roots.

Theorem 7: The roots of the minimal polynomial and characteristic
polynomial of a matrix are the same, and the roots are the eigenvalues of
the matrix.

Let us use these theorems now.

5 -6 -6
Example 5: Obtain the minimal polynomial of A = [—-1 4 2 ]
3 -6 —4

t—5 6 6
The characteristic polynomial of A is f(t) = < 1 t—4 =2 ) =

-3 6 t+4
(t— (- 2)?

Therefore, the minimal polynomial p(t) is either (t —1)(t — 2)or
(¢t —D(t—2)°

4 -6 —6][3 -6 —6
Since(A—I)(A—21)=[—1 3 2”—1 2 2]=

3 -6 —5Il3 -6 -6

0 0 O
0 0 O
0 0 O
=>pt)=0t-D(E—-2)

3 1 -1
Example 6: Find the minimal polynomialof A =2 2 -1

2 2 0

The characteristic polynomial of A is

t—-3 -1 1
f(t)=<—2 t—2 1>=(t—1)(t—2)2
-2 -2 t
Again, as in the example (3) above, the minimal polynomial p(t) is either
(t — 1)(t —2) or (t — 1)(t — 2)? but in this case,
2 1 —-11;11 1 -1 2 0 -1
A-DA-2I) = [2 1 —1] 2 0 —1] = [2 0 —1]
% % -2 2 -2 4 0 -2

|0 0 O

0 0

0
=>p(t) = ({t—1)(t-2).
Thus, p(t) = (t — 1)(t — 2)2.

Now, let T be a linear transformation for V to VV, and B be a basis of V.
Let A = [T]g, if g(t) is any polynomial with coefficients in f, then
g(T) = Oifandonlyif g(A) = 0.
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Thus, the minimal polynomial of T is the same as the minimal of A.

For example, if T: R®> — R3 is a linear operator which is represented with
respect to the standard basis, by the matrix in Example 3, then its minimal
polynomial is (t — 1)(t — 2).

Example 7: What can the minimal polynomial of T: R* — R* be if the
characteristic polynomial of [T]g is

i. (t— D32+ 1).

ii. (t? + 1)2

Solution: i) We know that ¢t —1)(t3+ 1) =G -1+ D> —t+
1).

This has 4 distinct complex roots, of which only 1 and -1 are real.

Since all the roots are distinct this polynomial is also the minimal
polynomial of T.

ii) (t2 + 1)? has no real roots. It has 2 repeated complex roots, i and - .
Now, the minimal polynomial must be a real polynomial that divides the
characteristic polynomial. Therefore, it can be (¢2 + 1) or (¢2 + 1)2.
This example shows that if the minimal polynomial is a real polynomial,
then it need not be a product of linear polynomials only.

Of course, over C it will always be a product of linear polynomials.

Solutions/Answers to Exercises

t -1 0 -1
-1 t -1 0
o -1 t -1
-1 0 -1 t
Therefore, the minimal polynomial can be t(t — 2)(t + 2) or t2(t —
2)(t+2)

Now A(A — 21)(A + 2I) = 0

~ t(t — 2)(t + 2) is the minimal polynomial of A

11 0
b) A= (o 1 1)
1 0 1

t—1 -1 0
fa(t) =

a)  fa(t) = =t2(t —2)(t+2)

0 t—1 -—-1|=t3—-t*—t
-1 0 -1
This has 3 distinct roots: 0, 1+;E e

2
Therefore, the minimal polynomial is the same as £, (t).

E5) sum of its diagonal elements = 0
sum of eigenvalues=0—-2+2 =0
T.(A) = —(coeffof t3in f£,(£)) = 0
=~ T.(A) = sum of its diagonal elements of A
= sum of its eigenvalues of A
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SELF-ASSESSMENT EXERCISE(S)

Try the following exercises now.
Find the minimal polynomial of

01 0 1
(101 0
) A=lg 1 o 1
1010

by T:R—R¥/(x+y, y+z z+x)
The next exercise involves the concept of the trace of a matrix.
If A=a;] € M,(F), then the trace of A, denoted by T,.(4) is —
(coefficient of t™tin £, (¢)).
Let A = [a;;] € M, (F). For the matrix A given in Exercise 4, show that
T,.(A) = (sum of its eigenvalues)

= (sum of its diagonal elements)

Conclusion

We end the unit by concluding that if the minimal polynomial is a real
polynomial, then it need not be a product of linear polynomials only and
that the roots of the minimal polynomial and characteristic polynomial of
a matrix are the same, and the roots are the eigenvalues of the matrix.

|Vr»‘/|
2.4 Summary

In this unit we have covered the following points.

1) The proof of the Cayley-Hamilton theorem, which says that every
square matrix (or linear transformationT:V — V) satisfies its
characteristic equation.

2) The use of the Cayley-Hamilton theorem to find the inverse of a
matrix.

3) The definition of the minimal polynomial of a matrix.

4) The proof of the fact that the minimal polynomial and the
characteristic polynomial of a linear transformation (or matrix)
have the same roots. These roots are precisely the eigenvalues of
the concerned linear transformation (or matrix).

5) A method for obtaining the minimal polynomial of a linear
transformation (or matrix).
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